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Amc AR AN TR - B RO E & e " rBeta2009" o gt
® #2 d Chengetal (2012) [8] #t#& > H pend % kA 4 | & A
(Beta Distribution) 2 j% % %~ gz (Dirichlet Distribution) efpt #ic - A 35 ~ 4+
WAt B i 2 (i) F s (effiniency) ~ (ii)#F Fzl(accuracy) % (iii)&E 1
t4 (randomness)it (73 » T EIRF R B2 (E o ph s AR
s A RAe R B R E kA 4 ()F BB A& fR(Inverted Beta
Distribution) ~ (i) ¥ 3 = 4 f& (Inverted Dirichlet Distribution) -~

(iii)Liouville = fe % (iv){h & &3 F 53 & fe2 gl ¥k

BaEF o KA A}ﬁja ~ B e A,\]'fja N 7§ >~ HE S LA



Abstract

A package in R called "rBeta2009", originally designed by Cheng et
al. (2012) [8], was introduced and evaluated in this thesis. The purpose of
the package is generating beta random numbers and Dirichlet random
vectors. In this paper, we not only evaluated (i) the efficiency, (ii) the
accuracy and (iii) the randomness, but also compare it with other R
packages currently in use. In addition, it was also scrutinized in this thesis
how to generate (i) inverted beta random numbers, (ii) inverted Dirichlet
random vectors, (iii) Liouville random vectors, and (iv) uniform random

vectors over convex polyhedron by using the same package.

Key words: beta variates, Dirichlet random vectors, efficiency, accuracy,

randomness.
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(% )R 2 #"rBeta2009" 2 "stats"4 = 3 x 10° i £ & 4 fie§* #ic Beta(a,B) 0
oL TU = € K 9

(% 2) 264 =~ EJIZET R £ 2"rBeta2009" % "stats"# & 3 x 10° X % 4
et 8 Dirichlet(ay, g, a3, ay; as) 1 CPU BFRF (F)) ©

(% 3) 232 = AAJIZET R £ 2"rBeta2009" % "stats"# & 3 x 10° B X % 4
fie b i Dirichlet(ay, ay, a3, ay; as) < CPU BFF (F)) ©

(% 4) 4 =200 b @ » fegficE 47 1000 =< > 3+ E H A () enfptiE -

(£ 5) &4 200 ¢ <A e e 4F 1000 % » 355 3 X ()it i o 2 ¢ 55

*

9

2 %l b o R E AW S AR * Lauricella 308> F o L, 16

(% 6) Hp : xp 8 Xp_q, e, X 2 B0 o 2 28 B i & f2 Beta(a,f) p*# 200
it Ljung-Box # = £ 47 1000 = » ¥z &r % 6 ¥ (s=1,..,6)2 FELE
oo AN G AR E L0052 TIES B E BEEKZ B o

(%2 7) Hotxy & Xpq) o, Xpmg 2 B R0 2 o4 X & fe Dirichlet(ay, ay; a3) %
Dirichlet(ay, ay, as, ay; as) p*#ic 200 # &2 Ljung-Box # % & 4§ 1000 =x - 4&
T 6 (s=1,..6)2F L3 M o AN 5 Ak ERE 0052 TS
i BRK 20 B o

(% 8) "rBeta2009" £ i* 2 "stats"srbeta()4z;t 4 & 3 x 10° B F b # 4 pe

IBeta(a,B) §*#c: CPU B* [ (£) % # i&¢ | (Proportion of Improvement) -

(% 9) 7 & i#"rBeta2009" 2 "MCMCpack" s rdirichlet()# & 3 x 10° # & & = &
fie IDirichlet(aq, ay, a3, ay; as) p* #ce CPU P A (F)) % 3 i v &)(Proportion
OF IMPIOVEMENL) © oo e e e 22
(% 10) 24 3x10° B % — % S #c:H Liouville 4 e Lg(F(0); aq, @y, a3, ay; as)

ol CPURBRF(f)) 29 alic f(0)=t*eFa=2=5t>0-
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(%‘ 11) é_i 3 X 106 TB; i’/; = i‘\:lv@:&’ﬁ LIOUVI||e A ]ﬁa Ls(f('), aq, Ay, A3, Ay, 055)

Foaerd CPUPRFR(F)) > 279 S f() =(1-1)""b=20<t<1-

(% 12) i * "rBeta2009"% "MCMCpack" %k # & 3x 10° B = &2, % & ) 353

IR P eLo e U €. T 28
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(WM1) A2 1000 B2 B8 (vi,vi)=(20),(wiv:)=(11),wv3) =32 &
P AN FR SIS Ao B * £ 2"rBeta2009" ¢ o rdirichlet() 425 %

simplex = ;2 >+ Bl ¢ * "stats" £ & ¢ errunif()42;% 2 3£ /£ (rejection method) -
(WM2) A2 1000 B 2 B8 (vi,vi) =(0,0),(vi,vs) = (1,0), (v, v3) = (0,1) R

P EVFRH IS A o 2B * £ "rBeta2009" ¢ o rdirichlet()f2 5 2

simplex = ;% -+ Bl & * "stats" & i # rrunif()42;% 2 3£ ;2 (rejection method) -
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B Aped s Apeal® K og (R L B A AR AT AR R
3+ % #=P(PERT) ~ £ 122 (CPM)2 H @ et 4|4 5= j# (330 Hung et al.
2009 [13]) = gk = & fede F * eng_f b < & $7(Bayesian inference)pF ¥ 1 i 5 5%
& fe 2 3F W] & fe (categorical distribution) v & $= L % 4 fe (conjugate prior
distribution) [21] » & »% B & & fe Bk X A feegF 5] 0 goa K F AR a7 g (7
BAfE Bl AR A T AL T F U Bl 1% 3 e feen
ViR A BRI se o fe38] o e AR REP T AT F 2P hEF AR
FEHPEENG H[25] A aA 2w o AR FETERN S T L H03][31]
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4 =~ kK B lb/w\ﬁo

F.

