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Abstract

In 2011, under the pressure of subprime mortgage and high military expenditure, the
U.S. government accumulated high fiscal deficit, and the Obama government faced
the pressure of raising debt ratio and raising debt ceiling. However, among the huge
debates, the Republican Party and Democratic Party reached the deal in August which
included cut-down government expenditure, raise debt ratio, raise debt ceiling, and so
on. But, will these ways improve the U.S. economy? This paper follows the dynamic
stochastic general equilibrium (DSGE) framework to construct a closed economy,
which the government helps private firm to production through public investment.
Besides, given that government only undertakes debt financing and tax financing, we
try to find an optimal debt ratio which makes the highest domestic welfare. In our
finding, if the government enters private production sector, the optimal debt ratio will
be influenced. That is, the optimal debt ratio will increase with the production
elasticity of government expenditure. Under the benchmark parameter, the optimal

debt ratio is 10 percent.

Key Word: government expenditure, DSGE, production elasticity of government

expenditure, optimal debt ratio
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1. Introduction

1.1Motivation

In the 21th century, the United States has been facing a dramatic change in
economic development and national defense. George W. Bush continued to take
expansionary fiscal policy on military expansions and took tax cut as dispatching
army to Irag. All of those made the U.S. government’s budgetary deficit rose widely.
Furthermore, the subprime mortgage crisis burst in 2008, which exacerbated
economic recession and made the U.S. fiscal status to face crisis. The overall U.S.
debt increased almost 2.6 trillion dollar during Bush government period and the debt
to GDP ratio increased to almost 30 percent." The huge debt made the Obama
government to increase the debt ratio, raise the debt ceiling, and cut down the
government expenditure. Hence, the U.S. faces a serious debt crisis, which influenced
the reputation of the U.S., and the U.S. debt ratio is predicted to exceed 100% in
2013.2

Is it a good policy to increase the debt and reduce the expenditure? Although
someone who argued it is good, still someone disagreed. Krugman (2010) suggests
that the U.S. government should increase expenditure to stimulate economy growth.?

Hence, the debate arouse our interests in government expenditure influence the U.S.

! After the Bush government, the Obama government expected that economy can recover by taking
quantitative easing monetary policy and selling public debt, and budget can be balanced through
economic growth. Unfortunately, what the Obama government did had made fiscal deficit more
serious and higher inflation. Then, with the debt maturity dating coming, what the Obama
government can do is to just adjust the debt ceiling under the default crisis

2 In 2011 Obama government reached an agreement in the congress. This is, raise the debt ceiling
gradually to pay the great debt, reduce government expenditure, and extend the tax cut policy from
Bush government time to 2013. But there are existed many argue about the deal. Some economist

favor that government reduce the spending debt to GDP ratio.

* Krugman (2010) in his written “’Bad Analysis At The Deficit Commission” said that the growth
slowly not because the debt(Reinhart and Rogoff, 2010) accumulate but the war. Link:
http://krugman.blogs.nytimes.com/2010/05/27/bad-analysis-at-the-deficit-commission/
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economy. Arrow and Kurz (1970), who added the government expenditure to
production function first. After that, Ratner (1983) estimated a production function, in
which private output is dependent variable, and independent variables include
employment, private capital, and government expenditure. Aschauer (1988) also
estimated the same equation by the ordinary least squares method, and pointed out the
nonmilitary government expenditure, including streets, airports, electricing, highways,
gas facilities, water systems, and sewers are more productive to private production.
We can see the same way as Fisher and Turnovsky (1998), and Barro (1988).

Barro (1988) also defined a variable g as the quantity of public services, and
Barro thought that public services only help part of production of final goods.* In
order to discuss the relationship between government expenditure and production
function, we need to know how government expenditure influence the production.

Finn (1993) mentioned that Aschauer’s work raises many questions about
government capital in production.® So that Finn(1993) analyzed how the government
influenced the production function. When discussing the question, Finn (1993)
classified the government capital as follow:

First, Highway Capital, which includes highways, streets, bridges, and tunnels, etc.
Government helps private firms to produce public traffic buildings, and highway
capital occupies the largest share in government capital, 0.361.°

Second, Government Enterprise Capital, which includes post office, gas and
electric utilities, credit and insurance corporations, public transit agencies, etc. The

types of government capital as public institution, which directly contribute to private

Barro (1988, P.7), Barro assumed that the government purchases included of goods and services. But
there are two questions. “First, the flow of public services not corresponds to government purchases.
Second, public services are non-rival for the users.”
Finn (1993,P.54),we simplify the question to the three. First, the unique of government capital.
Second, what is the role of government in production. Third, the effect of government capital.
Finn (1993) used the U.S. data from 1950 to 1989 to calculate the different of government capital
share. That is, production elasticity of government expenditure under different government capital.
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sector output and the share in government capital is 0.25.

