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ABSTRACT

The design of economic statistical control charts and specification are both
crucial research areas in industry. Furthermore, the determination of consumer and
producer specifications is important to producer. In this study, we consider eight cost
models including the consumer loss function and/or the producer loss function with
the economic statistical X and S charts or Shewhart-type economic X and S charts.
To determine the design parameters of the X and S charts and consumer tolerance
and/or producer tolerance, we using the Genetic Algorithm to minimizing expected
cost per unit time. In the comparison of examples and sensitivity analyses, we found
that the optimal design parameters of the Shewhart-type economic X and S charts are
similar to those of economic statistical X and S control charts, and the expected cost
per unit time may lower than the actual cost per unit time when the cost model only
considering consumer loss or producer loss. When considering both consumer and
producer tolerances in the cost model, the design parameters of the economic X and
S charts are not sensitive to the cost models. If the producer tolerance is smaller than
the consumer tolerance, and the producer loss is smaller than the consumer loss, the
optimal producer tolerance should be small.

Keywords: Economic statistical control charts; Consumer tolerance; Producer
tolerance; X and S charts; Loss function
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1. INTRODUCTION AND LITERATURES REVIEW

Control charts are widely used in statistical quality control. They monitor
processes and determine whether a process is in-control or out-of-control. To use a
control chart, the engineer must specify the sample size n, the sampling period h, and
the coefficient of control limits k. In practice, these parameters are usually chosen by
the engineer’s experience and by considering statistical criteria such as type | and type
Il errors.

Duncan (1956) first recommended economic design of control charts. Duncan
proposed a cost model to design the parameters of the X control chart, which
assumes that the assignable cause occurs according to the Poisson process. This cost
model includes the cost of sampling and testing, the cost of finding the assignable
cause, and the cost of process correction. Duncan’s work has been extensively studied

and extended by many others.

After Duncan (1974) indicated that simultaneous employment of X and R
charts to control process mean and variability “will give reasonably good control of
the whole process,” joint economic design research has been conducted. Rahim et al.
(1988) presented the use of joint economic designs of X and S® charts when the
sample size is moderately large. Collani and Sheil (1989) proposed the economic
design of an S chart when only a single assignable cause may influence process
variability.

When using economic design, the parameters of control charts should be
determined by minimizing the expected cost from the process. This does not consider
statistical properties such as Type | or Type Il error rates. Woodall (1986, 1987)
indicated that the Type | error rate of many economic control charts is higher than
those of statistical design. Saniga (1979) proposed a method to design control charts
that have bounds on Type | and Type Il error probabilities and the average time to
signal (ATS), but still allow for low-process variability and long-term quality.
Although a design with these statistical constraints is more costly than economic
design, it is more effective and reduces false alarm rates. Saniga called this design
“economic statistical design.”

Elsayed and Chen (1994) found that the practical applications of economic
design are limited because of difficulties in estimating costs. Quality loss is
considered a cost when quality characteristic is not within the specification limits.
Quiality loss was defined by Taguchi (1984) as “the loss to society caused by the
product after it is shipped out.” Taguchi proposed a quadratic loss function to estimate
the quality loss of the manufactured product when it deviates from its target. Elsayed
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and Chen (1994) proposed the economic design of X charts based on the Taguchi
loss function with continuous operations. Yang (1997) presented a joint economic
design of X and S charts with two assignable causes using the Taguchi quadratic loss
function and presented a statistical constrained economic model that considers the
Taguchi quadratic loss function for the optimal design of the S control chart for
controlling process variability.

In a complete inspection plan, every outgoing item is subjected to inspection, and
items failing to meet the specifications are reworked. For items following a normal
distribution, Tang (1988) presented an economic model to determine the most
profitable specification for a complete inspection plan by considering quality loss.
Fathi (1990) discussed producer tolerance and consumer tolerance, and proposed a
graphical method to determine the producer tolerance for a given consumer tolerance
by minimizing per-unit cost. Maghsoodloo and Li (2000) proposed an economic
model for asymmetric tolerance design by minimizing the expected loss per unit.
Because the design of the process mean is an issue for engineering, Kapura (1988)
proposed an economic model to determine process mean and tolerance simultaneously
by minimizing per-unit costs under the symmetric Taguchi quadratic loss function.
Lee, Kim, Kwon and Hong (2004) presented an economic model for a filling process
to determine the process mean under specification is known by maximizing expected
profit per unit. Furthermore, Feng and Kapura (2006) proposed an economic model to
determine the mean and tolerance by minimizing expected cost per unit using an
asymmetric quadratic Taguchi loss function and a piecewise linear loss function.

In a practical example, like pad is important for the Chemical Mechanical
Polishing (CMP) of wafer. When the consumer gives an order for pad producer, they
also give a consumer specification. Typically, producer specification is set with the
same or less than consumer specification. If the nonconforming rate of wafer is high
by using the pad of the CMP, the customer will ask to modify specification and the
producer should re-determine their specification. Since that, the determination of
consumer specification and producer specification is an important issue for producer.

The design of the control chart and specifications are both essential to quality
control. Previous research has not discussed how to design them simultaneously. In
this study, we propose economic cost models to design X and S charts, consumer
tolerance, and producer tolerance together. These models include the cases “only with
consumer tolerance,” “only with producer tolerance,” and “with both producer and
consumer tolerance.” We show the differences in the optimal costs, and differences in
the optimal design parameters of X and S charts and producer and/or consumer
specifications.



Section 2 of this study presents a discussion of an economic cost model without
tolerance. This model is from Montgomery (1980) and Yang (1997). Sections 3 and 4
introduce a cost model with only consumer tolerance and a cost model with only
producer tolerance. When we consider producer tolerance and consumer tolerance
simultaneously, we assume that consumers and producers have different loss functions.
Section 5 provides a discussion on different cost models for different relationships
between consumer and producer loss functions. Section 6 shows a comparison of
examples and sensitivity analysis for each model. Section 7 offers a conclusion.



2. DESIGN OF ECONOMIC STATISTICAL x AND S CHARTS WITHOUT
TOLERANCE

2.1 Derivation of Cost Models

We assume that the process begins in a statistical in-control state with mean p
and standard deviation . The time (Ts.) until the occurrence of assignable causes is
exponential, with a mean of 1/A. A single assignable cause shifts the mean from p to p
+ 610 (61 # 0) and a shift of standard deviation from o to d,0 (62> 1). Without loss
of generality, we only consider the case of 6; > 0 in this study. The quality
characteristic is assumed to follow a normal distribution.

This study assumes the following:

X ~ N(,u,az), if processis in -control.
X ~N(u+380,636%)68,>0,5,>1, if processis out - of - control.

The samples of size n, unit time h, and the limits of the X and S charts are set
as

(o3

UCLg =u+k, —
x =H 1\/5

(o2
LCLy = u—k =
x =H 1\/6
UCLs =k,o
LCLS:kgg’

where 0 <k; <Kk, .

If at least one plotted point falls outside the control limits of the X and S charts,
the process is assumed to be out-of-control and engineers must search for an
assignable cause. If the process is out-of-control, corrective action is taken and the
process continues.

The probability (o) that at least one plotted point falls outside the control limits
ofthe X and S charts when the process is in-control is calculated as follows:

a=0x +As —AxAs,

where

g =P[)?<,u—klo/\/ﬁ

=2D(—k;)

X ~ N[ﬂ,%zj]+ P()?>y+klo'/\/ﬁ

(e




as = P(s > kza‘X ~ N(,u,az))Jr P(S < ksa‘x ~ N(,U,Gz))
= P(Y > (n-1kZ)+ P(Y < (n-1)k?)
=1-F, (n-DkZ) +F, (n-Dk2) !

whereY ~ yZ,.

The probability (B) that no sample points fall outside the control limits of the X
and S charts when the process is out-of-control is calculated as follows:

ﬂ:ﬂfﬁSl

where

,BX—P[,U klo'/\/_<X<,u+k10'/\/_X N( 5!‘1 N
:q{kl—\/ﬁ&]_q{—kl—\/ﬁélj

02

Ps = P(k30<s< kch‘x = N(ﬂ+510’52252)) (

U 1)kz (n—Dks
=Fy( Fy ( 52

(n-Dks _, _(n- 1)k2]
53 53

)= ) :

where Y ~ z7,.

The expected number of false alarms that occur before a shift is o times the
expected number of samples taken before a shift (1/44).

The cycle time is defined as the time starts from in-control state and ends with
the assignable cause is happened and repaired. A process is consisted of a series of
independent and identical cycles. And the accumulated cost over the cycle is the
expected cost. The process is called renewal reward process (Ross, 1993). In this
article, the renewal approach is used to derive the expected cost per unit time.

Let ET be the expected cycle time, and let EC be the expected cost per cycle.
And the optimal design parameters can be determined by minimizing the expected
cost per unittime EA=EC/ET.

The production cycle consists of three periods: (1) in-control period

E(Ts.) = (2) time to signal and out-of-control period h i—i 4h ,and (3)
1-p 2 12

time of searching and repairing assignable cause T, . Therefore, the expected cycle

time is:



ET = 1 + h[L —rj +T,, (2.1)
2 \1-p

where the expected time of occurrence of the shift between j and j+1 sample is:

_1-(+hle™ _h AW’

[ E | S.C. I S.C. < | | i ) —

The expected quality loss per unit product can be easily estimated by the process
variance and the deviation of process mean from the target, since we assume loss
function (Figure 2.1) is

L=k(X =T (2.3)

where k is the coefficient of the loss function and T is the target value.
That is, the expected cost per unit for in-control process is
L, =kl0‘2+(,u—T)2J=k02[1+52] (2.4)
where ©—T =060 isthedeviation of a processmean froma target .
The expected quality cost per unit of product during the out-of-control period is

Lo =K[620 +(u+ 8o —T F|=ko?[6? + (5+ 6} (2.5)

— in-control dist.
””” out-of-control dist.

81 1
T nou+8e

Figure 2.3. Loss Function, In-control and Out-of-control Distributions

The process costs, such as sampling and testing costs, false alarm costs, and
assignable cause repair costs, are incurred in the cost model. We denote the costs for a
cost model as follows:

a = fixed cost of sampling and testing.

b = cost per unit of sampling and testing.

Ct = the cost of investigating a false alarm.
6



C, = the cost of finding and repairing an assignable cause.
The expected cost per cycle is the sum of (1) the total expected quality cost for

the in-control period RL, % (2) the total expected quality cost for the out-of-control

2
period RLq h —D+’1h , (3) the total cycle cost of sampling and testing
1-4 2 12
(a+bn) i+L , (4) the expected cost of false alarms during the cycle C; i,
ih 1-p Ah
and (5) Cs.
That is,

2
EC =RL, %+ RLO[ h —E+ﬂ’h

+ (a+bn) i+L +Cfi+CSr (2.6)
1-8 2 12 Zh

1-B h

where R = expected output per unit time.

Hence, the expected cost per unit time is

2
RL.1+RLO[ g (h j+(a+bn{l+1 j+Cf0(+CSr

R
2 1-p 2 12 ah 1o Jh
EA=EC - A p @.7)

ET 1 1 1 2Zh
—+hl——=—+—[+T,,.
A 1-p 2 12

The economic statistical design parameters can be determined by minimizing the
cost function (2.7). A subroutine “DEoptim” in R program (Ardia et al., 2011), which
IS an optimization method based on a differential evolution algorithm, is used to solve
the object.

The upper bound of « is set to ay, and the upper bound of g is set to fy. The
lower and upper bounds of n, h, ki, ka, and k3 are set to ny, hy, kiu, and kay. The upper
bound of k; is determined by the same cumulative probability of k;. Therefore, the
optimization model is expressed as

min EA(n, h, k;, kz, ks)
s.t. n. <n<ngy,
0<h<hy,
0<ky <k,
0<ks <k, <Ky,
a<ay,

B<pu.



2.2 An Example and Numerical Analysis
2.2.1 Example

In this section, we give an example to show the application of the economic
statistical X and S control charts without tolerance. We compare the optimal
solutions and the expected costs of three types of X and S control charts: (1)
Shewhart-type economic X and S control charts with design h, (2) economic
statistical X and S control charts with a given n, and (3) economic statistical X
and S control charts with all design parameters. A subroutine “DEoptim” in R
program is used to determine the optimal solutions in the optimization models.

This study uses data from Montgomery (2009). The data were the standardized
filling heights of soft drinks. Data were obtained from 15 subgroups of size 10 (= n),
with a process mean of 0, a variance of 1, and a target value of 0. Other input
parameters of the cost function were 6, =1.5,8,=2,k=4,R=30,2=0.01, T4 =3, a
=0.5,b=0.1, Cs = 35, and Cs = 50.

(1) Shewnhart-type economic X and S control charts with design h

To construct the Shewhart-type economic X and S charts whenn =10 and a =
0.00539 (ay =as=0.0027), we calculated that k; = 3, ko = 1.735, k3 =0.371, and f§ =
0.06502. The expected cost per unit time of the optimal Shewhart-type economic X
and S charts is

min EA(h)
s.t.0<h<8-

The EA* is 110.903, and h” is 8. The optimal Shewhart-type economic X and S
charts are constructed as follows.

UCLy =3 _  UCL;=1735
LCLy =-3 LCLs =0.371

Plotting the data in Shewhart-type economic X and S control charts shows
whether they are in-control. Figure 2.2 shows that no points fall outside the limits of
Shewhart-type economic X and S control charts, thus indicating that these charts
can be used to monitor the future process.
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Figure 4.2. Shewhart-type Economic X and S Control Charts

(2) Economic statistical X and S control charts with a given n

The design parameters are determined with a given n by minimizing the cost
function to construct the economic statistical X and S control charts. The expected
cost per unit time of the optimal economic statistical X and S charts is

min EA(h, k;, Ky, ks)
st.0<h<8,
0<k, <4,
O0<ks <k, <4.2,
a <0.01,
£<0.2.

The optimal design parameters are h* = 8, ky* = 3.581, k,* = 2.194, k3* = 0.017,
o* = 0.00013, and p* = 0.2. The EA* is 109.572. The optimal economic statistical X

and S charts are constructed as follows.

UCL; =3.581 1G4 UCLs =2.194
LCLy =-3.581 LCLs =0.0017

Figure 2.3 shows the optimal economic statistical X and S control charts. No
points fall outside the limits of the optimal charts..
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Figure 2.3. Optimal Economic Statistical X and S Control Charts and with a Given n

(3) Economic statistical X and S control charts with all determined design
parameters

Assuming that all design parameters can be determined by minimizing the cost
function, the expected cost per unit time of the optimal economic statistical X and S
charts is

min EA(n, h, ky, k,, ks )
S.t. 2<n< 25,
0<h<8,
0<ky <4,
O0<k; <k, <42,
a <001,
p<02.

The parameters are n* = 7, h* = 8, k;* = 3.300, ko* =1.949, ks* = 0.0003, o* =
0.00184, g* = 0.2, and the EA* is 109.556. The optimal economic statistical X and
S charts are constructed as follows.

UCL; =3300 _ UCLs =1.949
LCLy =-3.300 LCLs =0.0003

Finally, we compare “Shewhart-type economic charts” and “economic statistical
charts with a given n” leads to finding (i) and (ii). Comparing economic statistical
chart with all design parameters and with a given n leads to finding (iii) (See Table
2.1):

(i) If producer can design the chart, k;* and k;* should increase, ks* should decrease
and EA* will reduce.
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(ii) Using Economic statistical X and s chart without design n, EA* could save about
1.2%. And the false alarm rate of economic statistical chart without design n will
decrease, but the true alarm rate will decrease.

(iii) If producer can decide all design parameter of control chart, n* should decrease
from 10 to 7, ky* and k,* should be decrease and EA* will reduce.