(Inverted Beta distribution) ~ & jt 3% % Az (Inverted Dirichlet distribution) [35, 36] -
Liouville 4 fe[23, 28] ~ v %3 F ch35 3 » f[10] 5 % - £ B P & & e

Beta(a,B) e85 % R ¥ i

I'(a + ﬁ)
NGO
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Toolbox R| & * betarnd() & 2 & B @ gedfcr #r% chiw B2 £ v A AR
z Johnk's j2[19] - ez g E 22 A e gt 2 P2 gk e B EE (L
Hung et al. 2009 [13]) - @ & 2 j¢ X A fe§t #eenE_£ i "MCMCpack" 2 "gtools" ®
errrdirichlet()#2.5% » Jﬁf & * A2 3N 7 ' j¥_Greg's Miscellaneous Functions [37] A
ko E_ig * Gamma A fiesd B dE A koo F]pt > Hung et al. (2009,2011) [13, 14]
RN ATEOD £ BRI S EOPERIRER S G T RS o 2
ts »Chengetal. (2012)43ypigidt > 44 B I % kA 24 [ s & fe 2 JL X 4 fie gt Hieeh
R & i —"rBeta2009" [8] -

r P i & §2F5d Cheng et al. (2012)% 3% kA4 P s 2 80
fept #en R £ = —"rBeta2009" o 24 i1* & 44 H 5 2t AR E B P EGTR -
TP oRaniEE L3 i 2 CPU PR > 2\ i - ¢ $1"rBeta2009" £ i+ &
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¥ =% "rBeta2009"2 45 4 4 7

AG-i Bde i * R M E 2"rBeta2009" ¢ hdp £ rbeta() % rdirichlet() -
#2 ;% rbeta(n, shapel, shape2) & ! * % % - &orit2 jg 82 > 4 2 n BE & A
Beta(shapel,shape2) jt#c - H*? n Z 2 St dc 25 A& <3 1
(length(n)>1) > Al ¢ ™ n eha A B By (F2 = gt Bk #c; » shapel 2 shape2 &
i A5k % fic(shape parameter) o £ /1 & e8> R 48 en3f K & *"stats"® 3 kb L
A2 3% v 2 7 3R P~"rBeta2009" & i+ 2 {50 ek i stats" P ke LARN RR A AR B o
T B4 BAei @ * "'rBeta2009" £ 2 ¢ ehrbeta() o F & 0 #4-"rBeta2009" % i
# o~ R gcH T SEH8 K - B A+ (set a random seed) :

R> library("rBeta2009")
R> set.seed(63522)

BFAP4 210 B R A Fe Beta(l.5,0.3) ik

R>rbeta(10, 1.5, 0.3)

[1] 0.7461113 0.8843041 0.9960109 0.9968034 0.2236435 0.5429963 0.5130998
[8] 0.9999988 0.9817266 0.7213977

4 4 10 B B #A fie Beta(4.2,13) jtik:

R > rbeta(10, 4.3, 13)

[1] 0.1456586 0.2540797 0.4101915 0.2163145 0.1844294 0.4010572 0.1043971
[8] 0.2315380 0.2456694 0.2543450

@ #2535 rdirichlet(n, shape) 7 # £ & - &2 7 &2 4 X n B k A& L

Ao peptdc B shape S - BRAG k41 B Ak SEcw

ek

(k=2)>a n

P2 el i B R Y 1 (length(n)>1) > B € ©4 n ehk B § T4 & et



BBl 1T B A L4o ¢ * "rBeta2009" & i+ ¢ ardirichlet() o £ = 10 B k<

4 e Dirichlet(0.1,0.5,3,1.7) gt #c(k =3) :

R> library("rBeta2009")
R> set.seed(39208)
R>rdirichlet(10, ¢(1.5, 0.5, 3, 1.7))

[1] [,2] [,3] (4]
[1,] 0.08085422 0.1004126229 0.4687021 0.3500311
[2,] 0.49012024 0.0667342799 0.1383359 0.3048096
[3,] 0.12066829 0.0073373939 0.6511637 0.2208306
[4,] 0.03876349 0.1528865212 0.4594006 0.3489494
[5,] 0.47923274 0.0946464104 0.1024129 0.3237080
[6,] 0.45851938 0.0432629126 0.2855953 0.2126224
[7,] 0.16739973 0.0140936809 0.4813785 0.3371281
[8,] 0.15519533 0.3961587541 0.2815362 0.1671098
[9,] 0.31466787 0.0004720956 0.3786146 0.3062454
[10,] 0.17986964 0.1555505958 0.3942865 0.2702932

R>rdirichlet(10, ¢(-1.5, 0.5, 3, 1.7))

$EZRAF rdirichlet(10, ¢(-1.5, 0.5, 3, 1.7)) :
Shape parameters should be all positive

mE i shape v EL R G 2P € IIMEL H RN T U

R> rdirichlet(10, c(3, 0.5))

[1] 0.9998994 0.9994591 0.8965159 0.9985557 0.8156766 0.9676691 0.9319676
[8] 0.9593898 0.7713237 0.7098055
BENE

In rdirichlet(10, c(3, 0.5)) :

'shape' is of length 2: reduced to beta variates



¥=F 'rBeta2009"% 43

A% #-¢H R 2 2"rBeta2009"? rbeta()# rdirichlet()42.:% tp] =% o B
#I P 5 2 (-) 7 reit(efficiency) ; (=) #FFzi(accuracy) (=) LI
(randomness) o & = PEA AT F h7 FHRK K 5 Windows 7( 72 B A]) 64 i
~ » 2,10 GHz AMD Phenom(tm)1l1 N950 Quad-Core &2 % - 6.00GB s i 48 -
¥ - & 3 sz (Efficiency)

A HRF EREERP R £ #"rBeta2009"#7 v CPU FFRFRILT R 2 &
("stats" 2 "MCMCpack") k e3> o d >+"rBeta2009" & i* i3k 3t 232 = 2 64 =
FRILERBP T @ o A G Bt JEIRB T RURGE -

(# 1)E3- & RfesSrbeta) 2 2 3x10° B [ s A fiej B CPURF I (H it
#7)% H# &+t &) (Proportion of Improvement » 7% i 7% > e CPU prF &2 & 2
#r10 CPU PFRF b f5) » A 8] A3t 9 59"rBeta2009" £ £ 2 R i@ p chipk £ 2
"stats" T 44 17 o (F 1)F 0 f T 41 5l CPU B A G AT B st b o
B 64 AL BB DI 0 B B SR OpF iR R BIRGE 0 Sl b
ok PR BT HAZE T T0% 5 A b 32 R AJL RIS PIOA 0 T R
g5 (01,01) FEHE b5 50% H AR Sdcie £ cndf 1 B 3RAZE T 60%
F %d#c® s (0505) 2 (55) et p|H 350 77.59%% 77.51% - ¥ ‘F f

