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A study of statistical method on estimating
rare event in 1C Current
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Abstract

To obtain the tail distribution of current beyond 4 to 6 sigma is nowadays a key
issue in integrated circuit (IC) design and computer simulation is a popular tool to
estimate the tail values. Since creating rare events via simulation is time-consuming,
often the linear extrapolation methods (such as regression analysis) are applied to
enhance efficiency. However, it is shown from past work that the tail values is likely
to behave differently if the operating voltage is getting lower. In this study, a
statistical method is introduced to deal with the lower voltage case. The data are
evaluated via the Box-Cox (or power) transformation and see if they need to be
transformed into normally distributed data, following by weighted regression to
extrapolate the tail values. In specific, the independent variable is the empirical CDF
with logarithm or z-score transformation, and the weight is down-weight in order to
emphasize the information of extreme values observations. In addition to regression
analysis, Extreme Value Theory (EVT) is also adopted in the research.

The computer simulation and data sets from a famous IC manufacturer in
Hsinchu are used to evaluate the proposed method, with respect to mean squared error.
In computer simulation, the data are assumed to be generated from normal, student t,
or Gamma distribution. For empirical data, there are 108 observations and tail values
with probabilities107%,1075,107°,10~7 are set to be the study goal given that only
105 observations are available. Comparing to the traditional methods and EVT, the
proposed method has the best performance in estimating the tail probabilities. If the
IC current is produced from regression equation and the information of independent
variables can be provided, using the weighted regression can reach the best estimation
for the left-tailed rare events. Also, using EVT can also produce accurate estimates
provided that the tail probabilities to be estimated and the observations available are

on the similar scale, e.g., probabilities10™> ~10~7 vs.10° observations.

Keywords: Rare Event, Estimating Current, Weighted Least Squares, Data

Transformation, Extreme Value Theory
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Transformation) :
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(2) 4eigd ) X2
FREFHAY =X+ BV e~iid N(0,0%L,) » 41 * E&R LT = 4o
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3405

RSS = ) (v = %) = (v = XB)' (v - Xf)
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# & Eo] T 2 52+ (Ordinary Least Squares Estimation , OLS) » #-& — i g%
BAGZFELE LT L - A 4 fEd ] T 2 3+ (Weighted Least Squares
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RUETE FoF

4 4 , Wl ees 0
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#2798, =X W IXWY -
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AR EREES T AR AL R TR A R A RARE
g FAEAR S £ & > ¥t 2% Donald (2004) 3% 1 % s34 2 (Block-Bootstrap)
SedE 2 N Btk & Down-weight 8 £ 3% e 2 0 H 82 S 4R F 7R3 p 0
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/% (Block Maximum Method, BMM){fr4g 4% F* #§;2 (Peaks Over Threshold
Method, POT) - BMM % #-4 A FH A S BB FRET > NE BRI Y b X B f&
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SR A GRE e A AR EER D FE ST LB LE 22 BMM (zR) ~ <z
TR OOPBE X X5 Xy X1 0@ POT (R B) X TFHEE U RIHEE :

X1 Xy Y X7 Xg X9 >Xq1 °

Xo

X7
X1
X5 I U 4 -4 - - = =4 - - - =
: -
3 4

Bl 22 & & EER 27 4 B°  BMM(Z)4e POT(+)

(=) Bidd B
Fisher and Tippet (1928) 4= Gnedenko (1943):};] D’ 2 I i A

(Independent and ldentically Distributed, i.i.d.)s g £ # 5 7| (X, X, ..., Xy,) > £

* J& @ Gilli and Keéllezi (2006)
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(1955)#-H £ & = — 4 it 4% @ & fiz(Generalized Extreme Value Distributions, GEV)
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X — X —
em%—ﬂ+€—;%”ﬁ} 5¢0mm1+5—;ﬁ>0

Hs‘.#,cf(x) = exp {_ exp (X ; ,u)}, £=0

H @ &L A5k S dic(shape parameter) ~ pi = ¥ % #c(location) ~ 0 5 * B %#k
(scale) - % & > 0% & E A i = Fréchet family » 4 Student t ~ log-gamma ~ Pareto
%4 peig =05 k& 304p#c% 18 (exponentially decaying tail) 4] i s Gumbel family -
4= normal ~ log-normal ~ gamma -~ chi-squared ~ Gumbel % ~ fe ; § < 05 &k 7|

#& =9 Weibull family - 4- beta % 4 fie o

(=) RARF R

1293 Balkema and de Haan (1974)4- Pickands (1975) <4 ¥ » 3>+ 4§ 18 % X qv
FPHE U AQEFEE UAEY (Y=X—u) H 4% % FH# S dc(Excess
Distribution ) E,

F(y +u) — F(uw)
1—-F(u)