Table 2.1. Comparison of Three Types Design Charts under the Model without Tolerance

n h* k1 k2 k3 o ,B EA*
(1) Shewnhart-type economic X
10 8 3 1.735| 0.371f 0.00539| 0.06502| 110.903
and S control charts
n h* | ki* ko* ks* a* B* EA*
(2) Economic statistical X and S
_ _ 10 8| 3.581| 2.194| 0.017| 0.00034| 0.20000( 109.572
control charts with a given n
n* h* kl* kz* kS* o* ﬂ* EA*
(3) Economic statistical X and S
control charts with all design 7 8| 3.300[  1.949| 0.000| 0.00184| 0.20000( 109.556
parameters

11



2.2.2 The Effects of Optimal Design Parameters under Different Combinations of
6 and o for a Given In-control Distribution

This section sets the process mean and variance in different combinations to
show the manner in which the process mean and variance affect the design parameters
and the expected cost. Furthermore, it compares these optimal economic statistical
control charts with Shewhart-type economic control charts, which fix the false alarm
rate of each chart under 0.0027. Input parameters are from Montgomery (1985), and
other input parameters of the cost functionare T=0,6,=1.5,6,=2, k=4, R=30, A
=0.01, T, =3,a=0.5b=0.1, Cs =35, and C¢ = 50.

The results of these objects are shown in Table 2.2. Comparing the optimal
solutions of economic statistical X and S charts under different combinations of
process mean and variance leads to following findings:

(i) Under 6 equals to 0, when o decreases from 2 to 1, n* and h* will not change, the
width of X and S charts will be smaller, and EA* will reduce about 75%.

(if) Under 6 equals to 1, when ¢ decreases from 2 to 1, n* and h* will not change, the
width of X and S charts will be smaller, and EA* will reduce about 75%.

(iii) Under o equals to 1, when o increases from 0 to 1, n* and h* will not change, the
width of X and S charts will be a little larger, and EA* will reduce about 47%.

(iv) Under o equals to 2, when o increases from 0 to 1, n* and h* will not change, the
width of X and S charts will be a little larger, and EA* will reduce about 47%.

Comparing economic statistical control charts with Shewhart-type economic
control charts base on same combination of process mean and variance leads to
following findings:

(v) EA* of economic statistical X and S charts are a little higher than Shewhart-type
economic X and S charts’.

(vi) The false alarm rate of Economic Statistic X and S chart is smaller, but its true
alarm rate is smaller, too.

According to the findings (i)-(iv), if a producer can only improve mean or
variance, it should decrease variance first because this can reduce costs more than
improving the mean can. If a producer improves the variance, the producer should
reduce the width of the X and S charts. If a producer improves the deviation of the
mean and target, the producer should increase the width of the X and S charts.
According to findings (v)-(vi), The expected costs of the two charts are similar.

12



Producers are advised to use the Shewhart-type economic X or S charts depending on
the convenience of using the chart.

Table 2.2. The Optimal Solution of “Economic Statistic X and S Charts” and “Shewhart-Type

Economic X and S Charts” without Tolerance

Economic Statistical X and S Control Charts

n* | h* UCLg| LCLg UCLg LCLg o p EA*
(ks*) (k1*) (k2*) (ks*)
6.572 -6.572 3.91 0.004
(1)o=0ando=2 | 7 8 0.00184 | 0.20000 | 437.239
(3.286) (3.286) (1.955) (0.002)
3.3 -3.3 1.949 0
(2)o=0ando=1 | 7 8 0.00184 | 0.20000 | 109.556
(3.3) (3.3) (1.949) (0)
7.59 -5.59 3.902 0.002
(3)d=lando=2 | 7 8 0.00184 | 0.20000 | 830.977
(3.295) (3.295) (1.951) (0.001)
4.296 -2.296 1.951 0
(4)d=lando=1 | 7 8 0.00184 | 0.20000 | 207.990
(3.296) (3.296) (1.951) (0)
Shewhart-Type Economic X and S Control Charts
n* | UCL; | LCLy; | UCLs LCLg u ) EA*
(ke) (k1) (k2) (ks)
6 -6 3.806 0.532
(1)o=0ando=2 | 7 8 0.00539 | 0.16024 | 438.851
®3) ®3) (1.903) (0.266)
3 -3 1.903 0.266
(2)o=0ando=1 | 7 8 0.00539 | 0.16024 | 109.977
®3) ®3) (1.903) (0.266)
7 -5 3.806 0.532
(3)o=1landoc=2 | 7 8 0.00539 | 0.16024 | 836.533
®3) ®3) (1.903) (0.266)
4 -2 1.903 0.266
(4)d=lando=1 | 7 8 0.00539 | 0.16024 | 209.397
®3) ®3) (1.903) (0.266)
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2.2.3 Determining Optimal in Control Distribution with Minimum Expected
Cost Per Unit Time.

This section determines the optimal solutions for 2 situations.

Situation (1): o is known, § is unknown, and the optimal design parameters of X and
S charts are unknown. Given (o, 61, 02, R, k, A, Ts,, a, b, Cs, C¢) = (2, 1.5, 2, 30, 4,
0.01, 3, 0.5, 0.1, 35, 50).

min EA(n, h, ky, k2, k3, 5)
s.t. 2<n<25,

0<h<s,

0<k;, <4,

O<k; <k, <42,

0<o0<2,

o <001,

B <02

Situation (2): §, o, and the optimal design parameters of X and S charts are unknown.
Given (81, 62, R, k, A, Ty, &, b, Cs, Cf) = (1.5, 2, 30, 4, 0.01, 3, 0.5, 0.1, 35, 50).

min EA(n, h, ki, K, ks, 5,0)
s.t. 2<n<25,

0<h<s8,

0<k; <4,

O<ks <k, <42,

0<o0<2,

05<0 <4,

o <001,

p<0.2.

To determine the optimal solutions in above models, we use a subroutine
“DEoptim” in R program.

Table 2.3 shows the optimal solutions of 2 situations and leads to the following
findings:

(i) In situation (1), the 6* is approximately 0. This means that if a producer can design
a process mean, it should choose a mean as close to the target as possible.

(ii) In situation (2), 6* is approximately 0 and o* is 0.5. This means that if a producer
can design the mean and variance, u* should be as close to the target as possible,
and o* should be small.

14



(iii) Compare situation (1) to (1) in Table 2.2, when p is unknown, n* increases, h*
decreases, the width of the X chart decreases, and the width of the S chart
increases, but EA* is smaller for p=T.

(iv) Compare situation (2) to (1) in Table 2.2, when pu and o are unknown, n*
increases, h* decreases, the width of the X chart decreases, the width of the S
chart increases, and EA* is smaller.

Table 2.3. The Optimal Solution and In-control Distribution of “Economic Statistic X and S Charts”

and “Shewhart-type economic X and S Charts” without Tolerance

Economic Statistical X and S Control Charts

I UCLy | LCLy | UCLs | LCLs
situation 8* | o* |n*| h* X X s S a* ik EA*

(k2*) (ks)

(ke™) (ky*)

(1) o is known, 8 is | 4.778E 6.502 | -6.502 3.59 0.006
- | 9 (0311 0.00230 | 0.10701 | 475.800

unknown (c=2) | -16 (3.251) (3.251) (1.795) (0.003)

(2) dand o are 4.942E 1.6265 | -1.6265 | 0.8975 | 0.002
0.500| 9 |1.250 0.00228 | 0.10729 | 31.801

unknown -16 (3.253) (3.253) (1.795) (0.004)

Shewhart-Type economic X and S Control Charts

o UCLy | LCLy | UCLs | LCL
situation &* | o* |n*| h* X X 7 s o Vi EA*

(k1) (ki) (kz) (ks)

(1) o is known, & is | 1.394E 6 -6 3.56 0.682
- |9 ]0.333 0.00539 | 0.08853 | 476.087

unknown (c=2) | -15 3 (€)) (1.780) (0.341)

(2) dand c are 1.512E 15 -1.5 0.89 0.1705
0.500| 9 [1.338 0.00539 | 0.08853 | 31.872

unknown -16 ©)] 3 (1.780) (0.341)

15




2.3 Sensitivity Analysis

The economic cost model without tolerance requires the user to specify 11 costs
and process parameters. This section uses an orthogonal array to study the effects and
sensitivities of the input parameters (5, o, 081, 62, R, A, Ts, @, b, Cq, and Cy) on the
design parameters and expected cost per unit time. Table 2.4 shows three levels of
each parameter. Because the cost of false alarms and cost of searching and repairing
an assignable cause are correlated, these two parameters’ levels are set in combination.
Other parameters are assumed to be independent.

Table 2.4. Input Parameters’ Levels Used in the Orthogonal Array

Level
Input parameter 1 2 3
d 0 1 2
c 1 2 2.5
o1 1 1.5 2.5
Oz 1 1.5 2
R 30 100 500
A 0.01 0.05 0.1
Tsr 3 2 1
a 0.5 50 100
b 0.1 1 5
(Csr, Cy) (35,50) (50,25) (100,40)
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13, . Ce - .
An orthogonal array table L,7(3 ) is used for sensitivity analysis. Table 2.5
shows the optimal solutions for these 27 combinations of input parameters.

Table 2.5. The Optimal Solutions for 27 Combinations of Input Parmaters under the Cost Model

without Tolerance

No|dé |o Oy 5 | R A Tsr | a b Csr | Cf || n* | h* ki1* | k2* | k3* | EA*
11 0] 1 1| 2|500]0.05 2| 50|0.1]|100 | 40|24 | 051|311 | 139 |0.07| 2007.86
21 0] 1 1{15|100| 01 1| 100 | 01| 50| 25]}25| 151 | 274|139 |0.11 480.74
31 0| 2|25|15|500| 0.1 3| 50| 1| 50| 25| 6]0.13|259 |2.10|0.00| 6797.82
41 2| 2 1| 2|100| 0.1 2| 05 30| 50]] 8|0.20 293|167 |0.00| 6998.05
5|/ 0{25| 15| 1]|500]0.01 1| 50| 5| 30| 50| 8|0.77 | 258 | 3.87 | 0.00 | 12609.61
6| 0| 2| 25| 1]100]0.01 2| 100| 1| 30| 50| 5|145|2.66 |4.20|0.00| 1709.85
71 1 1| 25| 2100 0.01 1| 50| 5| 50| 25|} 5| 156|269 |2.01|0.00 887.00
8| 1| 1| 25| 1|{500| 0.1 2| 05| 5|100| 40| 3| 0.11| 258 | 420 | 0.00 | 3574.64
9| 1|25 1| 2| 30001 2| 100 1| 50| 25|17 | 2.25|2.98 | 1.44 | 0.00 | 1571.71
10| 0| 2| 25| 2| 30|0.05 1| 05| 1/|100| 40|] 3|0.16 | 2.68 | 2.47 | 0.00 508.05
11| 1| 2| 15| 1| 30| 01 1| 100 | 0.1 | 100 | 40|16 | 0.91 | 2.86 | 3.22 | 0.05 | 1075.38
12| 0] 1 1| 1| 30001 3| 05(01| 30| 50|17 | 1.84 | 2.79 | 3.76 | 0.06 119.37
13| 0|25| 15| 2100 |0.05 3| 100 | 5100 | 40|/10 | 0.65|2.83 | 1.61 | 0.00 | 2574.03
14| 2|25| 25| 2|500| 0.1 1| 100 | 0.1 | 30| 50{|12 | 0.09 | 3.17 | 1.71 | 0.01 | 58837.58
15| 1| 2| 15|15 100 | 0.05 2| 50(01| 30| 50|21|0.44|295|152|005| 3121.83
16| 2|25| 25|15|100|0.01 3| 05(01|100| 40| 510.07|3.25| 258 | 0.00 | 12168.15
17| 0|25| 15|15| 30| 0.1 2| 05| 5| 50| 25| 7 ]0.44|2.64 | 1.88 | 0.00 759.81
18| 2| 1| 15| 1100/ 0.05 1| 05| 1| 50| 25| 6 |0.25| 258 | 4.18 | 0.00 | 1958.69
19| 2| 1|15 2| 30| 01 3| 50| 1| 30| 50({12|0.92|2.84 | 155 0.01 563.11
201 1| 2| 15| 2|500]0.01 3| 05(01| 50| 25| 8| 0.06 |3.04 |1.78 | 0.00 | 15581.57
21| 2| 1| 15|15/|500]0.01 2| 100 | 1100 | 40|15 |1.09 | 2.65 | 1.56 | 0.01 | 10011.49
22| 1| 1| 25|15| 30| 0.05 3| 100 5| 30| 50| 5182|259 |2.24 | 0.00 323.74
23| 2| 2 1| 1|500]0.05 3| 100| 5| 50| 25|17 | 0.38 | 2.58 | 3.69 | 0.04 | 35615.47
24| 1|25 1|15 |500] 0.05 1| 05| 1| 30| 50{f13|0.09 | 2.73 | 1.56 | 0.01 | 24123.07
25| 1|25 1| 1|100]| 01 3| 50| 1|100| 40|{20|0.40|2.58 |2.82|0.06 | 4121.12
26| 2| 2 1{15| 30]0.01 1| 50| 5|100| 40]|16 | 2.67 | 2.73 | 1.50 | 0.06 | 2472.47
27| 2|125| 25| 1| 30|0.05 2| 50(01| 50| 25| 6| 0.40|2.95 | 4.15| 0.00 | 3636.60
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Table 2.6 shows the main effects of the optimal solutions and optimal values for
three input parameter levels and it shows the following findings:

(i) 81 is significant to average sample size n*. When &; increases, average n*
decreases.

(i) R, A and a are significant to average sampling interval h*. When R, A, or a

increase, average h* decreases.

(iii) 62 is significant to average ki* and ky*. When &, increases, optimum average k;*
increases and average ky* decreases.

(iv) All input parameters are significant to average EA*. When 9, o, R, or A increase,
average EA* increases. When b increases, average EA* decreases. When 81, 62, Ty,
or a increase, average EA *decreases first and then increases.

Table 2.6. Main Effect of the Optimal Solutions and Optimal Values under the Cost Model without Tolerance

Level ) c 31 Sy R A Ty a b (Csn,C)

1 11.67 12.44 17.44 10.89 11.00 10.67 1111 7.78 14.89 11.22

n 2 12.00 1111 11.44 12.56 11.67 11.67 11.78 13.11 10.78 10.78

3 10.78 10.89 5.56 11.00 11.78 12.11 11.56 13.56 8.78 12.44

diff 1.22 1.56 11.89 1.67 0.78 1.44 0.67 5.78 6.11 1.67
Level| & G S S, R A Te a b (C4,C9)

1 0.83 1.07 1.09 0.72 1.27 1.31 0.70 0.36 0.65 0.85

h 2 0.85 0.71 0.61 0.92 0.73 0.52 0.77 0.87 0.75 0.78

3 0.67 0.57 0.64 0.71 0.36 0.52 0.89 1.13 0.96 0.73

diff 0.17 0.49 0.48 0.21 0.91 0.78 0.19 0.77 0.31 0.12
Level| & G S 5, R A Te a b (C4,C9)

1 2.74 2.73 2.80 2.68 2.78 2.82 2.79 2.80 2.99 2.80

Izl 2 2.78 2.78 2.77 2.76 2.80 2.78 2.83 2.78 2.70 2.75

3 2.85 2.85 2.80 2.92 2.78 2.77 2.75 2.78 2.68 281

diff 0.12 0.12 0.02 0.24 0.02 0.05 0.08 0.02 0.30 0.05
Level 1) c 0, o, R A Ty a b (Csr,C)

1 2.52 248 2.14 3.79 247 2.52 2.46 2.68 2.39 245

Ez 2 2.31 2.46 2.35 181 244 2.54 2.45 2.32 243 251

3 251 2.40 2.85 1.74 243 2.28 243 2.34 2.52 2.37

diff 0.21 0.07 0.71 2.05 0.04 0.25 0.03 0.35 0.13 0.14
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Level ) c 81 3 R A Ty a b (Csn,Co)

1 0.03 0.03 0.05 0.02 0.02 0.01 0.02 0.01 0.04 0.01

IZ3 2 0.02 0.02 0.01 0.03 0.02 0.02 0.02 0.03 0.01 0.02
3 0.01 0.01 0.00 0.01 0.02 0.03 0.03 0.02 0.01 0.03

diff 0.01 0.02 0.04 0.02 0.01 0.01 0.01 0.02 0.03 0.01
Level ) c &1 3> R A Ty a b (Csn,C)

1| 0.0088] 0.0091 0.0091| 0.0078[ 0.0080[ 0.0076] 0.0079] 0.0079( 0.0046( 0.0077

a 2| 0.0081 0.0078f 0.0081 0.0083| 0.0081 0.0081 0.0079| 0.0082( 0.0097| 0.0087
3] 0.0074| 0.0074/ 0.0071f 0.0081 0.0082] 0.0085] 0.0085/ 0.0083( 0.0100[ 0.0079

difff 0.0014 0.0017( 0.0020| 0.0005] 0.0001] 0.0009| 0.0006( 0.0004| 0.0054| 0.0010
Level ) o 31 3, R A Ty a b (Csr,Cy)

1| 0.0596] 0.0434| 0.0754 0.0454[ 0.0645| 0.0546] 0.0492| 0.1224( 0.0325[ 0.0591

ﬁ 2] 0.0491] 0.0693| 0.0590( 0.0632| 0.0561] 0.0669| 0.0449[ 0.0295( 0.0622] 0.0622
3] 0.0629] 0.0589| 0.0372[ 0.0630[ 0.0510] 0.0500| 0.0774] 0.0198( 0.0769| 0.0503

difff 0.0139 0.0259( 0.0382| 0.0178] 0.0134| 0.0169] 0.0325( 0.1026| 0.0445] 0.0119
Level ) c d1 S R A Ty a b (Csn,Cr)

1 3063.02| 2214.07| 8612.21| 7157.86] 1225.58| 6347.91| 8651.60| 7310.16| 10781.01| 12045.13

EA 2| 6042.23| 8208.94 5361.72| 6695.46] 3779.94| 8207.70| 3710.20| 4024.16] 5707.21| 7476.60
3| 14695.73| 13377.97| 9827.05] 9947.66| 18795.46] 9245.36| 11439.18| 12466.67| 7312.76| 4279.24

diff| 11632.72| 11163.89] 4465.33| 3252.20( 17569.87| 2897.45( 7728.97| 8442.51| 5073.80| 7765.89

19




In Table 2.6, if the input parameter is significant to optimal design parameter and
their relationship is linear and positive, we use notation “+”, if the input parameter is
significant and their relationship is linear and negative, we use notation “-“, and if the
input parameter is significant and their relationship is quadratic, we use notation “q‘;
otherwise, we use notation “N”.