Third, Government Owned and Privately Operated Capital, which includes research
and development facilities, atomic energy facilities, nuclear weapon factories, and so
on. Those directly help private sector to product as government enterprise capital, and
the share in government capital is 0.03.

Fourth, Educational and Hospital Capital, which includes educational building as
schools, museums, galleries, gyms, and so on. Those will influence output by
promoting labor productivity. The share in government capital is 0.19.

In addition to above, there are also Administrative, Police, and Research and
Development Stocks; and Fire and Natural Resource Stocks. Finn (1993) found that
the government expenditure will influence production by those types above. Based on
those ideas, we assume that the government expenditure is useful to increase
production. To increase the government expenditure also need much tax revenue,
even to debt financing. But is debt financing trouble for an economy? Or is the
optimal debt ratio zero for a country?

According to Barro discussed the series issue about tax and debt in 1970s. Barro
(1974) focused on the different influences of public debt and tax, and Barro thought
that debt will influence the net wealth of household. Hence, Barro used a model to
explain that there are some factors, which will change the optimal choice between tax
and public debt for government department, such as tax-burden to future generations,
etc. Next section, we try to discuss the relationship between the quantity of debt and

the debt ratio in this paper.

Barro (1979), assumes that B, /(RY,) as the real debt ratio, where B, denotes the

nominal public debt, and PY, represents the nominal output. Barro use the real debt

ratio as a variable to estimate the equation from the U.S. data (1922-76). The result
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proved that debt to GDP ratio does not have the optimal value but relies on the
government and production shocks, © which also imply that the government
expenditure level will decide the growth rate of debt.

Aiyagari and McGrattan (1997), who pointed out that the optimal debt to GDP ratio
is different under different parameter values, and they used the U.S. post-war
parameters to obtain the optimal debt to GDP ratio, which is 0.66667 . The result said
that debt financing can make the higher welfare when increasing debt ratio. The
government debt not only makes the households more liquidity in their budget
constraints, but also declines the negative effects that distorts tax causes.

Here, this paper focuses on the optimal debt ratio, which brings the highest welfare
under the assumption of government expenditure in production. Besides, we also try
to find the optimal debt ratio under different production elasticity of government
expenditure.

In this paper, we follow Traum and Yang (2010), who used a New Keynesian model
under dynamic stochastic general equilibrium framework. We revise their model to
non-capital and introduce the government expenditure in production, that is,
government productivity. Moreover, we assume that government controls the debt
ratio, hence we can find the optimal debt ratio under different production elasticity of

government expenditure.

7 Barro (1979), Government increase expenditure will bring output and price increase, but also the

quantity of debt increase. That is, when government spending increased, the inflation expectation
increased, too. Hence, even the nominal debt increase, the debt-output ratio still non-change.
4



1.2 Literature review

In order to discuss the government expenditure in production which is related to the
public bond, we developed a dynamic stochastic general equilibrium model for a
closed economy. According to discussion above, we had known how government
influences production function, but why does government expenditure always play a
positive effect on production?

Button (1998) mentioned that the role of public policy is rethought after Aschauer
(1988). Besides, Button also discussed the relationship between government in
production and infrastructure, and arranged some past paper to explain the reason of
positive correlation between productivity and infrastructure. Button summarized
Gramlich’s (1994) ideas, which are related to the influence factors of relationship
between production and infrastructure. First, the economic performance will make
different influences relatively, such as urban and country. Second, the definition of the
term infrastructure also makes government capital difficult to measure. Third, the
softer infrastructure such as law, education, etc. which makes the macroeconomic
growth. In addition to the above discussion, Gramlich and Button also think that
public capital also has a positive effect on production, but there are still some
studying results different from the above.®

Based on the above discussion about the influence of government expenditure on
productivity, we focus on the production elasticity of government expenditure and try

to find the optimal value. According to Leeper, Walker, and Yang (2009), pointed out