AR BN A 44 (£ 1) g T Ustats" B 2 40 CPU BF Y £ 64 (2~ AR B IR B pE

\\\Xy

T o F 2."rBeta2009" £ 2P| A 32 A KRS BRBEBEFE AR 0 A H A
Bo| PEEE PEE o
(% 2)% (% 3) 5 "rBeta2009" % i* 2 "MCMCpack"% i 4 & & 64 =~ % 32 i~

Al JL BB T 3 E R 425% rdirichlet() 2 2 3 X 10° B j¢ 3¢ 4 e §t e CPU pE

B (H 0 f))2 Bt (e 2 BRori) o b (R )7 1 > B 64 AL B
Bengna o ok gl £(0.1,0.1) it Bl 20.06% 0 B AR b 34%
b e e g FURUEL G B R BIAZE 60%ch 0 B o e &

8



(% 1) R £ #"rBeta2009" 2 "stats"# = 3 X 10° @ £ i » fe§' ¥ Beta(a,p) =

CPU p* & (#) % # :&+* »|(Proportion of Improvement) -

rbeta() Proportion of
a B rBeta2009 stats Improvement
64 i R E
0.1 0.1 1.46 1.99 26.63%
0.5 1.08 2.00 46.00%
5 0.88 1.90 53.68%
10 0.83 1.84 54.89%
100 0.91 1.88 51.60%
0.5 0.5 1.06 1.91 44.50%
5 1.11 2.00 44.50%
10 1.12 1.95 42.56%
100 1.25 2.01 37.81%
5 5 0.39 1.59 75.47%
10 0.43 1.54 72.08%
100 0.45 1.47 69.39%
10 10 0.44 1.60 72.50%
100 0.42 1.58 73.42%
100 100 0.45 1.64 72.56%
32 A TR

0.1 0.1 1.10 2.20 50.00%
0.5 0.73 2.30 68.26%
5 0.64 2.21 71.04%
10 0.66 2.17 69.59%
100 0.59 2.20 73.18%
0.5 0.5 0.47 2.09 77.51%
5 0.68 2.20 69.09%
10 0.75 2.25 66.67%
100 0.85 2.28 62.72%
5 5 0.39 1.74 77.59%
10 0.43 1.75 75.43%
100 0.50 1.73 71.10%
10 10 0.44 1.73 74.57%
100 0.42 1.68 75.00%

100 100 0.44 1.81 75.69%




(10,10,10,100,100) % & 62.58% - @ o (% 3)¥ ﬁ Il A 32 A et Bk
B it e ",/Tf T %#kie & (0.1,0.1,0.1,0.1,0.1) e iE s Bl 5 38.71% 0 H 4
AU IRA A 60% 0 @ B ¢ Hikd 5 5 ¥k s (05,05,0.5,05,05) 0 RiE T
78.34% - (¥ & (% 2)% (% 3) 2 g BL"MCMCpack" % & & rdirichlet()£? "stats"
E 2enrbeta()- R 0 B 64 R BB A JLRAF > @ "rBeta2009" £ 2 B A

32 i AGIE BRI L > FIP E R B F L F S oo

10



(%2) 264 =~ A2 BT 2R £ 2"rBeta2009" 2 "MCMCpack"# = 3 x 10° i
o X & pe gt #ic Dirichlet(ay, ap, a3, a4 as) 3 CPU B () % 3 &t 5

(Proportion of Improvement) -

o = oy rdririchlet() Proportion of
= a3 04 = Q5 rBeta2009 MCMCpack Improvement
0.1 0.1 5.38 6.73 20.06%

0.5 3.84 7.11 45.99%

5 3.21 5.98 46.32%

10 3.21 6.02 46.68%

100 3.15 5.85 46.15%

0.5 0.1 3.99 7.22 44.74%
0.5 3.81 7.82 51.28%

5 3.96 6.88 42.44%

10 4.04 6.63 39.06%

100 4.32 6.58 34.35%

5 0.1 2.66 5.66 53.00%

0.5 3.13 6.09 48.60%

5 1.98 4.99 *60.32%

10 1.90 4.94 *61.54%

100 1.87 4.87 *61.60%

10 0.1 2.71 5.62 51.78%
0.5 331 5.93 44.18%

5 1.90 4.92 *61.38%

10 1.90 4.69 59.49%

100 1.80 481 *62.58%

100 0.1 2.73 5.42 49.63%
0.5 3.48 5.88 40.82%

5 2.01 4.75 57.68%

10 1.90 4.71 59.66%

100 1.87 4.68 *60.04%

11



(% 3) 232 =~ A&J2ET 2R % *"rBeta2009" % "MCMCpack"# & 3 x 10° i
% & fep #c Dirichlet(ay, @y, as, au;as) 0 CPU PF R (§)) % 3 &t b

(Proportion of Improvement) -

o = oy rdririchlet() Proportion of
= 03 04 = Q5 rBeta2009 MCMCpack Improvement
0.1 0.1 4.67 7.62 38.71%
0.5 .11 8.06 61.41%
5 2.50 6.99 64.23%
10 2.53 6.85 63.07%
100 2.59 6.70 61.34%
0.5 0.1 2.95 8.33 64.59%
0.5 1.93 8.91 *78.34%
5 2.79 7.56 63.10%
10 2.90 7.63 61.99%
100 3.20 7.50 57.33%
5 0.1 2.39 6.62 63.90%
0.5 2.47 7.16 65.50%
5 1.92 5.90 67.46%
10 1.86 6.03 69.15%
100 1.94 5.91 67.17%
10 0.1 2.35 6.50 63.85%
0.5 2.59 7.04 63.21%
5 1.86 5.99 68.95%
10 1.92 5.82 67.01%
100 1.87 5.77 67.59%
100 0.1 2.40 6.38 62.38%
0.5 2.71 7.00 61.29%
5 1.82 5.87 68.99%
10 1.93 5.82 66.84%