EQ)=PX—-u<ylX>u)= , 0<y<xp—u

where xp = sup{x e R: F(x) < 1}

B P EuARS > F () § 17002 R & 4p B 4 fe(Generalized Pareto

Distribution, GPD) » H @ 5 A%k %8c~ B35 & & S
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(3) M 5 + BeicHt > 2 0 35 1] 4 357 34 (Mean Squared Error, MSE) $ | e1F*
& > 4= NcNeil and Frey (2000)# Marimoutou, Raggad and Trabelsi (2006) -
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(4) B E B =5k 4ol $Ud 2 (Bootstrap) ~ i 7% (Regression);+ & i 7R MSE
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2 31 T Aps bl M+ Py -G, (Moment ;)

« 1071 1073 1075
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mean(8,) | 1.4317 3.4527 4.7653
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TERE T g S

Normal T(df=10) Gamma(2,1)
alpha 107* 10 10°® 1077 | 107* 10° 10° 1077 | 100* 10° 107® 1077
HF 3719 4.265 4.753 5.199 | 5.694 7.527 9.752 12.492|11.756 14.237 16.688 19.120
T 3717 4.262 4.750 5.196 | 4157 4.767 5.313 5.812 [12.557 15.557 18.636 21.797
Homent s 0.009 0.010 0.011 0.011 | 0.012 0.014 0.015 0.017 | 0.041 0.054 0.067 0.082
10° T 3,700 4.242 4.727 5.170 | 5.527 6.415 7.209 7.935 [11.722 14.400 17.135 19.929
= WS Rz 0.057  0.070 0.082 0.092 | 0.218 0.267 0310 0.350 | 0.288 0.405 0.530 0.664
Ti5 3736 4.609 5.483 6.356|5.695 7.207 8.719 10.231|11.836 16.332 21.901 28.673
Wistio) Rz 0.065 0.091 0.117 0.143 | 0.249 0348 0.447 0.546 | 0.327 0.567 0.889 1.307
T 3716 4.261 4.750 5.195|4.159 4.769 5.315 5.813 [12.523 15.513 18.582 21.732
Moment fEo¥esx 0,080 - 0.091 0101 0.110 | 0.115 0.131 0.145 0.158 | 0.432 0.561 0.697 0.840
T 3.696 4.228 4.704 5.138|5.740 7.032 8.189 9.244 [11.610 14.029 16.475 18.956
. WS fo¥esx 0,071 018 0.161 0.201 | 0270 0449 0.611 0759 | 0.348 0.640 0.963 1.312
1 T 3.665 4.276 4.888 5.499 |5.668 7.165 8.661 10.157(11.476 14.255 17.476 21.175
Wislog) feeEs - 0,069  0.125 0.183 0.241 | 0.262 0.478 0.694 0911 | 0336 0.683 1.131 1.687
T 3721 4.235 4.658 5.006|5.666 7.338 9.191 11.257(11.762 14.077 16.140 17.941
BT f¥EsE 0.052 0113 0.192  0.281 | 0.168 0.438 0.890 1.569 | 0.203 0484 0.876 1.341
T4 3718 4.264 4.752 5.198 | 4.154 4.764 5.309 5.807 [12.566 15.570 18.654 21.820
Moment s 0.037  0.042 0.047 0.051 | 0.049 0.056 0.063 0.069 | 0.193 0.253 0.316 0.383
T4 3.671 4.195 4.664 5.092 |5.751 6.927 7.979 8.940 [11.556 14.017 16.510 19.043
, WIS() fvesx 0,065 0.093 0.118 0.140 | 0.294 0.425 0.542 0.649 | 0325 0532 0.759 1.001
5% T4 3.638 4.286 4.934 5.582(5.693 7.170 8.648 10.125|11.407 14.470 18.065 22.242
Wistlog) fvex 0.065 0101 0138 0.174 | 0.294 0.468 0.642 0.817 | 0321 0594 0.947 1.389
T 3.681 4.121 4.454 4.706 | 5.570 7.010 8.481 9.983 [11.655 13.621 15.205 16.447
VT f¥EsE 0.051  0.085 0.122  0.157 | 0.150 0.298 0.506 0.775 | 0.245 0.456 0.692 0.929
T 3717 4.263 4.751 5.197 | 4.158 4.768 5314 5.813 [12.562 15.564 18.646 21.810
Moment R 0.029  0.033  0.036 0.039 | 0.033 0.038 0.042 0.046 | 0.139 0.182 0.229 0.277
T 3.684 4.216 4.692 5.127 |5.730 6.847 7.847 8.759 [11.610 14.136 16.701 19.311
WS f¥es 0.077 0105 0131 0.154 | 0260 0361 0.451 0.534 | 0319 0504 0.705 0.922
10% T 3.653 4.339 5.024 5.710 | 5.690 7.156 8.622 10.087|11.472 14.757 18.648 23.204
Wistiog) fEsE 0.078 0117 0.157 0.198 | 0.264 0.406 0.548 0.691 | 0.320 0.580 0.917 1.343
T 3.655 4.052 4.339 4.546 | 5436 6.672 7.854 8.986 [11.464 13.168 14.450 15.392
i R 0,055 0.084 0.112 0.138 | 0.113 0.205 0.323 0.463 | 0.220 0.373 0.529 0.674

X0 & 1% ~ 5% ~ 10% & Moment j# 5 RS iR 0 H @ 3 )
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Wi 2 LEDHEEE (#4100 KT )
10 43z 7] 10 F1275E 1%