& Button (1998), the recent study by Sturm and Haan (1995) employing US and Netherlands data,
points that the relation between the effect of public capital(that is government service) are neither
stationary nor co-integrated. And according to Leeper, Walker, and Yang (2010), said that Holtz-Eakin
(1994 ) find that there is no influence between public-sector capital and private sector productivity.
Evans and Karras (1994) find it is negative relationship. And Kamp (2004) use VARs and find there is
no significant influence in the U.S..
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that Nadiri and Mamuneas (1994) use the U.S. data to find the fact, which
infrastructure and R&D capital have the significant positive effect on output. And
they pointed out that the higher is production elasticity of government expenditure,
the higher government expenditure will make the output and employ decline more
because of wealth effect. These ideas we can see from Aschauer (1989) and
Linnemann and Schabert (2006).

Interestingly, how big is the optimum value about the production elasticity of
government expenditure is? Aschauer (1989) used the ordinary least squares method
to run the U.S. data from 1949 to 1985, output is dependent variable and government
expenditure is independent variable. The result said that output will increase 0.39%
if the government expenditure increases 1% . That is, the production elasticity of
government expenditure is 0.39. Baxter and King (1993) assume the production
elasticity of government expenditure value to be 0.05. In this paper, we will test the
value from 0 to 0.3 to analyze the different results®.

Macroeconomic theory said that the government expenditure should have the same
quantity of revenue. The main government revenue comes from tax, but the
government usually expends more than tax revenue, so that the government should
finance by other ways, such as monetary financing and debt financing. Which debt
financing is the major way for the government to finance, and monetary financing is
usually not used since it will disturb the economy.

As we had mentioned above, which Barro had discussed a series of issues about
public debt in 1970s, and Aiyagari and McGrattan (1997) also had discussed the
optimal debt ratio is two third. The reason is that the government sells public bond,

which makes the households more liquidity in their budget constraints.

° Here, since we use the parameter of Michael Juillard’s paper, so that we set the government capital
share is 0.3 which equals to private capital share.
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We can find the same result in Alexandra and Patrick (2009), which proposes an
endogenous growth model to compare the welfare between the golden rule of public
finance and the balanced budget rule. The balanced budget rule is better in the long
run than in the short run, but it is still difficult to judge that the golden rule of public
finance is worse than balanced budget rule. When consumption substitution elasticity
changed, the optimal debt ratio is also different. For the reason that debt financing
makes household increase welfare by transforming the cost to the future even if the
cost is higher, the result is the same as Barro (1979).

Greiner (2010) also presents an endogenous growth model to discuss the
government expenditure which financed by debt or tax under the balanced budget rule.
The result is that the government takes fiscal policy by debt financing, which will
have the higher welfare than pure balance budget rule. With economy growth, the
debt to GDP ratio will decrease gradually and convergence to zero™ since the policy
under debt financing will have more scopes to enhance the social welfare rather than
only tax financing, which is restricted by the limited budget.

Linnemann and Schabert (2006) think that raising the nominal interest rate will
decrease the quantity of debt, so that the government will reduce the nominal interest
rate to finance by public bonds. Thus, with the higher production elasticity of
government expenditure, the government needs more fiscal resource. As a result, to
cope with the higher government expenditure, the government will reduce the
nominal interest rate more.

Next section of this paper is described as follow. Section 2 is the theoretic structure
of our model, and also explains the dynamics relationship of all variables. Section 3 is

the analysis of steady states, and the calibration of parameters. Section 4 is the

% Greiner ( 2010), in deficit policy, the public debt grows in the long run at lower rate rather

than another variable, as output. So the debt ratio will decline over time.
7



dynamic and impulse response functions which incur a productivity shock, and also
explains why the government expenditure level will influence the interest rate, etc.
Section 5 is welfare criterion, which we compare the influence of different debt ratio

on welfare. The final section is our conclusion.



2. The model

In this section, we refer to Mayer, Moyen and Stahler(2010) and Traum and Yang
(2010) to construct a standard New Keynesian DSGE model under closed economy,

which incorporated liquidity-constrained consumers and matched frictions in detail.