100 1.90 5.54 65.70%

12



¥ - & B (Accuracy)

| & - $1"rBeta2009" £ i < rbeta() 2 rdirichlet()#7 & # gt fic 0 A W
Kolmogorov-Smirnov(K-S)# % 2 % % £ » Kolmogorov-Smirnov & = _wif & & #&
Lo MR P ERA BTAL P AT P EL B ARE KA S RED
Kolmogorov-Smirnov # 2 _#1 * 3| ek TAL R 4_i% PR sLit 5 % & (Statistically
Equivalent Blocks » # #- SEBs)erpt & k34 {7[2, 4,9, 11, 34] - 11T € 2§t ¥k 2
Yo iF (T o

B XXy -2 n B k BRSO LG BEPE F 2 S A5
SHEARPIRRIEEIE TR PO EFAESE n BARIET LSS
B Py, Pn o B F LR XQ) = arg Millyey,, xy P1(X) » 408t 7 LT HE S
&

By ={x €S:¢1(x) < p1(x))} * Ba.n =5\By & H.;
BEFTE X = arg Mingepe, . v, $2(0) 485 T By 5 £ &

By ={x € By n:p2(x) < Ppa(x(2))} 4% Bz .n =By n\By @B o

R FE AT BT AR S 22 A EM S n+1 B By, ..,By, By O

UM!'B;=S » 4 d;=Ps(X€B),i=1,..,n > Anderson (1966) [4] % P

(dy, o, dn) PRISZE &on A chsimplex p 2393 A fie o #
D, = max {O max{i — D;}, max{D; —j_—l}} 3)
n "1<jsnn 177 <jént n

X v S ' 2 1 s — J —
& » % % & 0 Kolmogorov-Smirnov st3-& » # ¢ D= PF(X € Ui=1Bi) =

dij=1,..,n 4 BEBERKE Hexy, o, Xy RIEF A fie o 19558 T

% D, BXxAPEAPRIES E & BK o 2T d Serfling (1980) [29]%# ! i1 1

Bk L RTE S BT i £ R e

lim P(nD, < d) = 1— 22(—1)j+1e‘2j2d2 ,d >0 4)
n- =
FBER(4) FAPEHAL n BREGE N %0 £3 d 5 N & Vab, B

13



RIE % 95 B A e RIS (4) B & BT J0 € 22% 4217 095 -
I/E,fg'_ ﬁrﬁ{’ E;L'E’ Dj = PF(X € U{:lBi) ZZ{=1di'f = 1!"'!” Bﬁ &
v E g B od s a A 1—Pp(X g U B)ina st o B3 imiFid 4o

T

J _
Pp <X ¢ U Bi) = F(Xq, w0e) Xx)
i=1

(< .
_ —1)J . . '
_ 4 1 Z( 1) Z Fiyys (xll,...,xlj), ifx, + - +x, <1 -
j=1 1siy<--sijsk
kO, if x4+ +x,>1
@ F(xy, .., %) t X ~Dirichlet(ay, .., Qy; Qge1) » FePFant 5 225 8 fo %

S B RSP R Sk £ A 0 PR X E€S\(UB) - 22

|

* R 4 7"R2CuUba" £ 2 ¢ ehcuhre()A2:% k34 7 [11] %03 A2 3w &
/% (deterministic algorithm) [17, 18] - % = fa &_# * Ashraf {v Tamas % 2009 £ [3]
HNORALARAFPI PRI R S 2R RRE R - L85
FFERE o H T3 AeT

(232 1) % (Xy,..,Xp) ~ Dirichlet(ay, ..., @y; Qgrq) * P12 B S5 A Sdics

F(xXq, o, Xg; Ay, ooy Qg Qpg1)

CT(ag 4+ ag + age) 2t xt
ra,) ra)lr(ags1) a1 ag

) &(n)(l = Qgy1, A1y Qs Qg+ 1, Q15 X, 0, X, (6)

He Iil(”) 5 AZl(% - A ehLauricella 38> & xy + -+ x, < 1, xq, .0, %, =0
Rl

) . .
Ey 7 (a,by, ey bys €1y ey Cps Xqy ooy Xi)

_ i (@,my + -+ m) (b, m) (b mi) 7 ! 7

(e, my) -+ (e, my) m! oml
ml,...,mk=0

F (D) PR C) AR

14



(Mzwul)---(/’uu—l), if u>0o,

r'd)
Au)= -1+ 8
(A4, 1) (1(_/1)_”)) ifu<o, (8)
1, if u=0.

(LR 1) ¢ T() hEEEFF 2 7 0 2 § F#co e Lauricella 5 3+ &

T(1—ager) P €3 2T Hma 2@ % Lauricella & #icfie & 1 — F(xq, ..., Xxp) 0

F @ ENi=3,.,k+1-

"o k=3 %% F &3 % Dirichlet(2,3,5) hR A p o Al g HRP
FeenfF(4e T(1—5) ) w#& 2 & * Lauricella 3#c: w % % Dirichlet(2,3,0.7)
R F P A BT U * oom k=5 Lob) 0 F B
Dirichlet(2,3,5,0.3,0.9) e g5 » g Bls € HIRFFH (40 (1 -5) )>
& ;%@ * Lauricella 3 %c; 22 % 5 Dirichlet(0.1,0.3,0.5,0.7,0.9) B+ o

¥ 2 3% i Kolmogorov-Smirnov # z_fF » 2\ i/ e 2] S i 8 i * Tukey (1947)
[Balzix e i) =x{,i=1,...,k,r=0,1,...0 2°¢ x;, & x » 2% [ B
B Aot AP - AR BRSO s ot E R
SR cRFAPAAL 200 LB B AFRE OUAfept i £47 1000 & 0 B %
do(% 4)% (% 5)#77 o d (& 4)% (£ B)F M MATH chip -5 E & 0.95 ik

3T 0 1B % o7 "rBeta2009" At A 4 2§l iy PRAE R # A ek kR A fie o

15



(% 4) #4200 B @ A fie o cd 4F 1000 = » 355 B 2 (4) i 3+ i -

rbeta()

Parameters P(vV200D,4y < d)

(0.1,0.1) 0.965
(0.1,0.7) 0.952
(0.9,0.9) 0.956
(0.3,10) 0.942
(3,5) 0.948
(1,10) 0.949
(10, 10) 0.950

(100, 100) 0.949

(% 5) &2 200 B j < A et e 47 1000 = > - B H N (D) eh P E o # ¢ 5

* 25 s P EH RS E g Lauricella S 2 o
rdirichlet()