Table 2.7. The Significant Input Parameters of Each Design Parameter and EA

Optimal Input parameters

Design

parameters & o 61 9 R A Tg a b (Cqr,Cy)
and EA

n N N - N N N + - N

h N N N - - N + N N

ky N N N + N N N N - N

k, N N N - N N N N N N

ks N N N N N N N N N N
EA + + 9 9 + + g q - -
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3. DESIGN OF CONSUMER TOLERANCE AND ECONOMIC
STATISTICAL X AND S CHARTS

3.1 Derivation of Cost Models

The assumptions of process distributions and economic statistical X and S
charts continue to hold in this section. A consumer tolerance d. is assumed to exist
such that if |X-T|> d., the product is nonconforming for consumers. T+ d; and T- d.
are the consumer specification limits (Fathi, 1990).

Let L denote the consumer quadratic loss function (Figure 3.1).

L Jke(x ~T)2if | X =T |<d,
‘ A Hf|X=T|>d,

31)
where Kk is the coefficient of the consumer loss function for a conforming product,

and A. is the cost of correcting a nonconforming product after its shipment to the
consumer.

- in-control dist.
————— out-of-control dist.

T-d, [ Te e T+d,
T u p+do

Figure 3.1. Consumer Loss Function, In-control and Out-of-control Distributions

The expected cost per unit while the process is in-control is shown in (3.2), and
the expected per unit cost while the process is out-of-control is shown in (3.3):

L, = AJi-P(T —d. sxg—d)+kf’d°k (x—T)Zf (x)dx

—AC[J. U¢(z)dz +J. 6. ¢(z)dz}+k o J. z+5 ) ¢(z)dz (3.2)
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Lo = Al-P(T -d, <X <T +d )]+I::dd°kc(x—ﬂ)2 fx (x)dx
_ A{ [ gy + i j¢(z)dz} (3:3)

+k.o jaz J(52z+5+51) #(z)dz

4

Hence, the expected cost per unit time is

RE+RLo h h ah* +(a+bn)—7Li +Cf0{+CSr
A 1—,6 2 12 h 1-p8 Ah

1+ h(l—l lh]+Ts,
A 1-5 2 12

The design parameters can be determined by minimizing the cost function (3.4).
A subroutine “DEoptim” in R program is used to solve the object. The upper bound of
a is set to ay, and the upper bound of £ is set to fSy. The upper bounds of dc, n, h, ki, ko,
and ks are set to dcy, Ny, hy, kiu, and k. The lower bound of d; and n are dc., n. . Let

the rate of nonconforming products for consumers be smaller than 0.1, the bounds of
dc can be determined. Therefore, the optimization model is expressed as follows:

EA — (3.4)

min EA(d.,n, h, k;, K, Ks )
s.t. dy <d. <d,
n_.<n<ny,
O<h<hy,
0<k; <k,
0<ks; <k, <k,y,
a<ay,

B<pBy.
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3.2 An Example and Numerical Analysis
3.2.1 Example

In this section, we give an example to show the application of the economic
statistical X and S control chart only with consumer tolerance. We compare the
optimal solutions and the expected costs per unit time of three types of X and S
control charts: (1) Shewhart-type economic X and S control charts with design h
and dc, (2) economic statistical X and S control charts with a given n, and (3)
economic statistical X and S control charts with all design parameters. A subroutine
“DEoptim” in R program is used to determine the optimal solutions in the
optimization models.

The data which we use in this section is the same as 2.2.1, and the input
parameters are set by 8,=1.5, 8,=2, A=100, R=30, 2=0.01, T4=3, a=0.5, b=0.1,
Csr:35, and Cf:50

(1) Shewnhart-type economic X and S control charts with design h and d.

To construct the Shewhart-type economic X and S charts when n = 10 and « =
0.00539 (ag =as=0.0027), we calculated that k; = 3, ko = 1.735, k3 = 0.371, and 5 =
0.06502. The expected cost per unit time of the optimum Shewhart-type economic X
and S charts is

min EA(d., h)
s.t.08<d, <25,
0<h<s8.

The EA* is 4.817, h™ is 8, and d. is 25. Under the d. , the calculated rate of
nonconforming product is 0, and the optimal Shewhart-type economic X and S
charts are constructed as follows.

UCLg=3 __ UCL=1735
LCLy =-3 LCLs =0.371

Plotting the data in Shewhart-type control charts shows whether they are
in-control. Figure 3.2 shows that no points fall outside the limits of Shewhart-type X
and S control charts, thus indicating that these charts can be used to monitor the future
process. Figure 3.3 shows that all products fall into the consumer specification.
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Shewhart type X-bar control chart Shewhart type s control chart

UCL

xhar

sample mean
0
1
sample standard deviation
1 1 1

00 05 10 15 20 25 30

Observation Observation

Figure 3.2. Shewhart type Economic X and S Control Charts with Consumer Tolerance

— in-control dist.

---- out-of-control dist.
J— Lo

USL,=-25 — LSL, =25
p=0pu+8c=15

Figure 3.3. Optimal Consumer Loss Function with In-control and Out-of-control Distributions

(2) Economic statistical X and S control charts with a given n

The design parameters are determined with a given n by minimizing the cost
function to construct the economic statistical X and S control charts. The expected
cost per unit time of the optimal economic statistical X and S charts is

min EA(d, h, Ky, Kz, ks)
s.t. 0.8<d, <25,
0<h<s8,
0<k, <4,
0<ks; <k, <42,
a <0.01,
£ <0.2

The optimal design parameters are d.* = 25, h* = 8, ki* = 4, k,* = 2.001, ks* =
0.005, o* = 0.00001, and f* = 0.2. The EA* is 4.712. The optimal economic statistical
X and S charts are constructed as follows.
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UCL; =4 and UCLs =2.001
LCLy =4 LCLs =0.005

Figure 3.4 shows the optimal economic statistical X and S control charts. No
points fall outside the limits of the optimal charts. Because the optimal consumer
tolerance is the same as the previous, all in-control and out-of-control products are in
the consumer specification limits.

Economic statistical X-bar control chart Economic statistical s control chart

- UCL, s

sample mean
2 0
] ]
sample standard deviation
00 05 10 15 20 25 30
] ] ]

ucL,

QObservation Observation

Figure 3.4. Optimal Economic Statistical X and S Control Charts with Consumer Tolerance and

with a Given n

(3) Economic statistical X and S control charts with all design parameters

Assuming that all design parameters can be determined by minimizing the cost
function, the expected cost per unit time of the optimal economic statistical X and S
charts is

min EA(d.,n, h,ky, Kz, k)
s.t.08<d, <25,

2<n<25

0<h<s,

0<k, <4,

O0<ks <k, <42,

a <001,

B<02.

The parameters are d.* = 25, n* = 7, h* = 8, ki* = 3.300, k,* = 1.949, ks* =
0.001, a* = 0.00186, and p* = 0.2. The EA* is 4.697. Under the d.*, the rate of
nonconforming product is 0, and the optimal economic statistical X and S charts are

UCLg =3.300 and UCLs =1.949
LCL; =-3.300 LCLs =0.001
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Finally, we compare the optimal solutions and the EA* of these three types

design charts (See Table 3.1).

Comparing with “Shewhart-type” and “economic statistical chart with a given n”

leads to following findings:

(i) If producer can design the chart, k;* and ko* should increase, ks* should decrease

and EA* will reduce.

(ii) Using economic statistical X and S charts with given n, EA* could save about
2.1%. And the false alarm rate of economic statistical chart with given n will
decrease, but the true alarm rate will decrease.

(iii) The optimal consumer tolerance all equals to 25.

Comparing economic statistical chart with design n and with given n leads to

following findings:

(iv) If producer can decide all design parameter of control chart, n* should decrease,
k;* and kp* should be decrease and EA* will reduce.

Because the EA* cannot be saved a lot when we use economic statistical control
chart with consumer tolerance, we advise that it is more convenience for using
Shewhart-type economic control chart and let consumer tolerance equal to 25.

Table 3.1. Comparison of Three Types Design Charts under the Model with Consumer Tolerance

d* | n| h* | ki | ke | ks a B EA*
(1) Shewnhart-type economic X
25 |10 | 8 [3.000/1.735/0.371| 0.00539 | 0.06502 | 4.817
and S control charts
d* | n| h* | k*|k*|k*| ao* B* EA*
(2) Economic statistical X and S
_ _ 25 |10 | 8 |4.000/2.001|0.005| 0.00010 | 0.20000 | 4.712
control charts with a given n
de* | n*| h* | ki* | ko* | ke* | a* B* EA*
(3) Economic statistical X and S
control charts with all design 25 | 7 | 8 |3.300/1.949|0.001| 0.00184 | 0.20000 | 4.697
parameters
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3.2.2 The Effects of Optimal Design Parameters under Different Combination 6
and o for a Given In-control Distribution

This section sets the process mean and variance in different combinations to
show the manner in which the process mean and variance affect the design parameters
and the expected cost. Furthermore, it compares these optimal economic statistical
control charts with Shewhart-type economic control charts, which fix the false alarm
rate of each chart under 0.0027. Other input parameters of the cost function are A.=
100, T=0,6,=15,6,=2,k=4,R=30,A,=0.01, T4=3,a=0.5b=0.1, Cyq = 35,
and C¢ = 50.

The results of these objects are shown in Table 3.2.

Comparing the optimal solutions of economic statistical X and S charts under
different combinations of process mean and variance leads to the following findings:

(i) Under 6 equals to 0, when o decreases from 2 to 1, d.*, n* and h* will not change,
the width of X and S charts will be smaller, and EA* will reduce about 74%.

(if) Under 6 equals to 1, when o decreases from 2 to 1, d.*, n* and h* will not change,
the width of X and S charts will be smaller, and EA* will reduce about 74%.

(iii) Under o equals to 1, when o increases from 0 to 1, d.*, n*, h* and the width of X
and S charts will not change, EA* will reduce about 46%.

(iv) Under o equals to 2, when o increases from 0 to 1, d.*, n*, h* and the width of X
and S charts will not change, and EA* will reduce about 47%.

Comparing with economic statistical control charts and Shewhart-type economic
control charts base on same combination of process mean and variance leads to the
following findings

(v) EA* of economic statistical X and S charts are a little higher than Shewhart-type
economic X and s charts’.

(vi) The a* of Economic Statistic X and s chart is smaller, but its 5* is smaller, too.

According to the findings (i)-(iv), decreasing variance can reduce costs more
than improving the mean can. If a producer improves the variance, the producer
should reduce the width of the X and S charts. In all situations, optimal consumer
tolerance equals to 25 and all products are in the consumer specification limits.
According to findings (v)-(vi), the expected costs of the two charts are similar.
Producers are advised to use the Shewhart-type economic X or S charts depending on
the convenience of using the chart.
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Table 3.2. The Optimal Solution of “Economic Statistic X and S Charts” and “Shewhart-type

Economic X and S Chart” with Consumer Tolerance

Economic Statistical X and S Control Charts

d* | n* | h* UCLy LCLy UCLg LCLg o p* EA*
(k1*) (ke™) (k2™) (ks™)
6.6 -6.6 3.898 0.004
(1)o=0ando=2 | 25 7 8 0.00184 0.2 17.804
(3.3) (3.3) (1.949) (0.002)
3.3 -3.3 1.949 0.001
(2)0=0ando=1 | 25 7 8 0.00184 0.2 4.697
(3.3) (3.3) (1.949) (0.001)
7.6 -5.6 3.898 0.004
(3)é=landoc=2 | 25 7 8 0.00184 0.2 33.554
(3.3) (3.3) (1.949) (0.002)
4.3 -2.3 1.949 0.001
(4)d=lando=1 | 25 7 8 0.00184 0.2 8.634
(3.3) (3.3) (1.949) (0.001)
Shewhart-Type Economic X and S Control Charts
P e . UCLy | LCLy | UCLs | LCLs . P Epx
(ka) (ka) (k2) (ks)
6 -6 3.806 0.532
(1)o=0ando=2 | 25 7 8 0.00539 | 0.16024 | 17.892
®3) ®3) (2.903) (0.266)
3 -3 1.903 0.266
(2)0=0ando=1 | 25 7 8 0.00539 | 0.16024 4.737
®3) 3) (1.903) (0.266)
7 -5 3.806 0.532
(3)o=1landoc=2 | 25 7 8 0.00539 | 0.16024 | 33.799
®3) ®3) (2.903) (0.266)
4 -2 1.903 0.266
(4)d=landoc=1 | 25 7 8 0.00539 | 0.16024 8.714
®3) ®3) (1.903) (0.266)

28




3.2.3 Determine Optimal in Control Distribution with Minimum Expected Cost
Per Unit Time

This section determines the optimal solutions for 2 situations.

Situation (1): o is known, & is unknown, and the optimal design parameters of X and
S charts are unknown. Given (o, 81, 82, R, Ac, k, A, Tsr, @, b, Cq, Cf) = (2, 1.5, 2, 30,
100, 4, 0.01, 3, 0.5, 0.1, 35, 50).

min EA(d.,n, h, ky, Ky, ks, 5)
s.t.0.8<d, <25
2<n<25,
0<h<s,
0<k, <4,
O<k; <k, <42,
0<o6<2,
a <0.01,
£<0.2

Situation (2): 8, o, and the optimal design parameters of X and S charts are unknown.
Given (81, 62, R, A, k, A, Tsr, a, b, Cq, Cs) = (1.5, 2, 30, 100, 4, 0.01, 3, 0.5, 0.1, 35,
50)
min EA(d.,n, h, ky, ko, ks, 5,0)
s.t.0.8<d, <25,
2<n<25,
0<h<s8,
0<k, <4,
0<k; <k,<4.2,
0<0<2,
05<0 <4,
a <0.01,
£<0.2

To determine the optimal solutions in above models, we use a subroutine
“DEoptim” in R program.

Table 3.3 shows the optimal solutions of two situations and leads to the

following findings:

(i) In situation (1), 8* is approximately 0. This means that if a producer can design a
process mean, it should choose a mean as close to the target as possible.

(ii) In situation (2), 6* is approximately 0 and o* is 0.5. This means that if a producer
can design the mean and variance, u* should be as close to the target as possible,
and o* should be small.
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(iii) Compare situation (1) to (1) in Table 3.2, when p is unknown, d;" and the design
parameters of charts are the same, but the EA* is smaller for u =T.

(iv) Compare situation (2) to (1) in Table 3.2, when p and o are unknown, the width
of the X chart decreases, and the width of the S chart increases, and the EA* is
smaller.