2.1 The household
Under a closed economy assumption, we consider a representative household who

wants to maximize the lifetime utility, which is described as follow:

Max E Z,b’ (f ; 1&;} 1)

Where g is the time discount factor, which is between zero and one. Here, we
define that C, is the consumption purchased at time t, and L, is the labor supply.
o is the preference parameter, and » s the elasticity of labor supply. The
individual household will enhance the utility by increasing consumption, and decline
the utility by increasing labor.

The representative household makes a decision from the flow budget constraint as

below:

RC +B.. =WL —WL +a, +(1+1)B, )

Since the market is monopolistically competitive, the consumption goods is a

0-1

1
continuum of differentiated function as: C, :UCt(i) 0 di} , Where @ is the

elasticity of substitution among goods, C,(i) is the consumption of good i.



1
1

1o
P, denotes the price index for the final good, and P :[J' Pt(i)l“gdi} . B, is

i=0

the quantity of nominal public bond at period t, W, is nominal labor wage, and

WL, is the nominal liability which taxes on labor supply at a tax rate of 7. Hence,

T, = r\% L, . The profit of firmis @,,and r, isthe nominal interest rate.
t

In equation (2), the right hand side (RHS) of budget constraint is total wealth of the
representative household, which included the net labor income after tax, profits of
seller, and interests of previous bond holding. The left hand side (LHS) is expenditure
of wealth, such as consumption expenditure and purchase of government bond. Here,
the representative household will maximize the utility by making the optimal decision
among consumption, labor supply, and bond purchase.

To maximize utility subject to the representative household budget constraint for
labor supply and consumption by Lagrange method, we can solve for the first order

conditions and obtain two equations after rearranging first-order conditions, as below:

Cu) (R)|__L
ﬂEtl(?] (F’mﬂ_lﬂt ®

W, (1-7)
o

t

=LCe (4)
Equation (3) is Euler equation, which represents the optimal decision of intertemporal
consumption for the representative household. By Euler equation, if I, increase,

individual household will decrease current consumption, and save more for the future

consumption. Equation (4) is the tradeoff between labor supply and consumption.

. . . W,
According to equation (4), when tax rate 7 increases or real wage F‘ decreases,
t

the labor income will decrease and hence the consumption decreases. Or in a normal

10



state,"* household will decrease labor supply or consumption to balance the equation.

Here, we also take into account the No-Ponzi-Game as below:

Iimh=0,and B, =0.
t»oc_’]_+rt

In order to constrain representative household not to hold the public bond at the

end point, that is, the all asset will be used on consumption.

2.2 The firm

The firm hires labor to produce individual goods.(Devereux, 2010) The government

also helps firms to product, hence the firm i ‘s production function as below:
Y, (i) = AL ()G (5)
Where Y, (i) is the real output. And firms are monopolistically competitor, which
produce differentiated products. L,(i)is firmi’s composite labor demand, « is the
capital share, 7 is the production elasticity of government expenditure, and G, is

the government expenditure. The aggregate technology shock A follows a AR(2)
process and affects all firms as below:

log A = (- p,)log A+ p, log A, +&5,. (6)
Where p, is the persistence of productivity and 0< p,<1, A denotes steady state

productivity and we assume it as one, and &,, denotes normally distributed with

standard deviation o,,. Here, our model does not consider capital stocks, but we

think that the government expenditure as capital shocks. (Barro, 1989)

Firms want to make profits at each period t: @, (i) =R ()Y, (i)—-W,(i)L, (i) . Here,

1 That is, we don’t discuss if leisure is normal good or not.
11



firms’ profits maximization implies as:

MG, i) - MOL O
L-)AG!

That is, if the government enhances expenditure or 7 increases, then the firm’s

(7)

marginal cost will decline. We can find the same result if technology progress, which

make A increase. If L, (i) increases, the firm owner will have to hire more labor to

product, hence the marginal cost increases. There is same effect if wage raise.
After deciding labor supply, firms will adjust the optimal price in Calvo technology

at time t. Therefore, firms will adjust prices in probability 1-¢, the expected
discount profits is below.
X ()= E X (4.8 [ ROYe, (1) W, ()L, () ]

j=0

t+]

C
Where g, ; =( c

)™ is the marginal utility value of real profit to the firm. Firms
t

choose the optimal P,(i) to maximize the profits:

E D say (¢8)! MC Y., )

- . 8
EtZ:qu (4;8)] Yt+j ()

1

The aggregate price level evolves accordingto P, = [(1—5 )P 4 P! ]Q :