Parameters P(¥200D,, < d)
(0.1,0.5,0.9) = 0.940
(0.1,0.5,7) 0.939
(2,3,5) 0.945
(2,3,0.7) * 0.956
(0.1,0.3,0.5,0.7,0.9) * 0.957
(2,3,5,0.3,0.9) 0.949

(1,1,2,2,3) 0.961
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¥ = & % (Randomness)

3 - BitdcA 4 BAE S B iR E B o B o A
"rBeta2009" £ @ rbeta()% rdirichlet()#2.5% & 2 hpt Bl g T o A~ ¢
* Ljung-Box izt g kgt Bcehg i e Lo d e TR B R L A M
(Auto-correlation) & ¥ % 5 0 — % >z Ljung-Box i3+ 8 &4 p A 4phd (adc T
SRR A A T 4 s R ARE AR o

AHE Mo Btk T AL Hoixp 8 X_q, e, Xels 2 AP M i
= 0(t=s+1,..,n)c A~ & *d Ljungand Box (1978) [24]4% ) stz & (FE &

Portmanteau st3+ £

%)

= xtxt J/Z x? (10)

t=j+1

MR PUEC X, .., x, TP A J OB p 4P RE R dic (the autocorrelation at lag j) @
S & ¥ s 18 8 #ic(Lag) - B Portmanteau su3+ 8 LB(s) 7 n 43 = El%‘v%hg iT
pd BRLE s ehd 3 af e REEFRE @ 27 > F LB(S) > xias c RIESR
Hg o #% i * "rBeta2009" & i* < rbeta()425% » 2 = 200 i p* #ic - £ 4F 1000 =x - 3+
FHARFLE =005 2T G RAEBRIV Gl APFIE s=1,..,6 FF
HEG VB0 A Ao(k 6) 0BG  BIT 4R 0050 At ptdcd = BLG
.]é‘-_ °

BEREZEIApH(~

gi

A A BRI TR AP L g & BRR S
TN s 2z v 4 v o oo - K
iﬁ{ﬁ%—?@&%‘*m#ﬁ B 0)e 4 xo=(xt,.xf) 53T x &
Xp—qy s Xp—g 2P M G8KEZE 52 0 (t=s+1,..,n)> AP * d Hosking

(1980) [16]4% 17 % & Portmeanteau (it &

17



\ 1 —1 7 -1 2

LB, (s) = n(n + 2) Z s trace{Ca;Cad C3 Cad )~ (1)

=1

;E_! ¢
n
1 !
Coj = E Z xtxt_j, (12)
t=j+1

xp= (ke xl) 6= 1,05 A SRR R S B di(Lag) 0 & Co;Copt B
- WL j #p A 4p b 0% #icxe L (autocorrelation matrix at lag j) o B % AR
Portmanteau %t:*# LB(s) & n 43 = Bﬂ?%hg Fipd BE Kis gt 3 oo
EEFORE a 2T 0 F LB(S) > Ay_ques 0 PIES & R RK o AP

"rBeta2009" & ©* ¢ rdirichlet()#2.3% » 2 = 200 1 j* #c & 4F #1000 =t » 3+ 5 H & &

&y

FoRE a=005 27 > G m & BX OB o AR s=1,..,6 PFadE
M) B IRATE GBS BIER) ST & aT 02 0.05 0 Sk de(R T)H0T 0 A R P

oA 2 F D NP H B

18



(% 6) Hp *xp 8 X¢_q, e, X 202 o 2 2 [ s & f2 Beta(a, ) p*# 200
Bt Ljung-Box & = £ 4F 1000 =x » {7 &% 6 # (s=1,..,6)2 FEE = o

ZN L AR EKE 0052 TIES EEBE 6 o

Beta Parameters

1 2 3 4 5 6
(0.1,0.1) 0.060 0.047 0.045 0.045 0.046 0.058
(0.1,0.7) 0.043 0036 0.028 0.042 0.041 0.039
(0.9,0.9) 0.042 0048 0.042 0.053 0.046 0.058
(0.3,10) 0.037 0.035 0.040 0.049 0.043 0.046
(3,5) 0.052 0.048 0.044 0.042 0.049 0.065
(1,10) 0.037 0.041 0038 0.044 0.036 0.050
(10, 10) 0.059 0.038 0.049 0.044 0.040 0.041
(100,100) 0.057 0.066 0.049 0.055 0.052 0.045

(%2 7) Hop:xp & Xp_q, o, Xpeg 2 M2 o 4 20 kX & fie Dirichlet(ayay; as) %
Dirichlet(ay, az, az, ay; as) p*# 200 B i Ljung-Box # % & 4F 1000 =t - & T &
w6 (s=1,.,6)2FELFEMH= o 2p 5 algF LE0052 TIESE & BX

_7;LL ]’}7|J o

Dirichlet Parameters

2 3 4 5 6
(0.1,0.5,0.9) 0.057 0.064 0.053 0.050 0.049 0.048
(0.7,3,10) 0.047 0.045 0.041 0.043 0.036 0.041
(2,3,5) 0.041 0.052 0.042 0.049 0.054 0.048

(0.1,0.3,0.5,0.7,0.9) 0.055 0.051 0.054 0.052 0.051 0.052
(2,3,5,0.2,0.7) 0.047 0.055 0.054 0.052 0.052 0.058
(1,1,2,2,3) 0.047 0.054 0.049 0.062 0.055 0.062
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yr & ""rBeta2009"2 2 H # g
ARG - G MG A R o S AR v 9T 4 5 "rBeta2009" £

A RF gt g B e 4EF LB AR~ F k3t 2 e s Liouville A et 2 !