Table 3.3. The Optimal Solutions and In-control Distribution of “Economic Statistic X and S Charts”

and “Shewhart-type Economic X and S chart” with Consumer Tolerance

Economic Statistical X and S Control Charts

. . * UCLy | LCLy . .
situation 8* |o*|de | n*|h* X x | UCLs | LCLs a* ik EA*
k*) | (k) | (k2¥) (ks™)
(1) o is known, & is | 3.200E 6.6 -6.6 3.898 | 0.004
- 12578 0.00230 0.2 17.804
unknown (c=2) | -16 (3.3) (3:3) (1.949) (0.002)
(2) & and o are|2.199E 1.65 | -1.65 | 0.975 | 0.0005
05|/25| 7 | 8 0.00228 0.2 1.420
unknown -15 (3.3) (3:3) (1.949) (0.001)
Shewhart-Type Economic X and S Control Charts
. . * UCLy| LCLy
situation & |o*|de | n*|h* X x| UCLs | LCLs a B EA*
(ki) (k1) (ko) (ks)
(1) o is known, & is | 1.604E 6 -6 3.806 | 0.532
- 1257 |8 0.00539 | 0.16024 | 17.892
unknown (c=2) | -16 ©)] 3 (1.903) (0.266)
(2) 8 and o are|6.029E 1.5 -1.5 | 0.9515 | 0.133
05|25| 7 | 8 0.00539 | 0.16024 | 1.448
unknown -16 (©)] (€)) (1.903) (0.266)
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3.3 Sensitivity Analysis

The economic cost model without tolerance requires the user to specify 12 cost
and process parameters. Consider the levels of these parameters to be: 6 = (1,1.5,2), ¢
= (1,2,2.5), 8 = (1,1.5,2.5), 6, = (1,1.5,2), R = (30,100,500), A= (100,200,300), A
(0.01,0.05,0.1), Tsr = (3,2,1), a = (0.5,50,100), b = (0.1,1,5), and (Cs,,Cy)
( (35,50),(50,25),(100,40) ). We adopt 27 combinations of these parameters by using
an orthogonal array table L27(313) (Table 3.4).

Table 3.4. Orthogonal Array L27(313) for 27 Combinations of Input Parameters

No | o c 1 32 R Ac A Ter a b Co | Ct
1 0 1 1 2| 500 | 300 | 0.05 2| 50| 0.1] 100| 40
2 0 1 1} 15} 100| 200 | 0.1 1100 01| 50| 25
3 0 2| 25| 15| 500| 100 | 0.1 3| 50 1| 50| 25
4 2 2 1 2| 100 100| 0.1 2| 05 5| 30| 50
5 0] 25| 15 1| 500 200 | 0.01 1] 50 5| 30| 50
6 0 2| 25 1] 100 | 300 | 0.01 2| 100 1} 30| 50
7 1 1] 25 2| 100 | 100 | 0.01 1] 50 5| 50| 25
8 1 1] 25 1| 500 200| 0.1 2| 05 5| 100 | 40
9 1] 25 1 2| 30 200|0.01 2| 100 1] 50| 25

10 0 2| 25 2| 30| 200 | 0.05 1| 05 1| 100 | 40
11 1 2| 15 1| 30| 100 0.1 1| 100| 0.1 100 | 40
12 0 1 1 1| 30| 100 | 0.01 3| 05| 01| 30| 50
13 0| 25| 15 2| 100 | 100 | 0.05 3| 100 5| 100 | 40
14 2| 25| 25 2| 500| 300| 0.1 1100 01| 30| 50
15 1 2| 15| 15| 100| 200 | 0.05 21 50| 01| 30| 50
16 2| 25| 25| 15| 100 | 200 | 0.01 3| 05| 01| 100| 40
17 0| 25| 15| 15| 30| 300| 0.1 2| 05 5| 50| 25
18 2 1] 15 1| 100 | 300 | 0.05 1] 05 1] 50| 25
19 2 1] 15 2| 30| 200| 0.1 3| 950 1} 30| 50
20 1 2| 15 2| 500 300 0.01 3| 05 01| 50| 25
21 2 1| 15| 15| 500 | 100 | 0.01 2| 100 1] 100| 40
22 1 1} 25| 15| 30| 300| 0.05 3| 100 5| 30| 50
23 2 2 1 1| 500 | 200 | 0.05 3| 100 5| 50| 25
24 1| 25 1| 15| 500 | 100 | 0.05 1| 05 1| 30| 50
25 1| 25 1 1| 100| 300| 0.1 3| 50 1| 100 | 40
26 2 2 1} 15| 30| 300 | 0.01 1| 50 5| 100 | 40
27 2| 25| 25 1| 30| 100 | 0.05 2| 50| 01| 50| 25
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Table 3.5 shows the optimal solutions for these 27 combinations of input
parameters.

Table 3.5. The Optimal Solutions for 27 Combinations of Input Parmaters under the Cost Model with

Conusmer Tolerance

No | di | ke | n* | h* | ke* | ko* | ks* o B° | EA*
1 25| 048 10 8| 3.49| 1.75| 0.00[1.57E-03| 0.20| 173.07
2| 25| 032 25 8| 3.74| 35| 0.09]1.86E-04| 0.20] 16.59
3] 25| 0.16] 10 8| 2.66| 1.81| 0.02[8.28E-03| 0.00| 316.57
4 25 0.16] 14 8| 3.84| 1.84| 0.01|1.55E-04| 0.20] 134.84
5/ 25| 0.32 6 8| 2.83| 4.11| 0.00|4.62E-03| 0.20[ 807.13
6| 25| 0.48 3 8| 3.49| 4.2 0.00[4.86E-04| 0.20| 191.56
71 25| 0.16 3 8| 2.93| 2.65| 0.00[4.28E-03| 0.20] 37.19
8| 25 0.32 3 8| 3.49 4.2 0.00[4.86E-04] 0.20| 266.87
9| 25 0.32 8 8| 3.08 1.72| 0.00|6.13E-03| 0.20[ 107.51
10 25 0.32 7 8| 27| 1.81| 0.00|1.00E-02| 0.01| 46.46
11 25 0.16] 10 8| 39| 3.74| 0.01|9.55E-05| 0.20[ 22.02
12| 25| 0.16] 14 8| 29 333 0.01[3.73E-03] 0.20 3.91
13| 25| 0.16 8| 3.02| 1.93| 0.00[4.85E-03| 0.20 84.5
14| 25| 0.48 8| 3.91| 4.07| 0.00[9.22E-05| 0.20| 4936.37
15| 25| 0.32 8| 3.24| 3.82| 0.01|1.21E-03| 0.20[ 166.8
16| 25| 0.32 8| 3.07| 3.54| 0.00[2.13E-03| 0.20| 840.99
17| 25| 0.48] 12 8| 3.93| 4.19] 0.02[8.36E-05| 0.20| 55.95
18| 25| 0.8 6 8| 2.83 4] 0.004.62E-03| 0.20] 124.33
19| 25| 032 14 8| 3.93| 4.15| 0.02[8.52E-05| 0.20] 23.43
20 25| 0.48 6 8| 3.01] 1.93| 0.00[4.85E-03| 0.20| 1661.72
21| 25| 0.16 8| 2.71| 4.14| 0.00|6.81E-03| 0.20[ 321.28
22| 25| 0.48 8| 3.07| 3.64| 0.00|2.14E-03| 0.20[ 28.15
23| 25| 032 12 8| 2.62| 3.82| 0.03|8.73E-03| 0.20| 1426.94
24 25| 0.6 13 8| 2.85| 1.58| 0.02|7.27E-03| 0.20| 557.14
25| 25| 048] 23 8| 3.95| 2.44| 0.01|7.68E-05| 0.20| 243.62
26| 25| 048] 13 8 3| 1.52| 0.02[8.62E-03| 0.20| 228.4
27 25| 0.16 3 8| 3.49| 4.16| 0.00|4.86E-04| 0.20| 98.54
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Table 3.6 shows the main effect of the optimal solutions and optimal values. It
shows following findings:

(i) &1 is significant to average sample size n*. When &; increases, average n*
decreases.

(i) A s significant to average ki*. When A increases, average k;* increases.

(iii) 61 and &, are significant to average ky*. When 6, increases, average kp* increases
then decreases. When 6, increases, average k,* decreases.

(iv) All input parameters are significant to average EA*. When 9, 6, 01, R, or A
increase, average EA* increases. When b increases, average EA* decreases. When

d2, A, or T, Or @ increases, average EA* decreases first then increases.

(5) All input parameters are not significant to average producer tolerance d.*. Average
dc* equals to 25 for all levels of input parameters.

Table 3.6. Main Effect of the Optimal Solutions and Optimal Values under the Cost Model with Conusmer

Tolerance

Level ) o &1 I R A A Ty a b (Cs,Co)
1 25 25 25 25 25 25 25 25 25 25 25
d_C 2 25 25 25 25 25 25 25 25 25 25 25
3 25 25 25 25 25 25 25 25 25 25 25
diff 0 0 0 0 0 0 0 0 0 0 0

Level ) c d1 Sy R A A Ty a b (Cs,Co)
1| 10.33| 9.44| 14.67| 8.89 9.33] 8.89 7.00] 10.11 8.67 9.44| 9.00
n 2[ 8.67f 9.33| 8.44] 1056 10.22| 9.67| 7.67 7.67 10.11] 10.11] 9.44
3( 856 878 4.44] 811 8.00f 9.00] 12.89] 9.78 8.78| 8.00 9.11
difff  1.78] 0.67[ 10.22| 244 222 0.78] 589 2.44 144 211 0.44

Level S G 8y 5, R A, A Ty a b (C4,Co)
1 8.00f 8.00[ 8.00] 8.00 8.00f 8.00f 8.00, 8.00] 8.000 8.00f 8.00
h 2 8.00] 8.000 8.00] 8.00 8.00f 8.00] 8.00f 8.00[ 8.000 8.00[ 8.00
3( 8.00] 8.000 8.00;] 8.00 8.00f 8.00] 8.00f 8.00[ 8.000 8.00[ 8.00
diff  0.00, 0.00f 0.00[{ 0.00 0.00f 0.00f 0.00, 0.000 0.00f 0.00{ 0.00

Level 1) c 0, 4, R A A Ty a b (Cs,Cy)
121 1|  3.20f 3.23 3.28] 3.28 3.33| 3.14] 3.000 3.14| 3.18] 3.42[ 3.34
2 3.28] 316/ 327 3.14 3.35| 3.19] 3.04 342 3.28| 3.13[ 3.14
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3( 3.27f 335 320 3.32 3.06] 341 371 319 3.28 3.19 3.26

diff  0.08 0.19] 0.07f 0.18 0.28/ 0.27] 0.71] 0.28 0.10] 0.28[ 0.20
Level | & G 8, 8 R A A T a b | (Cy.Cy)

1 296 349 239 3.78 3.14| 2.80] 3.02] 295 294 3.32 342

IZZ 2[ 286 272 3.56] 3.08 3.10 3.41] 2095 334 294 287 3.09
3( 347 3.08( 334 243 3.05| 3.08 333 3.00 342 3.10[f 279

difff  0.61 0.77[ 1.17] 135 0.10f 0.61] 0.38] 0.38 0.48| 0.44( 0.63
Level | & G 8, 8 R A A T a b | (Cy.Cy)

1 0.02f 0.01f 0.02; 0.01 0.01f 0.01j 0.00, 0.01 0.01f 0.01f o0.01

lZs 2 0.01f 0.01f 0.0} 0.02 0.01f 0.02] 0.01} 0.01 0.01] 0.01f 0.02
3( 0.01f 0.01f 0.00, 0.00 0.01f 0.01] 0.02] 0.02 0.01 0.01f o0.01

diff  0.01] 0.01f 0.02] 0.01 0.00f 0.01] 0.02f 0.01 0.01 0.01f o0.01
Level $ G &1 Sy R A A Ty a b (C4,Co)

1| 0.0038| 0.0027( 0.0041| 0.0026| 0.0035| 0.0040| 0.0046( 0.0039| 0.0037| 0.0016| 0.0022

a 2[ 0.0029( 0.0047| 0.0030] 0.0041( 0.0020| 0.0037| 0.0045| 0.0019| 0.0032| 0.0049| 0.0042
3[ 0.0035| 0.0029| 0.0032| 0.0036( 0.0047| 0.0025| 0.0011| 0.0044( 0.0033| 0.0038| 0.0038

difff 0.0008| 0.0021( 0.0010) 0.0015| 0.0027| 0.0015| 0.0036| 0.0025( 0.0005| 0.0033| 0.0020
Level ) c O1 I R A A To a b (Cs,Co)

1| 0.1568| 0.2000( 0.2000] 0.2000| 0.1790{ 0.1778| 0.2000( 0.1778| 0.1790| 0.2000| 0.2000

E 2[ 0.2000( 0.1568| 0.2000y 0.1778( 0.2000| 0.1790| 0.1790| 0.2000] 0.1778| 0.1568| 0.1778
3[ 0.2000{ 0.2000 0.1568| 0.1790| 0.1778| 0.2000( 0.1778| 0.1790| 0.2000| 0.2000| 0.1790

diff| 0.0432| 0.0432| 0.0432( 0.0222} 0.0222| 0.0222| 0.0222| 0.0222| 0.0222( 0.0432( 0.0222
Level ) o d1 Sy R A A Ty a b (Cs,Co)

1| 188.41| 110.53| 321.33| 353.88| 68.26| 175.11| 466.63| 514.43| 410.25| 880.00| 761.04

EA 2| 343.45| 466.15| 363.02| 281.32( 204.49| 411.41| 300.66| 168.49| 232.75| 214.65| 427.26
3[ 903.90( 859.08| 751.41| 800.56(1163.01| 849.24| 668.47| 752.85| 792.77| 341.11| 247.47

difff 715.49| 748.55( 430.07| 519.25|1094.75| 674.13| 367.81| 584.36| 560.02| 665.35| 513.57
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In Table 3.7, if the input parameter is significant to optimal design parameter and
their relationship is linear and positive, we use notation “+”, if the input parameter is
significant and their relationship is linear and negative, we use notation “-, and if the
input parameter is significant and their relationship is quadratic, we use notation “q‘;
otherwise, we use notation “N”.

Table 3.7. The Significant Input Parameters of Each Design Parameter and EA under the Cost Model

with Conusmer Tolerance

Optimal Input parameters

design

parameters & o 67 & R A A Ty a b (Csr,Cy)
and EA

d. NN N N N N N N N N N
n NN - N N N + N N N N
h NN N N N N N N N N N
ky N N N N N N + N N N N
K, NN g - N N N N N N N
ks N N N N N N N N N N N
EA + + + g9 + + 9 9 q - -

35



4. DESIGN OF PRODUCER TOLERANCE AND ECONOMIC
STATISTICAL X AND S CHARTS

4.1 Derivation of Cost Models

The assumptions of process distributions and economic statistical X and S
charts continue to hold in this section. This section assumes that producer tolerance d,
exists, such that if [X-T|> d, the product should be reworked using the same
production equipment. Let T+ d, and T- d, be the producer specification limits, and p,
be the rate of nonconforming product for producers.

pp=1-P(T-d, <X <T+d,)=1- P(_g_
L, denotes the producer loss function as a quadratic function (Figure 4.1):

( (X)_{kp(x ~T)? if | X -T]|<d,
P A, if | X =T|>d, 4.1)

where k;, is the coefficient of the producer loss function for a conforming product, and
A, is the cost of rework a nonconforming product prior to its shipment.

The value of k, is determined by k, = A,/d2, since A, =k,d;.

— in-control dist.
””” out-of-control dist.

T-d Ll p+sdo
T+d,

Figure 4.1. Producer Loss Function, In-Control and Out-Of-Control Distributions

If the producer implements a complete inspection plan in which all products are
inspected before they ship to the consumer. When the process is in-control, the
expected cost of a nonconforming product is the cost of rework plus the expected cost
per unit when process is in-control.

L =IC+[1-P(T —d, <X <T+d,)|(A, + |_.)+jTT_*d"“k,,(x—T)2 fy (x)dx(4 2)
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where IC is the cost of inspection.

Writing L, as a function of d,:

IC+A,—A j W ¢(z)dz+kpaj z+5) #(z)dz

L| = -
[  Ha)
s (4.2b)

When the process is out-of-control, the expected cost of nonconforming product
is the cost of rework plus the expected cost per unit when process is in-control.