2.3 Government

Here, we do not separate the government into capital purchase and fiscal

expenditure in order to simplify our model, so that we denote G, as the government

expenditure and capital purchase. Hence, the government has to impose the tax on
household’s labor wages. But if the tax is not satisfied expenses, the government will
issue bonds, but the government still has to payment the bonds interest. Hence, the

government budget constraint is expressed as:
12



G =T + Bt+l_(1+rt)Bt
t t P

t

©9)

Then we follow Barro (1988) to set b =i, which is the debt ratio. Hence the
t't

equation (9) can be rewritten to:

G, =T, +bY,, (1+7)—(1+r,)bY,, (10)

where 7, =(R/P_)-1, and the debt ratio b will be controlled by the

government. Since the debt ratio is exogenous, the quantity of public bonds will be
restricted by GDP and the price. The issue is very important in this paper, in the
dynamic simulation we can see the effect that the debt ratio be set by the government.
We want to obtain the optimal debt ratio in the long run, which makes the economy

more welfare.

2.4 The central bank

The central bank conducts monetary policy by following Taylor (1998) rule
L=pt,+1=p)[T+p, (7 —7)+p, Y, =Y)], (11)
Nominal interest rate will be adjusted in response to deviation of inflation 7, —7, and

output gap Y, —Y from their steady-state levels. The central bank also chooses the

response parameters p,, p.,and p .

2.5 Market clearing condition
Since the model is in a closed economy and we do not discuss the private

investment, so that the economy only has the private and government sectors.

Y, =C, +G,. (12)

13



3. Steady state and Calibration

3.1 The all steady state equations
Here we rearrange all dynamic equations from the above. They include the
representative household, firm, government, and central bank. Since technology will

not innovate in the long run and the consumer price index will not change under

steady state, hence we assume that A equals one, 7, equals zero, and P, equals

one under steady state. Then we rewrite the equation (3), (4), (5), (7), (8), (10), and

(12) to the steady state, we can get as follows:

Bl+r)=1 (13)
W(l-7)=L*C° (14)
Y = LG (15)
WL
0-1
MC === (17)
G=T-rbY (18)
Y=C+G (19)

where T =7WL, and the endogenous variablesare G, W, L, C, r, Y, MC,

and T . The exogenous variablesare «, B, 7, y, o, n, 6,and b.

3.2 Solve the endogenous variable under steady state
The equation (18) is divided by Y , and then we can get the government

expenditure to GDP ratio. Because of tax to GDP can be written as:

T_ W _7(0-D(1-a)
Y Y 0

Hence we can obtain that the steady state value of government expenditure to GDP

14



ratio as below:

G _ 7(0-D1-a)

rb 20
v ) (20)

The government expenditure to GDP ratio is decided by exogenous variables. That
IS, government can increase expenditure by increasing tax rate, reducing debt ratio.
Now we focus on the equation (16) and (17), the two equations mean that firms will
decide to product under the two conditions. The one is optimal labor demand, the
other is optimal pricing.

Hence firms will decide the wage of labor demand from the two equations. And the
wage of labor supply should be decided by the individual household. In equilibrium,

the wage of labor demand equals the wage of labor supply. Then we can obtain:

(O-)(1-a)G" _LC”
oL (1-7)

Use the equation above, equation (15), (19), and (20). We can obtain the steady

state solution of Y*. Therefore, we also can solve other steady state variables, such

as G, W, L, C, r,and MC.

3.3 Structure parameter and calibration

Here, we refer to Juillard’s paper (2006, P46) for parameters. But the elasticity of
labor we refer to the other paper. The calibrated value and the parameters are
described in Table 1. The labor’s share is 0.7, which is same as other paper. But
there are still some papers assumes the value is 0.64.** The time discount rate is
0.99, it implied that the nominal interest rate is 0.0101 under steady state. The calvo
pricing’s probability is 0.75, and the value is usually set as 0.75 or 0.8. The

elasticity of substitution among goods is 5.35, the individual’s preference parameter

12 The capital share usually be set as 0.36.
15



is 1.25, and the labor tax rate is 0.2. The debt ratio is 0.5, meaning that the debt of
GDP share is half. The elasticity of government expenditure in production is 0.05,
which is used by Baxter and King (1993), Lansing (1998), and Malley,
Philippopoulos and Woitek(2009).