BRS04 A o
¥- & 428 R #4fe (Inverted Beta Distribution) 2 F j¢ < &

gz (Inverted Dirichlet Distribution)

F b A fer ARG B # A& & fe(beta prime distribution) st 2 % = g s A&
fiz (the second kind of beta distribution) o p* & fie & b =< & 45 ¢ ¥4 § (T oy {4 fe
(Bernoulli distribution) % #ice2% ¥ (odds) e g= A fie - 2 F AR * K T 4R Y D
7 53t o m McDonald f= Butler (1987) [27]i * & i & [ is & el & o fie k&2
T4 EendF R o F X & el Sahai 4= Anderson (1973) [33] & * it B 4
#H07) en% B fio 5 (variance ratio) s #F %3 o @ Bdiri §- Nizar (2011) [5]#-~
FoA e E Al £ KAl enFT A bl - E8 Px FEP O F S b
# "UR & $73] (infinite mixture model)f. 3 14 fie chm *UR & #-7] k eh3 2%[6] -

(X1, oo, Xp) PRIEFE Je < @iz IDirichlet(ay, .., @y} Qyqq) * PI B F 2R S

( k+1 ) éclxiai—l

k+1 k1,
H F(a ) (1 + Z xi)21=1 ai

f(x1, e x) = (13)

B x, e, >0,aq, 00,0541 >0k>1 %4 k=1 > Bl (Xq,...,Xp) PRIEAT

P enk bw A fe [Beta(a,B) > B F %A Sk
Ma+p)  x*7!

IO = Tar@ aroer 4
2P x>0,a,>0-°
(z322) 2 Y=, .Y %
@ k>1pm> % Y PREJ N & fe Dirichlet(ay, ..., ag; Qgyq) * Bl
X=Xy, X)) = d (15)
1-Y,— =Y
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(% 8) "rBeta2009"% i+ % "stats"¢ rbeta()fz;t 4 + 3 x 10° B F b & fe

IBeta(a, p) p*#:iH CPU pFRF (F) % # &+t | (Proportion of Improvement) -

rbeta() Proportion of

a B rBeta2009 stats Improvement
0.1 0.1 1.56 1.95 20.00%
0.5 1.07 2.00 46.50%
5 0.92 1.92 52.08%
10 0.93 1.93 51.81%
100 0.91 1.92 52.60%
0.5 0.5 1.17 1.90 38.42%
5 1.14 2.04 44.12%
10 1.28 2.06 37.86%
100 1.31 2.08 37.02%
5 5 0.52 1.65 68.48%
10 0.53 1.64 67.68%
100 0.54 1.62 66.67%
10 10 0.50 1.65 69.70%
100 0.52 1.59 67.30%
100 100 0.50 1.70 70.59%

JRIEF & X & fe  IDirichlet(ay, ..., Qi Qreq) °

() k=1 p> % Y JRIEE # 2 e Beta(a,B) » P
x=e (16)
1-Y

JRIEF B & fie [Beta(a,B) °
Ao 'rBeta2009" £ 2 R P OB £ 2 (“stats" 22 "MCMCpack") - rbeta() =
rdirichlet()f2% 4 % pv < A fe s P @ A el £ 59 (FIL 2)#-H ik 3 5t
A e R B A pepi i A wlzescd CPU BRRF (B 0 £)) 2 H#f i& v b(Proportion of
Improvement). & % 7% (% 8)% (% 9)=(& 8)7 k&rend & F [ A fej feend R
SICRVER SRR S SR TS R N AR S R

v GRS 0 B 20%3 71% - @ (% 9)& 41 tnA K % A fe§ dieen CPU

FERY > Bt B g FH_18%F) 57% -
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(% 9) 7 % i2"rBeta2009" 2 "MCMCpack" e rdirichlet() 2 23 x 10® i & j < &
fe IDirichlet(ay, ..., a4; as) §* ¥ CPU BERF (§)% # &t &|(Proportion of

Improvement) -

rdririchlet() Proportion of
o; = 0y = 03 oy = Og rBeta2009 MCMCpack Improvement
0.1 0.1 5.92 7.29 18.79%
0.5 4.46 7.55 40.93%
5 3.74 6.56 42.99%
10 3.72 6.44 42.24%
100 3.79 6.40 40.78%
0.5 0.1 4.51 7.86 42.62%
0.5 4.33 8.33 48.02%
5 4.48 7.25 38.21%
10 4.65 7.20 35.42%
100 4.96 6.99 29.04%
5 0.1 3.31 6.31 47.54%
0.5 3.76 6.75 44.30%
5 2.46 5.48 55.11%
10 2.49 5.63 55.77%
100 2.37 5.54 57.22%
10 0.1 3.27 6.23 47.51%
0.5 3.85 6.71 42.62%
5 2.47 5.50 55.09%
10 2.34 5.33 56.10%
100 2.39 5.32 55.08%
100 0.1 3.23 6.02 46.35%
0.5 4.09 6.46 36.69%
5 2.53 5.41 53.23%
10 2.37 5.24 54.77%

100 2.37 5.18 54.25%
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=& 44 Liouville & pe

Liouville » e § AL * 3t P X 247~ 5 R & FTHZEH - 4L f & & % 5 (Pearson
systems of curves) -~ 2t 4 d#icdi 34 (nonparametric inference) ~ &~ e & B 2. % L % B
(distribution-free tolerance intervals) ~ % % i 47 (stochastic processes) 2 H s Af 3% o
# 2 4 McNeil f- Neslehova(2010)[26]#- Liouville 4 fe Jis * fefe A58 18 B 55 41
(Archimedean coplas) - # # 5 gamma-Liouville - inverse-gamma-Liouville {r
Clayton-Liouville = B 2% %% 4 - ¥ (Xy,..,X,) PR G Lioville ~ fe

Lo(f(); ar,eyan) > RIE B G5 R A Sl s

n n
Kf( xi> 3 B EZA (17)
i=1 i=1
¢ x,>0,a;,>0,i=1,..,n ¥l fC) 1ot 7%
fta_lf(t)dt<00, (18)
R

+

a=a;+-+a, o NTFEILLAFERF A F A A Liouville & fie e 2 [25]:
(3= 3)

@ = (Yq,..,Yy)~Dirichlet(ay,...,ax; x+1) ° %

k
(Xli "'er+1) = (Yl' e Yk; L Z Yl) ’ Yk+1; (19)
i=1

(b) = Yi~Beta(Z§-=1aj,ai+1),i: Hle—%

Ky, -, Xkﬂ)—(ﬂn,(l Yl)]_[Yl,.... - ) Yirr, (20)

Al Xy e Xp D)~ L1 (fC)sag, v ayr) > 2% a;>0,i=1,..,k+1 >
Yier = 2 X ~Li(f( 2 a) 2 (Y, V) & Vi J4R0B2 o