Lo =IC+[1-P(T -d, <X <T+d,)[(A, +L,)

[ ey (=T)? fx (X)dx (4.32)
Writing Lo as a function of d,:
Yo
Lo =I1C+|1- jffz((s ﬁldf‘quﬁ(z)dz (A, + L))
2 o
1 dp
+k,o '[(_6_51+0)(522 +8+6,) ¢(2)dz (4.3b)

dp
52( o~ o‘j

The expected cost per unit time is

2
—+ L +(a+bn)i+i +Cf +Csr.
1 h 1-p Ah
+h ! _1 lh Ts.r.
1-p 2 12

The design parameters can be determined by minimizing the cost function (4.4).
A subroutine “DEoptim” in R program is used to solve the object. The upper bounds
of a, B, dy, n, h, ki, kp, and ks are set to ay, fu, dou, Nu, hy, kiu, and ky. The lower
bounds of d, and n are d,. and n.. Let the rate of nonconforming products for
producers be smaller than 0.1, the bounds of d, can be determined. Therefore, the
optimization model is expressed as follows:

h —
1-5

L, h
2
1
2

R—+ RLO(

A
EA =

(4.4)

min EA(d,,n, h, ky, K, ks )
s.t. dp. <d, <d,u,
n.<n<ny,
0<h<hy,
0<k; <k,
0<ks <k, <k,y,
alay,
B<Pu.
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4.2 An Example and Numerical Analysis

4.2.1 Example

In this section, we give an example to show the application of the economic
statistical X and S control chart only with producer tolerance. We compare the
performance and the expected cost per unit time of three types of X and S control
charts: (1) Shewhart-type economic X and S control charts with design h and dp, (2)
economic statistical X and S control charts with a given n, and (3) economic
statistical X and S control charts with all design parameters. A subroutine
“DEoptim” in R program is used to determine the optimal solutions in the
optimization models.

The data which we use in this section is the same as 2.2.1, and the input
parameters are set by 8:;=1.5, 8,=2, Ap,=20, R=30, A=0.01, Ts,=3, a=0.5, b=0.1,
Cs,=35, and C=50.

(1) Shewhart-type economic X and S control charts with design h and d,

To construct the Shewhart-type economic X and S charts when n = 10 and « =
0.00539 (g =as=0.0027), we calculated that k; = 3, k, = 1.735, k3 = 0.371, and f§ =
0.06502. The expected cost per unit time for the optimal Shewhart-type economic X
and S charts is

min EA(d ,, h)
s.t.08<d, <25,
0<h<8.

The EA* is 1123.083, h” is 8, and d," is 25. Under the d,, the rate of
nonconforming product is 0, and the optimal Shewhart-type economic X and S
charts are constructed as follows.

UCLy =3 and UCLs =1.735
LCLy =-3 LCLs =0.371

Plotting the data in Shewhart-type control charts shows whether they are
in-control. Figure 4.2 shows that no points fall outside the limits of Shewhart-type X
and S control charts, thus indicating that these charts can be used to monitor the future
process. Figure 4.3 shows that all product fall into the producer specification.
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Shewhart type X-bar control chart Shewhart type s control chart

UCL

xhar

|

sample mean
0
1
sample standard deviation

,_
(@]
&)

xbar

00 05 10 15 20 25 30

4
|

Observation Observation

Figure 4.2. Shewhart-Type Economic X and S Control Chart with Producer Tolerance

Em— in-control dist.
——————— out-of-control dist.

P

Ay=20 —-p

T-dy=25 p=0pu+8,0=15 T+d;=25

Figure 4.3. Optimal Producer Loss Function with In-Control and Out-Of-Control Distributions

(2) Economic statistical X and S control charts with a given n

The design parameters are determined with a given n by minimizing the cost
function to construct the economic statistical X and S control charts. The expected
cost per unit time of the optimal economic statistical X and S charts is

min EA(d,, h, k;, k,, k)
s.t. 08<d, <25,
0<h<8,
0<k, <4,
0<ks; <k, <42,
a <0.01,
£<0.2.

The optimal design parameters are dy* = 25, h* = 8, k;* = 3.061, k,* = 3.881, ks*

=0.00003, a* = 0.00221, and p* = 0.2. The EA* is 1051.767. The optimal economic
statistical X and S charts are constructs as follows.

UCLg =3.061 q UCLs =3.881

an
LCLy; =-3.061 LCLs =0.00003
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Figure 4.4 shows the optimal economic statistical X and S control charts. No
points fall outside the limits of the optimal charts. Because the optimal producer
tolerance is the same as the previous, all in-control and out-of-control products are in
the producer specification limits.

Economic statistical X-bar control chart Economic statistical s control chart

< | ucL,

UCLbar

sample mean
0
1
sample standard deviation

00 05 1.0 15 20 25 30 35

LCLypar

Observation Observation

Figure 4.4. Optimal Economic Statistical X and S Control Charts with Producer Tolerance and with a

Givenn

(3) Economic statistical X and S control charts with all design parameters

Assuming that all design parameters can be determined by minimizing the cost
function, the expected cost per unit time of the optimal economic statistical X and S
charts is

min EA(d,, n, h, Ky, Kz, ks)
s.t.08<d, <25,

2<n<25,

0<h<8,

0<k, <4,

0<k;s <k, <42,

a <001,

B<02.

The parameters are dp* = 25, n* = 7, h* = 8, ky* = 3.574, ky* = 1.851, ks* =
0.0001, a* = 0.00186, and p* = 0.2. The EA* is 1156.458. Under the d,*, the rate of

nonconforming product is 0 and the optimal economic statistical X and S charts are
constructed as follows.

UCLx=3574  UCLs =1851
LCLy =-3.574 LCLs =0.0001

Finally, we compare the optimal solutions and expected cost of these 3 types
design charts (Table 4.1).

Comparing with “Shewhart-type” and “economic statistical chart with a given n”
leads to following findings:
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(i) If producer can design the chart, k;* should increase, k,* should increase and EA*

will reduce.

(ii) Using Economic statistical X and s chart without design n, EA* could save about
6%. And the false alarm rate of economic statistical chart without a design n will
decrease, but it’s true alarm rate will decrease.

(iii) The optimal producer tolerance all equal to 25.

Comparing economic statistical chart with all design parameters and with a given

n leads to following findings:

(iv) If producer can decide all design parameter of control chart, n* should decrease,
ki* and ko* should be decrease and EA* will reduce.

Because the expected cost per unit time cannot be saved a lot when we use
economic statistical control chart with producer tolerance, we advise that it is more
convenience for using Shewhart-type control chart and let producer tolerance equal to

25.

Table 4.1. Comparison of Three Type Design Charts under the Model with Producer Tolerance

dp* Pp| N h* ky ko K3 a S
(1) Shewnhart-type economic X
25 | 0| 10| 8 3 [1.735| 0.371 |0.00539 [0.06502
and S control charts
(2) Economic statistical X and S
. . 25 0| 10 8 13.061{3.881( 0.000 |0.00221 {0.20000
control charts with a given n
dp* pp n* h* kl* kZ* k3* OC* ﬁ*
(3) Economic statistical X and S
control charts with all design 25 | 0| 7 8 [3.574|1.851| 0.000 |0.00254 |0.20000
parameters
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4.2.2 The Effects of Optimal Design Parameters under Different Combination
and o for a Given In-control Distribution

This section sets the process mean and variance in different combinations to
show the manner in which the process mean and variance affect the design parameters
and the expected cost. Furthermore, it compares these optimal economic statistical
control charts with Shewhart-type economic control charts, which fix the false alarm
rate of each chart under 0.0027. Other input parameters of the cost function are A=
20, T=0,6:1=1506,=2,k=4,R=30,A=0.01, Ty =3,a=0.5b=0.1, Cy4 = 35,
and C¢ =50

The results of these objects are shown in Table 4.2. Comparing the optimal
solutions of economic statistical X and S charts under different combinations of
process mean and variance leads to the following findings:

(1) Under & equals to 0, when o decreases from 2 to 1, dp*, n* and h* will not change,
the width of X and S charts will be smaller, and EA* will reduce about 0.24%.

(if) Under 6 equals to 1, when o decreases from 2 to 1, dy*, n* and h* will not change,
the width of X and S charts will be smaller, and EA* will reduce about 0.29%.

(iif) Under o equals to 1, when o increases from 0 to 1, dy*, n*, h* will not change,
the width of X will increase and the width of S charts will decrease, EA* will
reduce about 0.1%.

(iv) Under o equals to 2, when o increases from 0 to 1, dy*, n*, h* will not change,
the width of X will increase and the width of S charts will decrease, and EA* will
reduce about 0.1%.

Comparing with economic statistical control charts and Shewhart type economic
control charts base on same combination of process mean and variance leads to
following findings:

(v) EA* of economic statistical X and S charts are a little higher than Shewhart type
economic X and s charts’.

(vi) The false alarm rate of Economic Statistic X and s chart is smaller, but its true
alarm rate is smaller, too.

According to the findings (i)-(iv), decreasing variance can reduce costs more
than improving the mean can. If a producer improves the variance, the producer
should reduce the width of the X and S charts. In all situations, optimal producer
tolerance equals to 25 and the rate of nonconforming product equals to 0. According
to findings (v)-(vi), the expected costs of the two charts are similar. Producers are
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advised to use the Shewhart-type economic X and S charts depending on the
convenience of using the chart.

Table 4.2. The Optimum Solution of “Economic Statistic X and S Charts” and “Shewhart Type

Economic X and S Chart” with Producer Tolerance

Economic Statistical X and S Control Charts

*

UCL; | LCL, | UCL; | LCL;

d* | n* | h* a* p* EA*
(k1*) (k1*) (k2*) (ks*)
6.468 -6.468 3.954 0.004
(1) =0 and o=2 25 7 8 0.00188 0.2 1054.365
(3.234) (3.234) (1.977) (0.002)
3.574 -3.574 1.851 0
=0 and o= .00254 . .
(2) 8=0 and o=1 25 7 8 0.00 0.2 1051.746
(3.574) (3.574) (1.851) (0)
7.38 -5.38 3.992 0.002
(3) 6=1and 0=2 25 7 8 0.00197 0.2 1054.979
(3.190) (3.190) (1.996) (0.001)
4.529 -2.529 1.866 0.003
(4)d=1land o=1 25 7 8 0.00234 0.2 1051.899
(3.529) (3.529) (1.866) (0.003)
Shewhart-Type Economic X and S Control Charts
UCL; | LCL; | UCL LCL
d* | n* | h* [ X S S a B EA*
(ka) (ki) (ko) (ks)
6 -6 3.806 0.532
(1) =0 and c=2 25 7 8 0.00539 | 0.16024 | 1076.541
®3) ®3) (2.903) (0.266)
3 -3 1.903 0.266
(2) 8=0 and o=1 25 7 8 0.00539 | 0.16024 | 1073.910
®3) ®3) (1.903) (0.266)
7 -5 3.806 0.532
(3) =1 and 0=2 25 7 8 0.00539 | 0.16024 | 1077.121
®3) ®3) (1.903) (0.266)
4 -2 1.903 0.266
(4)d=1land o=1 25 7 8 0.00539 | 0.16024 | 1074.055
®3) ®3) (1.903) (0.266)
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4.2.3 Determine Optimal in Control Distribution with Minimum Expected Cost
Per Unit Time.

This section determines the optimal solutions for 2 situations.

Situation (1): o is known, § is unknown, and the optimal design parameters of X and
S charts are unknown. Given (o, 81, 62, Ap, R, k, A, Tsi, &, b, Cg, Cr) = (2, 1.5, 2, 20,
30, 4,0.01, 3, 0.5, 0.1, 35, 50).

min EA(d,,n, h, ki, Ko, ks, 5)
s.t.08<d, <25
2<n<25,
0<h<8,
0<k, <4,
0<ks <k, <42,
0<o0<2,
a <0.01,
£<0.2.

Situation (2): §, o, and the optimal design parameters of X and S charts are unknown.
Given (31, 82, Ap, R, k, A, Ty, &, b, Cs, Cp) = (1.5, 2, 20, 30, 4, 0.01, 3, 0.5, 0.1, 35,
50).
min EA(d,,n, h, ki, k,, ks, 8,0)
s.t.0.8<d, <25,
2<n<25,
0<h<8,
0<k, <4,
O0<k; <k, <42,
0<o6<2,
05<0<4,
a <0.01,
£<0.2.

To determine the optimal solutions in above models, we use a subroutine

“DEoptim” in R program.

Table 4.3 shows the optimal solutions of these objects and leads to the following
findings:

(i) In situation (1), the 6* is approximately 0. This means that if a producer can design
a process mean, it should choose a mean as close to the target as possible.

(ii) In situation (2), 6* is approximately 0 and o* is 0.5. This means that if a producer
can design the mean and variance, u* should be as close to the target as possible,

and o* should be small.
44



(iii) Compare situation (1) to (1) in Table 4.2, when p is unknown, dp* and design
parameters are the same, but the EA* is smaller for p =T.

(iv) Compare situation (2) to (1) in Table 4.2, when p and o are unknown, the width
of the X and S charts is smaller, and EA* is smaller, too.

Table 4.3. The Optimum Solutions and In-Control Distribution of “Economic Statistic X and S Charts”

and “Shewhart Type Economic X and S Chart” with Producer Tolerance

Economic Statistical X and S Control Charts

L . UCLy | LCLy | UCLs | LCL:
situation &* | o*|dy [n*|h* X X > | a* p* | EA*
k*) | k*) | (ko*) (ks™)
(1) o is known, & |2.293E 6.334 | -6.334 | 4.014 0.006
- | 25| 7 |8 0.00230 0.2 |1054.366
is unknown (c=2) -13 (3.167) | (3.167) (2.00) (0.003)
(2) 3 and o are|1.002E 1.697 | -1.697 | 0.957 | 0.0005
05125 |7 | 8 0.00192 0.2 1050.93
unknown -05 (3.393) | (3.393) | (1.913) (0.001)
Shewhart-Type Economic X and S Control Charts
L x UCLy LCLg| UCLs | LCL
situation &* | o* |dp [n*|h* 2 X : ° o B EA*
(ka) (k1) (k2) (ks)
(1) o is known, &|9.858E 6 -6 3.806 0.532
- |25 7|8 0.00539 | 0.16024 | 1076.541
is unknown (c=2) -14 (©)] ©)] (1.903) (0.266)
(2) 6 and o are|1.001E 1.5 -1.5 | 0.9515 | 0.133
05125 7 | 8 0.00539 | 0.16024 | 1073.09
unknown -05 (©)] (3) (1.903) (0.266)
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4.3 Sensitivity Analysis

The economic cost model without tolerance requires the user to specify 12 cost
and process parameters. Consider the levels of these parameters to be: 6 = (1,1.5,2), ¢
= (1,2,25), 6: = (1,15,2.5), 6, = (1,1.5,2), R = (30,100,500), A, = (20,80,300), A
(0.01,0.05,0.1), Tsr = (3,2,1),a = (0.550,100), b = (0.1,1,5), and (Cs,,Cs)
( (35,50),(50,25),(100,40) ). We adopt 27 combinations of these parameters by using
an orthogonal array table L27(313) (Table 4.4).