The labor supply elasticity is one. The parameters of Taylor’s rule which we refer
to Taylor (1998). Hence we assume the autocorrelation of inflation gap as 15, so that
(1-p.)p, equals 1.5. The value is similar to Taylor (1998). Where the
autocorrelation of interest rate is 0.9, and the autocorrelation of output is 0.8. The
persistence of the productivity is 0.9, too.

Table 1: The structural parameters

Parameter name value
a Capital share 0.3
I The probability of firm to change price 0.75
£ Time discount factor 0.99
b The public debt to GDP ratio 0.5
4 Elasticity of substitution between types of goods 5.35
Pr Autocorrelation of interest rate 0.9
o Preference parameter 1.25
Pr Autocorrelation of inflation gap 15
n Production elasticity of government spending 0.05
Py Autocorrelation of output gap 0.8
x Labor supply elasticity 1
pp  Persistence of the productivity 0.9

T Labor income tax rate 0.2

16



Table 2: The steady state under benchmark

Y G L C W T B MC Utility

0.723428 0.0786954 0.755087 0.644733 0.545295 0.0823491 0.361714 0.813084 —4.74898

3. 3.1 Steady state analysis

Then, we set (the benchmark that) b equals 0.5 and 7 equals 0.05 so that we can
get the all steady state value as Table 2.

Where L equals 0.755087, which means the representative individual use 75%
time to work. It is different from other paper’s 0.33 to 0.4 . Government

expenditure to output is 0.108731, Consumption to output is 0.89122, and the bond

to output ratio is 0.5 as we set.

3.3.2 Steady state under different government productivity

Table 3: The different » and b equals 0.5

7 Y G L C w T B MC Utility

000 08131 0.0885 0.7441 0.7247 0.6219 0.0926 0.4066 08131  -46122
005 07234 0.0787 0.7551 0.6447 05453 0.0823 0.3617 0.8131 ~4.7490
010  0.6360 0.0692 0.7673 0.5669 0.4718 0.0724 0.3180 0.8131 —4.9042
015 05516 0.0600 0.7811 0.4916 0.4019 0.0628 0.2758 0.8131 -5.0821
020  0.4708 0.0512 0.7968 0.4195 0.3363 0.0536 0.2354 0.8131 -5.2875
025  0.3942 0.0429 0.8146 03513 0.2754 0.0449 01971 08131 ~55273
030  0.3228 0.0351 0.8352 0.2877 0.2200 0.0367 0.1614 08131  -58106
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Where MC is fixed at 0.8131since MC equals 97‘1 which is decided by

exogenous variable. That is, firms will decide their marginal cost according to
elasticity of substitution goods. Government expenditure to GDP ratio is fixed at
0.108731 whether 7 is great or not. But Y decreases with n increases. There are
also the same effecton G, C, W, T, B, and Utility when L has the different
alteration.

As production elasticity of government expenditure rises, government should
expand more expenditure on infrastructure, such as public building, education, law
and so on. Which made government must increase tax or debt in order to balance the
budget constraint, and the two actions also made the household decreased wealth.
Hence the wealth effect will make output and consumption decrease, and then tax
base decreases. Finally, the quantity of bond purchase declines. Furthermore, the
wealth effect also makes labor supply increase. If labor demand does not change,

wage will decrease

3.3.3 The steady states under different debt to GDP ratio

Here, we partial differentiation the steady state equation of Y, G, C, W, T,
L,and B to debt-GDP ratio. Then we can solve the result as Table 4.

Here, the steady-state GDP will decrease with the debt-GDP ratio increase. The
same effect can be found from government expenditure, labor supply, wage, and tax.

But there are different effects on the quantity of bonds and consumption.

Table 4: The result of partial differentiation

Y SS C SS LSS G SS B SS W SS T SS

) (+) ) ) (+) ) )

<> The (+) means oX S yabs0 ,the (=) means oX Srab<0 ,and X means S.S. value.
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4. Dynamics

4.1 Productivity shock
Here, we discuss impulse response function when there is an exogenous shock in
closed economy. We set the same benchmark parameter as above. The exogenous

process follows the first-order autoregressive process, AR(1), and the persistence of
productivity is assumed to be 0.9. The standard deviations of productivity is 0.01.