Sl f() X A LA - g adk(Type D & 8 5 2244 B 7
(noncompact) » % = #(Type ) &% 5 415 4] (compact) - 2345 3] §, 45

He i i (0,0); msdPFAlaziEz i (0,t),t<ow: ®x x€(0,t) R

23



x/t€(01) - TR LA B () b+

(%)= ) (Type I: The Correlated Gamma Distribution)
t
Lade f(H)=t%*1le £ > % t,a,f>0 > A

Y
Frip, () o y@2aimD=1e 5, (21)
F Yy ~Gamma(a + Yl a; — 1,6) ©
(%)= ) (Type II: The Dirichlet Distribution)

Lok fO)=0Q-t)PT s E2 0<t<1,b>0 -8

Frenn ) o (1 =)ty (Bt )t (22)

F Yiyi~Beta(Ta;,b) = Dirichlet(Zi”f a;;b) o
FPR(FIL 3) > (- )2 (B2 ) F & 4 2% - 43 ficeh Liouville » et 3k
F AL ()N A e il Gamma A fie & (i) B A feE? Gamma A fie o & 4 AR -
¥ 0 et Liouville 4 peptdc > RBI# % (RS A fiR R & Afa(i)r * b~
feo(% 10)% (% 11)% i * "rBeta2009" 2 # &2 H s £ R 2 i #77-cn CPU pF ¥ (¥
> . #y)% 32 5| (Proportion of Improvement) » % p 4 %] i€ * (232 3):(a) 2 (b)
e 2 kA S gt e (£ 10)E AU (- )is - s o i f i (a,f) = (2,5) 0 &~
W) * rdirichlet() 2 rbeta() % &2 # Liouville 3t #> # ¢ & * crgamma() E_f >+ "stats"
B o 2R AT o (TILI)(a) iE P E(b)E-13F 5 > @ "rBeta2009" & i e
@Bl 24k (01,01,01,01,0.0) £d (b)F kG o T L@ 2R
B 0 J 32%73) 44% > @ () iF B 19%3F] 37% - @ (% 1) E A1 * (b= )eh% = #7
o ffcfie b S b=2 > 4 %% rdirichlet()2 rbeta() k 2 2 Liouville §* #ic - % % &

(% 10)4p 02 > (23R 3)eh(a)= %t (D) I 3% 5 > @ B & by % s

(0.1,0.1,0.1,0.1,0.1) £_d (b)= 2 # g - H 4 ¢ F_u(a)> 2 #F o /£ 35%F] 51% >
@ (D) 2 A€ _25%3] 44% - @ % 2 > "rBeta2009"% # & & 2 Liouville » fiz §t
B> B @ REEEIFS > Mg bld - RhABE AR

24



(% 10) 24 3x10° % - # S #hLiouville » i Ls(f(); aq, ..., as) § #e#r

t
FCPURR(f)  H° sdi f(t)=t*e Fba=2,=51t>0-

Generate method :

(%32 3) (@) (b)
a, = a, Proportion of Proportion of
a, = as | rBeta2009 MCMCpack rBeta2009  stats
= az Improvement Improvement
0.1 0.1 8.16 9.30 12.26% 11.98 14.40 16.81%
0.5 6.64 9.82 32.38% 11.57 14.45 19.93%
5 5.49 8.50 35.41% 10.47 13.90 24.68%
10 5.62 8.36 32.78% 10.46 13.55 22.80%
100 5.61 8.13 31.00% 10.56 13.69 22.86%
0.5 0.1 6.63 10.05 34.03% 9.89 14.07 29.71%
0.5 6.50 10.63 38.85% 10.22 14.31 28.58%
5 6.35 9.05 29.83% 8.97 13.41 33.11%
10 6.48 9.08 28.63% 8.80 13.39 34.28%
100 6.76 9.08 25.55% 8.89 13.43 33.80%
5 0.1 5.07 8.10 37.41% 8.80 13.12 32.93%
0.5 5.57 8.52 34.62% 9.53 13.32 28.45%
5 4.31 7.33 41.20% 8.09 12.51 35.33%
10 4.16 7.39 43.71% 7.85 12.47 37.05%
100 4.15 7.33 43.38% 7.94 12.32 35.55%
10 0.1 5.26 8.10 35.06% 8.93 13.14 32.04%
0.5 5.82 8.55 31.93% 9.61 13.41 28.34%
5 4.26 7.32 41.80% 8.14 12.43 34.51%
10 4.22 7.02 39.89% 7.93 12.34 35.74%
100 4.11 7.28 43.54% 7.94 12.40 35.97%
100 0.1 5.20 7.99 34.92% 8.83 13.26 33.41%
0.5 5.94 8.33 28.69% 9.74 13.44 27.53%
5 4.30 7.25 40.69% 7.94 12.57 36.83%
10 4.27 7.24 41.02% 7.77 12.37 37.19%
100 4.21 7.00 39.86% 7.86 12.46 36.92%
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(% 11) 24 3 x10° % - # S #h Liouville » fie Ls(f(); ay, ..., as) p*¥#&Ht

% CPU B (1))

H ¢

S f)=1-0Lb=20<t<1-

Generate method :

(%32 3) (@) (b)
a, = a, Proportion of Proportion of
a, = as | rBeta2009 MCMCpack rBeta2009  stats
= az Improvement Improvement
0.1 0.1 8.26 10.25 19.41% 11.71 15.24 23.16%
0.5 6.23 10.41 40.15% 11.00 14.71 25.22%
5 5.44 9.30 41.51% 10.31 14.53 29.04%
10 5.55 9.33 40.51% 10.51 14.72 28.60%
100 5.56 9.44 41.10% 10.42 14.60 28.63%
0.5 0.1 6.42 10.58 39.32% 9.28 14.60 36.44%
0.5 5.90 10.97 46.22% 9.72 14.70 33.88%
5 6.21 10.04 38.15% 8.62 14.01 38.47%
10 6.40 9.96 35.74% 8.63 14.12 38.88%
100 6.77 10.03 32.50% 8.61 14.10 38.94%
5 0.1 5.18 9.10 43.08% 8.61 13.95 38.28%
0.5 5.42 9.54 43.19% 9.37 14.29 34.43%
5 4.27 8.41 49.23% 7.72 13.34 42.13%
10 4.12 8.36 50.72% 7.73 13.30 41.88%
100 4.18 8.24 49.27% 7.64 13.20 42.12%
10 0.1 5.07 8.94 43.29% 8.53 14.11 39.55%
0.5 5.54 9.57 42.11% 9.33 14.15 34.06%
5 4.37 8.40 47.98% 7.77 13.31 41.62%
10 4.13 8.02 48.50% 7.59 13.45 43.57%
100 4.26 8.03 46.95% 7.49 13.29 43.64%
100 0.1 5.04 8.95 43.69% 8.78 14.02 37.38%
0.5 5.86 9.35 37.33% 9.55 14.25 32.98%
5 4.30 8.11 46.98% 7.82 13.22 40.85%
10 4.21 7.99 47.31% 7.88 13.16 40.12%
100 4.24 7.97 46.80% 7.72 13.50 42.81%
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28 430G BB L0