13
Table 4.4. Orthogonal Array L,,(3 ) for 27 Combinations of Input Parameters

No | o o o1 32 R Ap A Ter a b Cs | Ct
1 0 1 1 2| 500 | 240 | 0.05 2| 50| 0.1 100 | 40
2 0 1 1] 15| 100| 80 0.1 11100 01} 50| 25
3 0 2| 25| 15| 500| 20 0.1 3| 950 1] 50| 25
4 2 2 1 2| 100 | 20 0.1 2| 05 5| 30| 50
5 0| 25| 15 1| 500 80 |0.01 1| 50 5| 30| 50
6 0 2| 25 1| 100 | 240 | 0.01 2| 100 1| 30| 50
7 1 1} 25 2| 100 20 | 0.01 1| 50 5| 50| 25
8 1 1| 25 1| 500 80 0.1 2| 05 5| 100 | 40
9 1| 25 1 2| 30| 80 |0.01 2| 100 1| 50| 25

10 0 2| 25 2| 30| 80 |0.05 1] 05 1] 100| 40
11 1 2| 15 1] 30| 20 0.1 1} 100| 0.1| 100| 40
12 0 1 1 1} 30| 20 | 0.01 3| 05 01| 30| 50
13 0| 25| 15 2| 100 20 |0.05 3| 100 5| 100 | 40
14 2| 25| 25 2| 500240 | 01 1} 100| 01} 30| 50
15 1 2| 15} 15| 100| 80 |0.05 2| 50| 01| 30| 50
16 2| 25| 25| 15| 100| 80 |O0.01 3| 05| 01| 100| 40
17 0| 25| 15| 15| 30| 240 | 01 2| 05 5| 50| 25
18 2 1| 15 1| 100 | 240 | 0.05 1| 05 1| 50| 25
19 2 1| 15 2| 30| 80 0.1 3| 50 1| 30| 50
20 1 2| 15 2| 500 | 240 | 0.01 3| 05| 01| 50| 25
21 2 1] 15| 15| 500| 20 | 0.01 2| 100 1| 100 | 40
22 1 1] 25| 15| 30| 240 | 0.05 3| 100 5| 30| 50
23 2 2 1 1| 500 80 | 0.05 3| 100 5| 50| 25
24 1] 25 1| 15| 500| 20 | 0.05 1] 05 1} 30| 50
25 1] 25 1 1| 100 | 240 | 0.1 3| 950 1] 100| 40
26 2 2 1| 15| 30| 240 | 0.01 1] 50 5| 100 | 40
27 2| 25| 25 1} 30| 20 | 0.05 2| 50| 01| 50| 25
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Table 4.5 shows the optimal solutions for these 27 combinations of input
parameters.

Table 4.5. The Optimal Solutions for 27 Combinations of Input Parmaters under the Cost Model with

Producer Tolerance

No | do | ke | n* | h* | ke* | ko* | ke* o g | EA*
1{ 25/ 038 10 8| 3.79| 1.71| 0.03|1.92E-03| 0.20| 9242.42
2| 25/ 013 25 8| 3.74| 4.19| 0.11|1.86E-04| 0.20| 1313.75
3| 25 0.03 4 8| 3.74| 4.01| 0.00|1.86E-04| 0.20| 6398.02
4 25 003 14 8| 3.76| 1.85| 0.01|1.96E-04| 0.20| 1305.68
5 25 0.13 6 8| 2.83| 4.09| 0.00|4.62E-03| 0.20|18069.97
6 25 0.38 3 8| 3.49| 4.08| 0.00{4.86E-04| 0.20| 3679.91
7| 25 0.03 3 8| 2.69| 3.77| 0.00|7.14E-03| 0.20| 3558.17
8| 25 0.13 3 8| 3.49| 42| 0.00[4.98E-04| 0.20| 6529.26
9l 25 013 8 8| 3.28| 1.69| 0.00|6.60E-03| 0.20| 1089.63
10| 25 0.13 3 8| 2.84/ 2.89| 0.00{4.70E-03| 0.20| 573.55
11| 25/ 003 10 8| 39| 3.73| 0.01/9.55E-05| 0.20| 397.05
12| 25| 0.03 14 8| 29 3.76| 0.01/3.73E-03| 0.20| 1051.61
13| 25 0.03 8| 3.06 1.91| 0.00{4.89E-03| 0.20| 1815.59
14| 25 0.38 8| 3.91| 3.82| 0.00{9.04E-05 0.20| 9731.75
15| 25 0.13 8| 3.24| 4.18| 0.01|1.21E-03| 0.20| 1874.01
16| 25 0.13 8/ 3.07| 3.56| 0.00{2.13E-03| 0.20| 3627.34
17| 25 038 12 8| 3.93| 4.18| 0.01/8.36E-05| 0.20| 430.81
18| 25 0.38 6 8| 283 4.17| 0.00|4.62E-03| 0.20| 1902.74
19| 25 013 14 8| 3.93| 4.18/ 0.02|852E-05| 0.20| 387.27
20 25 0.38 6 8| 2.85 2.01| 0.00|5.57E-03| 0.20/18331.31
21 25 0.03 7 8| 2.71| 4.15| 0.00|6.81E-03| 0.20|17654.08
22| 25 0.38 3 8 3.07| 3.9 0.00[2.15E-03| 0.20| 558.59
23] 25 013 12 8 2.62| 4.1| 0.03|8.73E-03| 0.20| 9271.83
24 25| 003 13 8 2.71| 1.65| 0.01|7.88E-03| 0.20| 9315.34
25| 25 038 23 8| 3.95 3.29| 0.08|7.68E-05| 0.20| 1425.03
26| 25 038 14 8| 292 1.61| 0.05/4.95E-03| 0.20| 1126.16
271 25 0.03 3 8| 3.49 42| 0.00|4.87E-04| 0.20| 560.52
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Table 4.6 shows the main effects of the optimal solutions and optimal values for
three input parameter levels and it produces the following findings:

(i) 61 and A are significant to average sample size n*. When 3, increases, average n*
decreases. When A increases, average n* increases.

(i1) A is significant to average k;*. When X increases, average k;* increases.

(iii) 81 and 6, are significant to average ko*. When 6, increases, average ko* increases.
When 6, increases, average ko* decreases.

(iv) All input parameters are significant to average EA*. When 3, o, R, or A, increase,
average EA* increase. When b increases, average EA* decreases. When 3,
increase, average EA* increases first then decreases. d;, Ts, OF @ increases, average
EA* decreases first then increases.

(v) All input parameters are not significant to average producer tolerance d,*. Average
dp™ equals to 25 for all levels of input parameters.

Table 4.6. Main Effect of the Optimal Solutions and Optimal Values under the Cost Model with Producer

Tolerances
Levell| & o 81 &, R A, A Te a b (C4,Cy)
1 25 25 25 25 25 25 25 25 25 25 25
d,| 2 25 25 25 25 25 25 25 25 25 25 25
3 25 25 25 25 25 25 25 25 25 25 25
diff 0 0 0 0 0 0 0 0 0 0 0
Levell & o 8 8, R A, 8 To a b (C4,Cy)
1| 922 944 1478 889 o 822 7.1 944 822 944 9
n| 2 867 833 844 10 10.22| 9.22| 7.22| 767 9.56 9 878
3| 867| 878 333 767 7.33) 9.1 1222 9.44| 878 811 878
diff 056 1.11| 11.44| 2.33 2.89| 100 511 178 1.33] 1.33] 0.22
Level ) c &1 3y R A A Ty a b (Cs,Co)
1 8 8 8 8 8 8 8 8 8 8 8
h| 2 8 8 8 8 8 8 8 8 8 8 8
3 8 8 8 8 8 8 8 8 8 8 8
diff 0 0 0 0 0 0 0 0 0 0 0
Level ) o &1 5y R A A Ty a b (Cs,Co)
_ 1| 3371 324 33| 3.28 336| 3.22| 297 3.24| 315 343 332
i 2| 3.24] 326 325 3.24 332 323 307 346 34| 328 3.24
3| 325 336 331 335 3.18| 342/ 382 315 331 315 3.3
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diff

0.13

0.12

0.06

0.11

0.18

0.2

0.85

0.31

0.24

0.28

0.07

Level

9

01

%,

R

Ao

A

TSI’

a

b

(CsraCf)

3.42

3.78

2.65

3.96

3.35

3.22

3.19

3.41

3.14

3.46

3.5

3.16

3.16

3.62

3.49

3.44

3.67

3.19

3.36

3.45

3.34

3.59

3.51

3.15

3.82

2.65

3.3

3.2

3.72

3.32

3.51

3.29

3

diff

0.36

0.63

1.17

1.31

0.14

0.48

0.53

0.09

0.37

0.17

0.59

Level

9

U1

3,

R

Ap

A

TST

a

b

(Csncf)

0.02

0.02

0.04

0.01

0.01

0.01

0.01

0.01

0.01

0.02

0.01

0.01

0.01

0.01

0.02

0.02

0.02

0.01

0.01

0.02

0.01

0.02

0.01

0.01

0

0.01

0.01

0.02

0.03

0.02

0.02

0.01

0.02

diff

0.01

0.04

0.02

0.02

0.01

0.02

0.01

0.01

0.01

0.01

K|

Level

d

(¢}

8

3,

R

Ap

A

TST

a

b

(CSHCf)

0.0027

0.0029

0.0038

0.0026

0.0030

0.0029

0.0045

0.0031

0.0031

0.0018

0.0019

0.0027

0.0033

0.0031

0.0028

0.0021

0.0034

0.0042

0.0021

0.0024

0.0033

0.0033

0.0034

0.0027

0.0019

0.0035

0.0038

0.0025

0.0002

0.0036

0.0034

0.0037

0.0036

diff

0.0007

0.0006

0.0019

0.0009

0.0017

0.0008

0.0043

0.0015

0.0010

0.0019

0.0016

Level

3

o

8

3,

R

Ap

Iy

TST

a

b

(CSHCf)

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

0.2000

diff

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

Level

3

(¢}

8

3,

R

Ap

A

TSf

a

b

(Csrvcf)

4730.63

4688.65

3904.61

4765.32

686.13

4672.9

7576.47

4762.95

4785.29

5125.53

5108.24

N

4786.49

4773.06

6762.54

4699.79

2278.02

4748.51

3901.62

4707.37

4737.95

4713.95

4761.86

w

5063.04

5118.44

3913.01

5115.04

11616.00

5158.75

3102.07

5109.83

5056.91

4740.67

4710.05

diff

332.42

429.79

2857.93

415.25

10929.87

485.85

44744

402.46

318.96

411.58

398.18
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In Table 4.7, if the input parameter is significant to optimal design parameter and
their relationship is linear and positive, we use notation “+”, if the input parameter is
significant and their relationship is linear and negative, we use notation “-“, and if the
input parameter is significant and their relationship is quadratic, we use notation “q‘;
otherwise, we use notation “N”.

Table 4.7. The Significant Input Parameters of Each Design Parameter and EA under the Cost Model

with Producer Tolerance

Optimal Input parameters

design

parameters ) c & & R Ay A Ty a b (Csr,Cy)
and EA

d, N N N N N N N N N N N
n N N - N N N + N N N
h N N N N N N N N N N
ky N N N N N N + N N - N
k, N N + - N N N N N N N
ks N N N N N N N N N N N
EA + + 9 9 + + - qg q - -
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5. DESIGN OF CONSUMER TOLERANCE, PRODUCER TOLERANCE,
AND ECONOMIC STATISTICAL X AND S CHARTS

5.1 Consumer and Producer Loss Functions Are the Same but with Smaller
Producer Tolerance

5.1.1 Derivation of Cost Models

This section continues to hold the assumptions of process distributions and
economic statistical X and S charts and considers the consumer loss function and
producer loss function simultaneously. The coefficients of the consumer loss function
and of the producer loss function are assumed to be identical, and only A is known.
This means that the producer knows only the cost of correcting a nonconforming
product for a consumer after its shipment, but the cost of correcting a product before

its shipment is unknown. Here, we want to determine the design parameters of X
and S charts, consumer tolerance, and producer tolerance simultaneously.

The consumer loss function and producer loss function are

L (X)= k (X =T)2if | X =T |<d,
| A if | X=T]|>d.

L(X)= ko(X =T)2if | X =T |<d,
““1T. A, if|X=T[>d,

where K, = k¢, Here, we assume d; > d, > 0.

A

Since k, = ke, such that A, /dZ =A,/d2 . A, can be calculated by A, =—d}.

E— in-control dist.

----- out-of-control dist.
E— Le=Lg

T—8a
T-d, T-d, T ”M516T+dD T+d,

Figure 5.1.1. Consumer Loss Function, Producer Loss Function, In-Control and Out-Of-Control

Distributions

If the producer implements a complete inspection plan in which all products are
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inspected before they ship to the consumer. When the process is in-control, the
expected cost of a nonconforming product is the cost of rework plus the expected cost
per unit when process is in-control.

L, =IC+[1-P(T —d, <X <T +d,)|A, + L) +jTT_’d"“kc(x—T)2 o (X)dx

(5.1.1a)
Writing L, as a function of d. and d,,
—6+d—p —b‘+d—p 2
IC+ A, - ApJ' <2 P(2)dz + kCO'ZI o (z2+6) ¢(2)dz

5P 5P

_5+-P

[ERLGL
oy (5.1.1b)

When the process is in-control, the expected cost of a nonconforming product is
the cost of rework plus the expected cost per unit when process is in-control.

Lo = IC+[1-P(T —d, < X <T —d,)|(A, + L)

1 (x=T)? f (0 (5.1.22)

Writing Lo as a function of d. and d,,

Lo =IC+ {1— | gl(“} j¢(z)dz}(Ap +1,) +ko? I%z{[:j})](ézz +5+6 ) p(z)dz

p
fidl P p
52( x 0’] 52

In the loss function with producer tolerance, the expected cost per unit time is

2
RE+RLO h _D+/1h +(a+bn) i+i +Cf£+Cs_r,
A 1-p 2 12 h 1-p Ah

1 1 1 7h
S4h =S4+ |+ T,
A \1=p 2 12 (5.1.3)

The design parameters can be determined by minimizing the cost function (5.1.3).
A subroutine “DEoptim” in R program is used to solve the object. The optimization

o

(5.1.2b)

EA =

model is expressed as follows:

min EA(d.,d,,n, h,ky, k, ks)
s.t. dg <d. <d, <dy,
n.<n<ny,
O0<h<hy,
0<k; <k,
0<ks <k, <k,y,
a<lay,
B<Pu.
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5.1.2 An Example and Numerical Analysis

5.1.2.1 Example

In this section, we give an example to show the application of the economic
statistical control chart with consumer and producer tolerances. We compare the
optimal solutions and the expected costs of three types of X and S control charts: (1)
Shewhart-type economic X and S control charts with design h, d;, and dp, (2)
economic statistical X and S control charts with a given n, and (3) economic
statistical X and S control charts with all design parameters. A subroutine
“DEoptim” in R program is used to determine the optimal solutions in the
optimization models.

The data which we use in this section is the same as 2.2.1, and the input
parameters are set by 8,=1.5, 8,=2, A.:=100, R=30, 2=0.01, T4=3, a=0.5, b=0.1,
C4=35, and C¢=50.

(1) Shewhart-type economic X and S control charts with design h, d, and dj,

To construct the Shewhart-type economic X and S charts when n = 10 and « =
0.00539 (g =as=0.0027), we calculated that k; = 3, k, = 1.735, k3 = 0.371, and f§ =
0.06502. The expected cost per unit time of the optimum Shewhart-type economic X
and S charts is

min EA(d.,d,, h)
s.t.08<d, <d, <25,
0<h<8.

The EA* is 1126.619, h™ is 8, d. is 25, and d,” is 11.180. Under the d, , the rate
of nonconforming product is 0 and the optimal Shewhart-type economic X and S
charts are constructed as follows.
UCLy =3 - UCLs =1.735
LCLgy =-3 LCLs =0.371

Plotting the data in Shewhart-type control charts shows whether they are
in-control. Figure 5.1.2 shows that no points fall outside the limits of Shewhart-type
X and S control charts, thus indicating that these charts can be used to monitor the
future process. Figure 5.1.3 shows that all products fall into the consumer
specification.
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Shewhart type X-bar control chart Shewhart type s control chart

UCL,

wbar

sample mean
0
1
sample standard deviation
1 1 1

00 05 10 15 20 25 30

Observation Observation

Figure 5.1.2. Shewhart-Type Economic X and S Control Charts with Consumer and Producer

Tolerances

_ in-control dist.
——————— out-of-contral dist.
[ L=L

T-d,=—25 T-d,=-11.18 w=0p+8,0=15 T+0,=11.18 T+d,=25

Figure 5.1.3. Optimal Consumer and Producer Loss Functions, In-Control and Out-Of-Control

Distributions

(2) Economic statistical X and S control charts with a givenn

The design parameters are determined with a given n by minimizing the cost
function to construct the economic statistical X and S control charts. The expected
cost per unit time of the optimal economic statistical X and S charts is

min EA(d.,d,,h, ki, k,, k)
s.t. 08<d, <d, <25,
0<h<s,
O0<ky, <4,
0<k; <k, <42,
a <001,
p<02.