Under the benchmark we assumed above, the impulse response functions are listed

as below:
x10° y x10° 9
1 0.01 1
0 n.uus\ 05 \
1 0 0
10 20 30 0 20 30 10 20 30
c x10° L x10° W
0.01 0 5
0.005¥ , F‘ _ u\\\
0 . . 4 - 5
10 20 30 10 20 30 10 20 30
-3 -3
10° me 07 T 1
ﬂx 0 1: 0 51( 0

10 20 30 10 20 30 10 20 30
:-:11]'3 r welfa

p
0005f T4 / 0.1 x
-0.01 -2 0 ; A

10 20 30 10 20 30 10 20 30

Figure 1: Impulse response function **

B In figure 1, The horizontal axis means response period, and the vertical axis means the level of

impulse reaction.
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Where rr is the real interest rate in Figure 1, which is positive response if there
is a positive productivity shock. There are some variables which have the same
response, such as output, consumption, government expenditure, bond, real wage, tax,
and welfare. But there are different alterations as labor, marginal cost, long run price,
and nominal interest rate.

When the economy incurs positive exogenous technology shocks, output will
increase. With the wealth effect of output increases, consumption increases, labor
supply decreases, and tax base increases. Besides, the government will help output by
raising purchase on capital or increasing public building, which makes marginal cost
decreased, and marginal cost decreased also makes consumer price index decreased.
But labor supply decreased makes wage rise. Here government expansionary fiscal
expenditure which also need government to borrow by adding bond sell, so that the
Fed will decrease the nominal interest rate to induce the representative household to

buy public bond.

4.2 Sensitivity analysis

Here, we compare the impulse response function of variables under different r as
Figure 2. First, we observe a phenomenon on the positive variable level of real output
and consumption, the effect of 5 increases will make them decline more.** With
government productivity increase, the negative variable of labor supply will increase,
and the positive variable of T and government expenditure will decline. Since the
level of G—T impulse response increases with an increase in 7. That is, the more
government expenditure needs more tax with an increase in 7, but the labor supply

decreases which makes the tax based less, so that the government faces the fiscal

" We had discussed above, which denote that Leeper, Walker, and Yang (2009) also have the same
result.
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dilemma. Hence, the government will issue public debt to finance the deficit, and we

can find the bond will become more with 7 increases.
Moreover, Government needs more revenue if 7 increases, hence central bank has
to reduce the nominal interest rate more to induce individuals to buy public bond for

government expenditure, and the negative variable level of nominal interest rate

impulse response is more with an increase in 7.

The positive variable level of real GDP is smaller with 7 increases, but the
negative variable level of price is greater. Since b=B,/(RY,), the positive variable

level of nominal bond quantity is smaller, The positive variable level of welfare is

greater with an increase in 7.
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Figure 2: Impulse response to 1% productivity shocks under different 7
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5. Welfare Measure

5.1 The Welfare Criterion
Here, we measure the level of utility under different policy regimes. Now we
follow Schmitt-Grohe and Uribe (2007), and construct a conditional expectation

utility function as the welfare measure.™

W, = EoZﬂ [Cl_ L%Wj

l1-c 1+y
That is, we calculate the expected lifetime utility on the initial state. So we use the

steady-state values of labor supply and consumption to get W, as the welfare state at

time zero. Then we follow Lucas (1987) and assume that W, is the welfare under

policy regime a as:

W, = EOZﬂ [Cl_ Lﬁfj

101+1//

where C,, and L, mean consumption and labor supply under policy regime a.

Now we denoted the decreased proportion of consumption as ¢, and ¢ means the
variation between policy regime a and the initial state. Therefore, we can describe

the difference as:

e v (@=9)CH)T (L)
_Ezﬂ( l-o l+y ]

t=0

If the proportion ¢ is higher, then the welfare is lower.

Teo (2010), also use the same way to calculate the welfare at initial time and evaluate the welfare
criterion under a given policy regime a.
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Table 5: The welfare loss ¢ among the different b

b o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

¢ -0.050287 -0.050303 -0.050254  -0.050057 -0.050078 -0.050056  -0.049907 -0.049908 -0.049799 -0.049768 -0.049643

5.2 Welfare Analysis of Optimal Policy

Here, we solve ¢ on the benchmark but deferent debt ratio from zero to one as
Table 5.

Interestingly, when b is 0.1, ¢ isthe smallest. Therefore, the optimal debt ratio
is 0.1 under our benchmark. That is, the government wants to hold the debt-GDP

ratio to be 10% in the long run.