o ®IF ] LRV AR Y LR %K 3 (experimental design) ¥ ei= 3 Kt
(uniform design) 2 % & & i it (constrained optimization problem) - & & #-/ % 4rie
* "rBeta2009" % i crardirichlet()42.5¢ 2 Fang et al. (1997)#% &) e & (4 % Simplex
method) k & 4 & /he &3 _F G353 & Fe[9] & &2 1§ SLadE § 2 (rejection method)
Bt e nT A drR @t A AR KA S AN BB F305 A f o

£ vi=h., v B on aRY e RBEOEEAE Y j=1,.,k+
1o % Buxk = (Vi = Va1, Vo = Virr, o Vie = Vig1) > Yoo = O ¥i)’ > @ S

2 k+1 BEEYTE Flahe & B gsvlf%]

S = XERn:X=BY(k)+Vk+1,yi>O,O<i§k,zyiS1}. (23)

i=1
Fang et al. (1997)#& 4102 F %32 @
(232 4) & x= (X1, ..., %) ~Uniform(S) > * rank(B) =min(n k) >
X =By t Viy1’ (24)
#¥ yg~Dirichlet(ay, ..., ay; Ager) 2 2 S8t &
a; =+ =0age1 =1, fork <n,

1 (25)
m, fOT'k > n.

Fop g (232 4)#%-"rBeta2009" & i+ 2 "MCMCpack" % i+ ¢ rdirichlet()#% 5 #7

ap=-=0ap =1,ap41 = " = Qg1 =

A A s fept g S S 2 A RE P hptdice NTERES (0,0),(0,1),(1,0)
A (2,0),(1,1),(32) A 2z A HEB L 6] 4 & 3X10° Bl Bk
(% 12) - iz #ri¢ * 0365 /% (rejection method) 2 78 8 (2,0),(1,1),(3,2) =

BELG AP A0 AP ikaies (1,0),30),32),1,2) E5¢ > ¥
FEcATRE (2,0),(11),(32) HhZ EHRHEPRTT > HAREAIERLFY
% 37.5%) @ ek (0,0),(0,1),(1,0) 2= £ R HEREF YL 50% - 7

3"rBeta2009" & ©* #7 7= ¢ CPU p* fFF (§))#"MCMCpack" & # -+ 35 % » &

“mlL
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(% 12) i * "rBeta2009"% "MCMCpack"* # = 3x10° B = £, RPN 353 &

et B CPU BFF(F)) O 5 80t 6 o

) rdirichlet() runif()
v rBeta2009  MCMCpack stats
(2,0)
(1,1) 2.06 5.84(64.73%)  11.00(81.27%)
(3,2)
(0,0)
(0,1) 2.30 6.76(65.98%) 7.46(69.17%)
(1,0)

SRRV B A 65% =% o X2 T u g FiE * simplex = 2 % "rBeta2009" & &
BRI EESAS"E 2R F S o (B1): 2 2R (2,0),(1,1),32) 2= 4
B ochpt B 1000 B0 = Bl * (=T 4)g9- 2 (simplex method): * rdirichlet()
AR A A ptEcrTgdE S & 0 L RIAR Y IERZE 0 B¢ 353 Sfez praicd  runif()
fesid Ao (B 2EM(B)? = £ HEFE B (0,0),(0,1),(1,0) A+ g
> (B 1)2 (B 2)° 2+ 3L % 8T - 53 (Ggt) i ma 22
B FEM X RAR R o 2 B _simplex * i A MG R g5 A fe ] oo
(7 3492+ 2 jtdi) - & "rBeta2009" £ & { B 4c 1 jrdicd Aeni R o 2

WS 5 65% o
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(Simplex Method) (Rejection Method)

%2

(WM 1) A&72 1000 B 2 88 (vivd)=(2,0),wv:)=>11),wv3) =32 &
FZ AR IO A fie e S BR* E 2"rBeta2009" ¥ ordirichlet() 75t 2

simplex = j* » & B¢ * "stats"® i# ¢ erunif()#z5% 2 4£3 # (rejection method) -

(Simplex Method) (Rejection Method)

1.0
1.0

%2

0o 02 04 08 038
%2

0o 02 04 08 038

00 02 04 06 08 10 00 02 04 06 08 10

%1 %1

(W 2) A% 1000 &~ EE (vi,v?) = (0,0),(v:,v3) = (1,0), Wi v3) =(0,1) H
FZ AT A o 2B * 3 2"rBeta2009" ¢ Hrdirichlet() 4258 %

simplex = j# » L @& * "stats" & i# # eorunif()#z;% 2 4£3 ;# (rejection method) -
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AW A S4c i * 370 R R % "rBeta2009" k 4 = Fois A e E kL 4 fR

-gg

LECT TRt R E 2 g oo~ Bap 2 N o TR 2 "rBeta2009" & W & 32 1>

-

Kl

264 AT BTk T H CPU BFRF L LG 0 R £ i+ "stats"2 "MCMCpack™
TR F R HAHEW B 5 10%3] 80% - 1 * Kolmogorov-Smirnov # % £
Ljung-Box & T » # % » SRE 1t E il ar 2 Rl o UF R hE R K
oo E2"rBeta2009"V M rB-RH B R B RHFL B A i A e
A2 o

PLEb s Ay e w B 24 % "rBeta2009" £ 2k & 4 chA fie o A W EK
Pt Ao~ F sV A fe s Liouville 2 fe 2 b g R P o3 o fe o ¥ E R

CRER A TRl A i L (R £ F )G s gl e
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