The optimal design parameters are d.* = 25, dp*=11.180, h* = 8, ki* = 3.061, ko*
= 3.933, ksg* = 0.006, a* = 0.002209, and p* = 0.2. The EA* is 1055.262. The optimal
economic statistical X and S charts are constructed as follows.
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UCLc =3061 _  UCL =3.933
LCL, =-3.061 LCLs =0.006

Figure 5.1.4 shows the optimal economic statistical X and S control charts. No
points fall outside the limits of the optimal charts. Because the optimal consumer and
producer tolerance is the same as the previous, all in-control and out-of-control
products are in the producer specification limits.

Economic statistical X-bar control chart Economic statistical s control chart

T A ucL,
UCLxDar

sample mean
0
]
sample standard deviation
2
!

LC|-><I:ar
¥ - o LCL,

QObservation Observation

Figure 5.1.4 Optimal Economic Statistical X and S Control Chart with Consumer and Producer

Tolerances and with a Given n

(3) Economic statistical X and S control charts with all design parameters

Assuming that all design parameters can be determined by minimizing the cost
function, the expected cost per unit time of the optimal economic statistical X and S
charts is

min EA(d.,d,,n,h,k;, Kz, k)
s.t.08<d, <d. <25,

2<n<25,

0<h<8,

0<k, <4,

0<k; <k, <42,

a <001,

p<02.

The parameters are d.* = 25, dp* = 19.298,n* = 7, h* = 8, ky* = 3.328 ky* =
1.938, k3* = 0.0001, o* = 0.000184, and p* = 0.2. The EA* is 1155.239. Under the
dy*, the rate of nonconforming product is 0 and the optimum economic statistical X
and S charts are constructed as follows.

UCLg =3.328 and UCLs =1.938
LCLg =-3.328 LCLs =0.0001

Finally, we compare the optimal solutions and expected cost of these 3 types
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design charts (Table 5.1.1).

Comparing with “Shewhart-type” and “economic statistical chart with given n”
leads to following findings:

(i) If producer can design the chart, k;* and ko* should increase and EA* will reduce.

(ii) Using Economic statistical X and s chart with a given n, EA* could save about
6%. And the false alarm rate of economic statistical chart with a given n will
decrease, but its true alarm rate will decrease.

(iii) The optimal producer tolerance all equal to 25.

When comparing economic statistical chart with all design parameters and with
given n leads to following findings:

(iv) If producer can decide all design parameter of control chart, d,* should be
increase, n* should decrease k;* and ko* should be decrease and EA* will reduce.

Because the expected cost per unit time cannot be saved a lot when we use
economic statistical control chart with consumer tolerance, we advise that it is more
convenience for using Shewhart-type economic control chart and let consumer
tolerance equal to 25.

Table 5.1.1. Comparison of Three Types Design Charts under the Model with k, = k, d. > d,, and
Specified A, > Determined A,

dc* dp* pp n h* k]_ k2 k3 a ﬂ EA*

(1) Shewhart-type economic X

25| 11.180| 0| 10| 8
and S control charts

w

1.735[0.371| 0.00539| 0.06502(1126.619

Al do* | pp | n (0| kex | ke* [ ke | o | px | EA*

(2) Economic statistical X and S

. . 25| 11.180| O] 10| 8|3.061]3.933(0.006)0.002209| 0.20000]1055.262
control charts with a given n

de*| do* | pp [n* (%] ke* | ko* | ke* | a* | p* | EA*

(3) Economic statistical X and S
control charts with all design | 25| 19.298| 0 7
parameters

(o]

3.328| 1.938| 0.000| 0.000184| 0.20000| 1055.239
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5.1.2.2 The Effects of Optimal Design Parameters under Different Combination 6
and ¢ for a Given In-control Distribution

This section sets the process mean and variance in different combinations to
show the manner in which the process mean and variance affect the design parameters
and the expected cost. Furthermore, it compares these optimal economic statistical
control charts with Shewhart-type economic control charts, which fix the false alarm
rate of each chart under 0.0027. Other input parameters of the cost function are A.=
100, T=0,6,=15,6,=2,k=4,R=30,A,=0.01, T4=3,a=0.5b=0.1, Cyq = 35,
and C¢ = 50.

The results of these objects are shown in Table 5.1.2. Comparing the optimal
solutions of economic statistical X and S charts under different combinations of
process mean and variance leads to the following findings:

(i) Under & equals to 0, when o decreases from 2 to 1, d.*, n*, and h* will not change,
dy* will be smaller, and the width of X and S charts will be smaller, and EA* will
reduce about 1.2%.

(if) Under & equals to 1, when o decreases from 2 to 1, d.*, dy*, n* and h* will not
change, the width of X and S charts will be smaller, and EA* will reduce about
1.4%.

(iif) Under o equals to 1, when o increases from 0 to 1, dc*, dp*, n*, h* will not
change, the width of X will increase and the width of S charts will decrease, EA*
will reduce about 0.2%.

(iv) Under o equals to 2, when o increases from 0 to 1, dc*, dp*, n*, h* will not
change, the width of X will increase and the width of S charts will decrease, and
EA* will reduce about 0.1%.

Comparing with economic statistical control charts and Shewhart type economic
control charts base on same combination of process mean and variance leads to
following findings:

(v) EA* of economic statistical X and S charts are a little higher than Shewhart type
economic X and s charts’.

(vi) The a* of Economic Statistic X and s chart is smaller, but its p* is smaller, too.

According to the findings (i)-(iv), decreasing variance can reduce costs more
than improving the mean can. If a producer improves the variance, the producer
should reduce the width of the X and S charts. In all situations, optimal consumer

tolerance equals to 25 and all products are in the consumer specification limits.
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According to findings (v)-(vi), the expected costs of the two charts are similar.

Producers are advised to use the Shewhart-type economic X or S charts depending on
the convenience of using the chart.

Table 5.1.2. The Optimum Solution of “Economic Statistic X and S Charts” and “Shewhart-Type
Economic X and S Chart” with k, = k;, d. > dj, and Specified A; > Determined A,

Economic Statistical X and S Control Charts

<+ | «] +|UCLy | LCLy| UCL; | LCL:

a1 a* | lh * x| EA*
i k" | (k) ’ p

(k2*) (ks*)

6.79 -6.79 | 3.824 0.006
(1)5=0ando=2 | 25| 25 | 7|8 000193 | 0.2 | 1068.346
(3.395) | (3.395) | (1.912) | (0.003)

3.328 |-3.328 | 1.938 0

(2)6=0ando=1 | 25| 19.298 | 7 | 8 0.00184 0.2 1055.239
(3.328) | (3.328) | (1.938) (0)
7.696 |-5.696 | 3.86 0
(3)d=1lando=2 | 25 25 7|8 0.00186 0.2 1071.416
(3.348) | (3.348) | (1.930) (0)
4.348 |-2.348 | 1.930 0
(4)d=1lando=1 | 25 25 7|8 0.00186 0.2 1056.416
(3.348) | (3.348) | (1.930) (0)
Shewhart-Type Economic X and S Control Charts
. £ «| =« |UCLg | LCLg| UCLs | LCL
de | dy | n|h 2 2 i S B EA*
(k2) (ks)
(k1) (ke)
6 -6 3.806 0.532
(1) 6=0and 6=2 | 25 25 718 0.00539 | 0.16024 | 1076.541
®3) ®3) (1.903) (0.266)
3 -3 1.903 0.266
(2)6=0ando=1 | 25| 17519 | 7 | 8 0.00539 | 0.16024 | 1073.91
A3) ®3) (1.903) (0.266)
7 -5 3.806 0.532
(3)é6=1lando=2 | 25 25 718 0.00539 | 0.16024 | 1077.121
®3) ®3) (1.903) (0.266)
4 -2 1.903 0.266
(4)6=1lando=1 | 25 25 718 0.00539 | 0.16024 | 1074.055
®3) ®3) (1.903) (0.266)
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5.1.2.3 Determine Optimal in Control Distribution with Minimum Expected Cost
Per Unit Time.

This section determines the optimal solutions for 2 situations.

Situation (1): o is known, § is unknown, and the optimal design parameters of X and
S charts are unknown. Given (o, 81, 62, A, Ap, R, k, A, Ts, &, b, C, Cp) = (2, 1.5, 2,
100, 20, 30, 4, 0.01, 3, 0.5, 0.1, 35, 50).

min EA(d,,d,,n,h,k;, Ky, ks, 5)
s.t.0.8<d, <d. <25

2<n<25,

0<h<s,

0<k, <4,

O<k; <k, <42,

0<o0<2,

a <0.01,

B<0.2.

Situation (2): §, 5, and the optimal design parameters of X and S charts are unknown.
Given (31, 32, A, Ap, R, k, A, Tsy, &, b, Cqr, Cg) = (1.5, 2, 100, 20, 30, 4, 0.01, 3, 0.5,
0.1, 35, 50)
min EA(d.,d,,n, h k;, k,, ks, 8,0)
s.t.0.8<d, <d; <25,
2<n<25,
0<h<s,
0<k; <4,
O<ks; <k, <42,
0<0<2,
0.5<0 <4,
a <0.01,
£<0.2.

To determine the optimal solutions in above models, we use a subroutine

“DEoptim” in R program.

Table 5.1.3 shows the optimal solutions of these objects and leads to the
following findings:

(1) In situation (1), the 6* is approximately 0. This means that if a producer can design
a process mean, it should choose a mean as close to the target as possible.
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(ii) In situation (2), 6* is approximately 0 and o* is 0.5. This means that if a producer
can design the mean and variance, u* should be as close to the target as possible,

and o* should be small.

(iii) Compare situation (1) to (1) in Table 5.1.2, when p is unknown, d., d,” and

design parameters are the same, but the EA* is smaller for p = T.

(iv) Compare situation (2) to (1) in Table 5.1.2, when p and o are unknown, dp* and
the width of the X chart are smaller, the width of the S chart is larger, and the

EA* is smaller.

Table 5.1.3. The Optimum Solutions and In-Control Distribution of “Economic Statistic X and S Charts”

and “Shewhart-Type Economic X and S Chart” with k, = ke, dc > dp, and Specified A; >

Determined A,

Economic Statistical X and S Control Charts

N - x UCL} | LCL; |UCLs | LCL
situation &* | o |dc | dp « *)X o *)X \ | oa* | B% EA*
1 1

(k*) | (ks*)

(1) o is known, 8 is | 8.573E 6.334 | -6.334 | 4.014 | 0.006
- 125| 25 0.0023| 0.2 | 1054.366

unknown (c=2) -14 (3.167) | (3.167) | (2.00) | (0.003)

(2) 6 and ¢ are 9.791E 1.697 | -1.697 | 0.957 | 0.001
0.5| 25 |20.221 0.00192| 0.2 1050.93

unknown -04 (3.393) | (3.393) | (1.913) | (0.001)

Shewhart-Type Economic X and S Control Charts
- - * * * UCL7 LCL7 UCL LCL
situation &* |o |de | dy t X " )S " )S a B EA*
2 3
(ki) (ki)

(1) o is known, 8is | 3.631E 6 -6 3.806 | 0.532
- 125 25 0.00539 | 0.16024 | 1076.541

unknown (c=2) -14 3 ® (1.903) | (0.266)

(2) 6 and ¢ are 1.044E 1.5 -1.5 |0.9515| 0.133
05|25 |24.971 0.00539 | 0.16024 | 1073.09

unknown -05 3 ® (1.903) | (0.266)
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5.1.3 Sensitivity Analysis

The economic cost model without tolerance requires the user to specify 12 cost
and process parameters. Consider the levels of these parameters to be: 6 = (1,1.5,2), o
=(1,2,2.5), 6 = (1,1.5,2.5), 8, = (1,1.5,2), R = (30,100,500), A= (100,200,300), A =
(0.01,0.05,0.1), Tsr = (3,21),a = (0.5,50,100), b = (0.1,1,5), and (Cs,,Cf) =
( (35,50),(50,25),(100,40) ). We adopt 27 combinations of these parameters by using

13
an orthogonal array table L,7(3 ) (use the same table as table 3.4). Table 5.1.4 shows
the optimal solutions for these 27 combinations of input parameters.

Table 5.1.4. The Optimal Solutions for 27 Combinations of Input Parmaters under the Cost Model with
Ky = ke, dc> d,,, and Specified A; > Determined A,

* * * * * *

No| d | k& | dy" | ko' | n* | h* | ki* | k2* | k3* | @ B° | EA*
1| 25.00 0.48 | 22.16 0.49 10 8.00 3.64 1.73 0.00 | 1.67E-03 0.20 | 9276.58
2 | 25.00 0.32 | 2341 0.15 25 8.00 3.74 3.92 0.12 | 1.86E-04 0.20 1323.23
3| 25.00 0.16 | 25.00 0.03 4 8.00 3.74 4.03 0.00 | 1.86E-04 0.20 6655.07
4 | 25.00 0.16 | 25.00 0.03 15 8.00 3.56 191 0.06 | 3.80E-04 0.20 1381.31
51 25.00 0.32 | 24.67 0.13 6 8.00 2.83 3.88 0.00 | 4.62E-03 0.20 | 18550.50
6 | 25.00 0.48 | 24.66 0.39 3 8.00 3.49 4.20 0.00 | 4.87E-04 0.20 3716.64
7 | 25.00 0.16 | 22.22 0.04 3 8.00 2.72 3.50 0.00 | 6.57E-03 0.20 3575.16
8 | 25.00 0.32 | 24.97 0.13 3 8.00 3.49 4.17 0.00 | 5.10E-04 0.20 6673.51
9| 25.00 0.32 | 25.00 0.13 9 8.00 3.23 1.75 0.01 | 3.12E-03 0.20 1125.22

10 | 25.00 0.32 | 25.00 0.13 4 8.00 3.42 3.07 0.00 | 6.28E-04 0.20 600.85

11 | 25.00 0.16 | 19.52 0.05 10 8.00 3.90 411 0.01 | 9.55E-05 0.20 410.98

12 | 25.00 0.16 | 14.01 0.10 14 8.00 2.90 3.80 0.00 | 3.73E-03 0.20 1054.45

13 | 25.00 0.16 | 25.00 0.03 6 8.00 3.02 1.93 0.00 | 4.85E-03 0.20 1880.31

14 | 25.00 0.48 | 25.00 0.38 5 8.00 3.91 4.14 0.00 | 9.25E-05 0.20 | 10529.35

15 | 25.00 0.32 | 25.00 0.13 9 8.00 3.24 4.04 0.02 | 1.21E-03 0.20 1952.01

16 | 25.00 0.32 | 25.00 0.13 3 8.00 3.07 3.93 0.01 | 2.22E-03 0.20 3814.52

17 | 25.00 0.48 | 25.00 0.38 12 8.00 3.93 4.20 0.01 | 8.36E-05 0.20 441.85

18 | 25.00 0.48 | 18.07 0.73 6 8.00 2.83 4.17 0.00 | 4.62E-03 0.20 1907.64

19 | 25.00 0.32 | 22.76 0.15 14 8.00 3.93 4.19 0.06 | 8.52E-05 0.20 397.46

20| 25.00 0.48 | 25.00 0.38 7 8.00 3.55 1.86 0.00 | 2.43E-03 0.20 | 18536.78

21| 25.00 0.16 | 19.58 0.05 7 8.00 2.71 4.15 0.00 | 6.81E-03 0.20 | 17733.97

22 | 25.00 0.48 | 22,51 0.47 3 8.00 3.07 341 0.00 | 2.12E-03 0.20 562.95

23| 25.00 0.32 | 24.99 0.13 12 8.00 2.62 3.43 0.02 | 8.73E-03 0.20 | 9705.89

24 | 25.00 0.16 | 25.00 0.03 14 8.00 2.88 1.62 0.01 | 5.07E-03 0.20 | 9648.06

25| 25.00 0.48 | 24.40 0.40 23 8.00 3.95 248 0.10 | 7.68E-05 0.20 1464.25
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26

25.00 | 0.48 | 24.60 | 0.40 13| 8.00 | 275 162 | 0.01| 7.49E-03 | 0.20 | 1138.75

27

25.00 | 0.16 | 25.00 | 0.03 3| 800| 349 | 410| 0.00 | 4.86E-04| 0.20 611.48

Table 5.1.5 shows the main effect of the optimal solutions and optimal values
and it produces the following findings:

(1) o and A are significant to average producer tolerance d,. When o increases,
average dy* increases. When A increases, average d,* increases then decreases.