£/~ alpha 107 1075 10 1077 | 107* 107 10°¢ 1077

RIS 2013 2142 2270 25.00 | 2013 2142 2270 25.00

Moment i@ -043 -1.00 -1.61 -3.28 | -045 -1.02 -1.64 -3.32
favesx 001 0.01 002 002 | 011 013 014 0.16

fE -0.07 -0.55 -1.08 -2.67 | -0.01 -0.36 -0.76 -2.22

FEEs WiSEz) e 014 018 022 026 | 018 031 044 057
WLS(log) f# 001 0.08 024 -0.51|-0.06 -0.26 -0.40 -1.48
fve 017 025 034 044 | 017 033 051 071

VT il 0.00 -021 -039 -1.57

fEi s 012 029 057 096

IS 1046 1137 1253 13.39 | 1046 1137 1253 13.39

Moment @ -021 -0.54 -116 -1.51 |-022 -0.55 -117 -1.52
e 001 001 001 001 | 009 010 011 013

WLS() ki -0.02 -0.30 -0.87 -1.17 | 0.02 -0.17 -0.66 -0.88

PR fvEsE 011 044 016 019 | 013 023 032 041
0.8 wLsabd M# 004 019 0.15 048 |-0.02 -0.10 -0.38 -0.32
e 012 018 025 032 | 013 024 037 051

-y i -0.01 -0.14 -0.54 -0.65

FRYE 008 019 035 0.57

RS 280 319 359 383 | 280 319 359 383

Morak) f# -0.03 -0.09 -0.17 -0.10 | -0.03 -0.10 -0.17 -0.10
fa¥E. 001 0.01 001 0.01 | 0.05 0.06 007 0.09

WLS(E) i@l -0.02 -0.08 -0.16 -0.08 | -0.02 -0.07 -0.14 -0.05

s ¥ 0.04 006 0.07 0.09 | 005 010 015 020
WLS(log) #0001 017 041 092 |-0.03 -0.04 0.00 024
favE 005 0.08 0.2 017 | 0.05 010 017 025

T il 0.00 -0.04 -0.09 0.02

FRYEE 003 0.08 0.15 023

w1IEVT 20 34 4 A5 2 4 Fins

20 6iE 1%7%A Moment 2 S NE R 1R 1% H i 32 L HE 4 E 1% A~



A3 2 EFESS (#1100 % F5)

10 ﬁlg =H] 10 ]}i'll%jﬁﬁf;i 1%
“%<' alpha 1077 10® 10> 107* | 1077 10® 10> 107*
Pl 1079 1115 1150 11.99 | 10.79 1115 1150 11.99
I 017 0.13 0.16 0.09 | 0.18 0.15 0.16 0.10
Moment .
s 001 0.01 001 0.01 | 0.09 0.09 008 0.07
@  -001 -0.03 0.1 -0.04 |-0.14 -0.13 -0.06 -0.06
WLS(z) e
Rl fevEsx 011 010  0.09 007 | 024 020 015 0.09
1.0 IRl -091 -0.64 -0.31 -0.08 | -0.44 -0.29 -0.10 -0.03
WLS(log) e
e 016 014 0.11 0.08 | 0.28 0.22 016 0.09
[ 0.10 0.04 0.04 -0.01
EVT m
fEvE 026 0.18 0.11 0.05
Sl 334 353 388 420 | 334 353 383 420
I 012 0.5 0.07 0.06 | 0.12 0.15 0.08 0.07
Moment Y.
f¥sss 001 001 001 001 | 007 0.07 0.06 0.06
@& -0.01 0.04 -0.03 -0.03 |-0.08 -0.03 -0.07 -0.04
WLS(z) -
Fps fgess 007 0 0.06 005 005 | 014 012 0.09 0.06
0.8 WLS(oA) =  -0.61 -038 -0.25 -0.06 | -0.29 -0.14 -0.11 -0.02
(0}
& s 0.09 008 007 005 | 016 013 010 0.06
IR 0.04 0.07 -0.01 -0.01
EVT me
vz 0.18 0.13 0.08 0.04
Pl 032 036 042 049 | 032 036 042 049
&  0.013 0.016 0.004 0.002 | 0.013 0.016 0.004 0.002
Moment rx
ez 0.001 0.001 0.001 0.001 | 0.013 0.013 0.013 0.013
i 0.003 0.006 -0.006 -0.007|-0.005 -0.002 -0.011 -0.009
WLS(z) P
el feE 0,012 0.012 0.012 0.011 | 0.026 0.023 0.020 0.013
0.6 WLS(log) [ -0.094 -0.068 -0.048 -0.013|-0.040 -0.022 -0.017 -0.004
(0]
& fEvEss 0.014 0.014 0.014 0.012 | 0.028 0.025 0.021 0.013
e 0.016 0.015 0.001 -0.001
EVT ,
fEviE 0.027 0.021 0.014 0.008
EL1EVT 26 304 5L AFFF 3 3 Bits
20 6iE 1% 7 Moment 2 2 a4k 1% 0 H i 302 L &iE 2 B 1% A
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