5.3 The Optimal Policy under different government productivity

Then we try to find the optimal debt ratio under different elasticity of government
expenditure. As shown in Table 6,'° the optimal debt ratio increases with 7
increases, and the optimal debt ratio increases quickly as 7 >0.1. The reason is n
increases which mean the government expenditure will heighten to help product.
Besides, a change in r which also influences the firm to change the employment of
people since the set of production function. Since the government expenditure is
heightened too high to be covered by the tax revenue, so that government will raise
the debt ratio to offset the government purchase. When 7 <0.05, government
productivity is very small so that the government does not need to hold more debt to
balance the budget constraint.

Table 6: Optimal debt ratio under different 7

n 0 0.05 0.09 0.1 0.15 0.2 0.25 0.3

b* 0 0.1 0.3 0.8 0.9 1 1 1

* We put all ¢ under different debt-ratio and 7 in the Appendix.
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Hence, optimal debt ratio is zero when n equals zero, we can find the same result
in previous studies. So the optimal debt ratio rises with 7 increases, and the optimal
debt ratio increases quickly after 7 >0.1. The reason that we can find in equation as
below,

_ov _nY

MP, = =1"
oG G

Where we rewrite the equation to %MPG =7, where MP; is marginal production

of government expenditure. That is, when the government expenditure to GDP ratio is

fixed, the » will influence the MP;. Hence an increase in n makes the MPF;

increased, but the government expenditure also needs more revenue to balance the
fiscal policy. Hence, the government has to raise the ceiling of debt ratio to reach
balanced budget fiscal. The reason is that the government helps firm to produce or
constructs building which requested a huge expenditure. Besides, there is the wealth
effect if n increases, which made the labor supply to decrease. Labor supply
decreases which also led tax base to reduce, hence government should borrow by

issuing public bond.
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6. Conclusion

The purpose of this paper is to find an optimal debt ratio in a closed economy under
the DSGE framework. We follow Barro (1988) to introduce government department
into firm’s production. The authority can enhance firm’s productivity by increasing
the infrastructure (capital goods, constructing public building, increasing education
spending, and legislating law). We find that optimal debt ratio will increase when the
production elasticity of government expenditure increases. That is, the government
budget should be balanced by debt financing when government productivity is raised.
The wealth effect of government productivity growth also causes labor supply
decreases and hence government expenditure could not be sustained by declining tax
revenue. So that government issues public bond to finance. And the quantity of public
bond will increase if the production elasticity of government expenditure increases.

In 2012, the U.S. faces a terrible finance crisis, and Krugman and among others
argued that the government should raise expenditure and increase debt, but eventually
the Obama government reduced the fiscal expenditure and lifted the debt ceiling.
According to this paper, we suggest that the U.S. government should increase more
expenditure on infrastructure and increase debt ratio. But we still have a question
which we should solve, that is, the optimal production elasticity of government

expenditure value. This is for future work.
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Appendix

A. ¢ under different debt-ratio and »

n b
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1

0.00 -0.048404 -0.048299 -0.048181 -0.047956 -0.047994 -0.047925 -0.047749 -0.047556 -0.047440 -0.047399 -0.047157
0.05 -0.050287 -0.050303 -0.050254 -0.050057 -0.050078 -0.050056 -0.049907 -0.049908 -0.049799 -0.049768 -0.049643
0.09 -0.051911 -0.051889 -0.051904  -0.051971 -0.051928 -0.051878 -0.051835 -0.051815 -0.051832 -0.051816  -0.051871
0.10 -0.052351 -0.052410 -0.052433 -0.052349 -0.052345 -0.052266 -0.052387 -0.052293 -0.052434 -0.052309 -0.052283
0.15 -0.054675 -0.054774 -0.054875 -0.054920 -0.054934 -0.055027 -0.054976 -0.055144 -0.055140 -0.055329 -0.055323
0.20 -0.057058 -0.057296 -0.057289 -0.057638 -0.057654 -0.05786 -0.058215 -0.058115 -0.058487 -0.058570 -0.05865
0.25 -0.059855 -0.060016 -0.060321 -0.060666 -0.061025 -0.061295 -0.061377 -0.061712 -0.061972 -0.062369 -0.062579
0.30 -0.063133 -0.063256 -0.063486 -0.064107 -0.064600 -0.064741 -0.065262 -0.065721 -0.066267 -0.066467 -0.066986
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