(2) 6; and A are significant to average sample size n. When &, increases, average n*
decreases. When A increases, average n* increases.

(3) A is significant to average ki. When A increases, average k;* increases.

(4) 8; and o, are significant to average k. When 8, increases, average k,* increases.
When &, increases, average ko* decreases.

(5) All input parameters are significant to average EA. When 9, o, R, or A. increase,
average EA* increases. When b increases, average EA* decreases. When &,
increases, average EA* increases first then decreases. o, Ts;, Or a increase,
average EA* will decreases first then increases.

(6) All input parameters are not significant to average producer tolerance d.. Average
dc* equals to 25 for all levels of input parameters.

Table 5.1.5. Main Effect of the Optimal Solutions and Optimal Values under the Cost Model with k, = ke, d¢>

dp, and Specified A; > Determined A,

Level [5 o S 5, R A, A Te a b (C4,C9)
1f 25.00] 25.00] 25.00] 25.00] 25.00{ 25.00] 25.00] 25.00[ 25.00[ 25.00f 25.00
d_C 2| 25.00f 25.00f 25.00f 25.00f 25.00{ 25.00{ 25.00] 25.00[ 25.00[ 25.00{ 25.00
3 25.00f 25.00f 25.00f 25.00f 25.00] 25.00] 25.00] 25.00[ 25.00[ 25.00{ 25.00
diff 0.00 0.00] 0.00] 0.00 0.00 0.00;{ 0.00 0.00 0.00 0.00 0.00

Level (5 c 81 3> R A Y To a b (Csn,Co)
1f 23.21] 21.08| 23.17| 22.25| 22.60| 22.26] 22.75 23.19| 23.01| 22.68| 23.18
a 2 23.74| 24.31| 22.73| 23.90| 23.64| 24.53| 23.64| 24.04| 23.98[ 23.27| 23.74
3| 23.33| 24.90| 24.37| 24.13| 24.04| 23.49| 23.90] 23.06] 23.30[ 24.33| 23.36
diff 0.52 3.82 1.64 1.87 1.44 2.27 1.15 0.99 0.97 1.65 0.56

Level |6 c 0, o, R A A Ty a b (Csr,C)
B 1 9.33 9.44| 15.00] 8.89 9.11 8.44| 7.22 9.56 8.67 9.56 9.22
" 2 9.00 8.56 8.56[ 10.00[ 10.33 9.44| 7.44 7.89 9.44 9.33 9.00
3 8.67 9.00 3.44 8.11 7.56 9.11) 12.33 9.56 8.89 8.11 8.78
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difff  0.67 0.89| 11.56 1.89 2.78 1.00 5.11 1.67 0.78 1.44 0.44
Level (8 c o1 o2 R A A Ts a b (CsnCo)

1 8.00 8.00] 8.00] 8.00 8.00f 8.00f 8.00 8.00 8.00 8.00 8.00

h 2 8.00 8.00] 8.00] 8.00 8.00f 8.00] 8.00 8.00 8.00 8.00 8.00

3 8.00 8.00f 8.00[f 8.00 8.00 8.00] 8.00 8.00 8.00 8.00 8.00

difff  0.00 0.00f 0.00[{ 0.00 0.00f 0.00;] 0.00 0.00 0.00 0.00 0.00

Level 8 G 81 5, RIA A Ty a b| (Ce.C)

1 3.41 3.22 3.25 3.28 3.40{ 3.21] 3.03 3.32 3.29 3.49 3.31

Izl 2 3.34 3.36] 3.33] 3.24 3.29] 3.28] 3.13 3.42 3.37 3.35 3.32

3 3.21 3.37 3.38 3.44 3.26| 3.46] 3.79 3.22 3.30 311 3.33

difff  0.20 0.14] 0.13] 0.20 0.14| 0.25] 0.77 0.20 0.07 0.38 0.02

Level ) o 31 S R A A Ty a bl (Cu,Cy)

1 3.42 3.67 247 3.82 3.36| 3.24 3.19 3.23 3.19 3.51 3.47

IZZ 2 2.99 3.14] 3.61] 3.44 3.34| 3.60] 3.06 3.36 3.29 3.30 3.44

3 3.52 3.11| 384 268 3.22| 3.09] 3.68 3.34 3.45 3.12 3.02

difff  0.52 0.56 1.36 1.14 0.14f 0.51] 0.63 0.13 0.26 0.40 0.44
Level |6 c &1 Sy R A A T a b (Csn,C)

1 0.02 0.02] 0.04] 0.01 0.01f 0.01f 0.00 0.02 0.01 0.02 0.02

|23 2 0.02 0.01f 0.01] 0.02 0.03f 0.03] 0.01 0.01 0.02 0.02 0.02

3 0.02 0.02] 0.00] 0.02 0.00{ 0.01f 0.04 0.02 0.02 0.01 0.02

difff  0.00 0.01f 0.03f 0.00 0.03f 0.02] 0.04 0.01 0.01 0.01 0.00
Level (5 o 31 3s R A, Iy Ty a b (Csr,Cy)

1| 0.0018] 0.0029| 0.0034| 0.0026( 0.0020| 0.0031| 0.0042( 0.0027| 0.0022| 0.0013| 0.0020

a 2| 0.0024| 0.0024| 0.0028] 0.0028] 0.0023| 0.0024| 0.0033] 0.0016{ 0.0025| 0.0023| 0.0029

3| 0.0034| 0.0023] 0.0015] 0.0022] 0.0033] 0.0021| 0.0002] 0.0033[ 0.0029] 0.0039| 0.0027

difff 0.0016( 0.0006| 0.0019( 0.0006( 0.0014| 0.0010| 0.0040| 0.0016] 0.0008| 0.0026] 0.0010
Level |6 c &1 Sy R A A Ty a b (Csr,Co)

1| 0.2000] 0.2000{ 0.2000] 0.2000( 0.2000| 0.2000| 0.2000( 0.2000| 0.2000| 0.2000 0.2000

,B 2| 0.2000f 0.2000| 0.2000] 0.2000] 0.2000f 0.2000| 0.2000f 0.2000{ 0.2000( 0.2000] 0.2000

3| 0.2000f 0.2000] 0.2000] 0.2000] 0.2000f 0.2000| 0.2000f 0.2000{ 0.2000( 0.2000{ 0.2000

difff 0.0000] 0.0000{ 0.0000{ 0.0000( 0.0000| 0.0000{ 0.0000| 0.0000( 0.0000f 0.0000{ 0.0000
Level (5 Iy} 31 32 R A A Ty a b (Cqr,Cy)

1| 4833.27| 4722.77| 4013.08| 4899.48 704.89| 4772.31| 7694.00 4896.85| 4895.44| 5278.82| 5310.30

EA 2| 4883.21| 4899.81| 6867.94| 4807.82 2335.01| 4904.80| 4016.20 4768.06| 4846.81| 4805.46| 4875.81

3| 5246.71| 5340.62| 4082.17| 5255.89|11923.30| 5286.09| 3253.00| 5298.28( 5220.95| 4878.91| 4777.08

difff 413.43| 617.84| 2854.86| 448.07(11218.41| 513.78| 4441.00| 530.22| 374.14] 473.36/ 533.22
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In Table 5.1.6, if the input parameter is significant to optimal design parameter
and their relationship is linear and positive, we use notation “+”, if the input
parameter is significant and their relationship is linear and negative, we use notation
“- and if the input parameter is significant and their relationship is quadratic, we use
notation “q*; otherwise, we use notation “N”.

Table 5.1.6. The Significant Input Parameters of Each Design Parameters and EA under the Cost Model
with k, = k;, d¢> d,, and Specified A; > Determined A,

Optimal Input parameters

design

parameters ) c & & R A A Ty a b (Csr,Cy)
and EA

d. N N N N N N N N N N
d, N o+ N N g N N N N
n N N - N N N + N N N N
h N N N N N N N N N N N
K, N N N N N N + N N N N
K, N N + - N N N N N N N
Ks N N N N N N N N N
EA o+ g + + - a g - g
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5.2 Considering Different Consumer and Producer Loss Functions with Smaller
Consumer Tolerance

5.2.1 Derivation of Cost Models

This section considers the difference between the consumer loss function and the
producer loss function. Most producers only consider the producer loss. Without
include the consumer loss, its cost is lower than the actual cost.

This section assumes that A; and A, are known, and that the consumer tolerance
is smaller than or equal to the producer tolerance. This section determines the design

parameters of X and S charts, the smaller consumer tolerance, and the larger
producer tolerance simultaneously.

The consumer loss function and producer loss function are

LC(X)z{

Ko (X —T)2if | X =T |<d,
A if | X-T|>d,

T A, If[X=T|>d,

whered, = d;. = 0, k. > ky = 0, and Ac > A,.

R — in-control dist.
————— out-of-control dist.

T80
T-d T-d WIHEET g
’ = T T, 4

Figure 5.2.1. Consumer and Producer Loss Functions, In-Control and Out-Of-Control Distributions

When the product is within the consumer specification limits, only the consumer
loss is considered because it is higher than the producer loss. When the product is out
of the consumer specification limits and within the producer specification limits, the
consumer loss is considered since A; > ky(X-T)?. If the producer implements a
complete inspection plan in which all products are inspected before they ship to the
consumer, the expected cost per unit of nonconforming product of producer is rework
cost plus the expected cost per unit when process is in-control.
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L =IC+[1-P(T -d, <X <T+d,)|[(A, +L))
+[P(T—d, <X <T—do)+P(T+d, <X <T +d,)]A +J:dd°kc(x—T)2fX(x)dx

(5.2.1a)

Writing L, as a function of d. and d,,

IC+Ap—Ap.[::j§¢(z)dz+A j a¢(z)dz+j 0¢(z)dz:l+kaj (z+6) p(2)dz

L| = 5
[&df;«s(z)dz

o (5.2.1b)

When the process is out-of-control, the expected cost of a nonconforming
product of producer is the cost of rework plus the expected cost per unit when process

is in-control.

Lo =IC+[1-P(T =d, <X <T +d,)[(A, +L,)
+[PT-d, <X<T-d.)+PT +d. <X <T+d,)]a  (5.2.29)

T +d, 2
+ Jp ke (X=T)? £ ()

Writing Lo as a function of d; and d,,

52

Lozlc{ jal[( | ]]¢(z)dz](A +L)+A{I o¢(z)dz+j U¢(z)dz}

+k.o _[ ( ](522+5+51) #(2)dz (5.2.2b)

Hosd]

With L, and Lo, the expected cost per unit time is

2
Ri RLo h —D+}Lh +(a+bn) i+i +Cfi+Cs_r,
EA = A 1-p 2 12 ih 1-p Ah
1+h(1—1+/1hj+TSr
A 1-p 2 12 (5.2.3)

The design parameters can be determined by minimizing the cost function (5.2.3).
A subroutine “DEoptim” in R program is used to solve the object. The optimization
model is expressed as follows:

min EA(d,,d,,n, h,ky, ky, ks)
s.t. dy <d, Sdp Sdea
n.<n<ny,
0<h<hy,
0<k; <k,
0<ks <k, <k,y,
a<ay,

B<pu.
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5.2.2 An Example and Numerical Analysis

5.2.2.1 Example

In this section, we give an example to show the application of the economic
statistical X and S control charts considering different consumer and producer loss
functions where d.=d,. We compare the optimal solutions and the expected costs of
three types of X and S control charts: (1) Shewhart-type economic X and S
control charts with design h, dc, and dp, (2) economic statistical X and S control
charts with a given n, and (3) economic statistical X and S control charts with all
design parameters. A subroutine “DEoptim” in R program is used to determine the
optimal solutions in the optimization models.

The data which we use in this section is the same as 2.2.1, and the input
parameters are set by 6,=1.5, 8,=2, A;=100, A,=20, R=30, 2=0.01, T=3, a=0.5, b=0.1,
C4=35, and C¢=50.

(1) Shewhart-type economic X and S control charts with design h, d, and dj,

To construct the Shewhart-type economic X and S charts when n = 10 and « =
0.00539 (g =as=0.0027), we calculated that k; = 3, k, = 1.735, k3 = 0.371, and f§ =
0.06502. The expected cost per unit time of the optimal Shewhart-type economic X
and S charts is

min EA(d.,d,,h)
s.t. 08<d, <d, <25,
0<h<8.

The EA* is 1126.619, h™ is 8, d. is 25, and d, is 25. Under d, , the rate of
nonconforming product is 0. The optimal Shewhart-type economic X and S charts
are constructed as follows.

UCLy =3 - UCLs =1.735
LCLgy =-3 LCLs =0.371

Plotting the data in Shewhart-type control charts shows whether they are
in-control. Figure 5.2.2 shows that no points fall outside the limits of Shewhart-type
X and S control charts, thus indicating that these charts can be used to monitor the
future process. Figure 5.2.3 shows that all products fall into the producer
specification.
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Shewhart type X-bar control chart Shewhart type s control chart

sample mean
0
I
sample standard deviation

00 05 10 15 20 25 30

Observation Observation

Figure 5.2.2. Shewhart-Type Economic X and S Control Charts with Consumer and Producer

Tolerances

e in-control dist.

7777777 out-of-control dist.

T-d,=-25 p=0pu+80=15 T+d,=25
T-d.=—25 T+d.=25

Figure 5.2.3. Optimal Consumer and Producer Loss Functions with In-Control and Out-Of-Control

Distributions

(2) Economic statistical X and S control charts with a givenn

The design parameters are determined with a given n by minimizing the cost
function to construct the economic statistical X and S control charts. The expected
cost per unit time of the optimal economic statistical X and S charts is

min EA(d.,d,,h, ki, Ko, Ks)
s.t. 08<d, <d, <25,
0<h<s8,
0<k, <4,
O<k; <k, <42,
a <001,
p<02.

The optimal design parameters are dc* = 25, dy* = 25, h* = 8, ky* = 3.061, ky* =

4.041, ks* = 0.005, o* =0.00221, and g* = 0.2. Under the dy*, the rate of
nonconforming product is 0 and the EA* is 1055.262. The optimal economic
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statistical X and S charts are constructed as follows.

UCLy =3.061 an UCLs =4.041
LCL; =-3.061 LCLs =0.005

Figure 5.2.4 shows the optimal economic statistical X and S control charts. No
points fall outside the limits of the optimal charts. Because the optimal producer
tolerance is the same as the previous, all in-control and out-of-control products are in
the producer specification limits.

Economic statistical X-bar control chart Economic statistical s control chart

UCL par ~ UcL,

sample mean
0
]
sample standard deviation
2
1

Observation Observation

Figure 5.2.4. Optimal Economic Statistical X and S Control Charts with Consumer and Producer

Tolerances and with a Given n

(3) Economic statistical X and S control charts with all design parameters

Assuming that all design parameters can be determined by minimizing the cost
function, the expected cost per unit time of the optimal economic statistical X and S
charts is

min EA(dc, d,,n,h, Ky, Ko, ks)
s.t. 08<d, <d, <25,

2<n<25,

0<h<s,

0<k;, <4,

O0<ks <k, <42,

a <001,

p<0.2.

The parameters are dc* = 25, d* = 25, n* =7, h* = 8, ki* = 3.309, k,* = 1.945,
ks* = 0.003, a* = 0.000184, and p* = 0.2. The EA* is 1155.239. Under the dp*, the
rate of nonconforming product is is 0, and the optimal economic statistical X and S
charts are constructed as follows.

UCLg =3.309 and UCLs =1.945
LCLy; =-3.309 LCLs =0.003
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Finally, we compare the optimal solutions and expected cost of these 3 types
design charts (Table 5.2.1).

Comparing with “Shewhart-type” and “economic statistical chart with given n”
leads to following findings:

(i) If producer can design the chart, k;* and ko* should increase and EA* will reduce.

(ii) Using Economic statistical X and s chart without design n, EA* could save about
6%. And the false alarm rate of economic statistical chart without design n will
decrease, but its true alarm rate will decrease.

(iii) The optimal consumer and producer tolerances all equal to 25.

Comparing economic statistical chart with all design parameters and with a given
n leads to following findings:

(iv) If producer can decide all design parameter of control chart, dy,* and k;* should
increase, n* and kx* should decrease, and EA* will reduce.

To save the loss of the product between the consumer specification limits and
producer specification limits, the optimal d, will equal to optimal d.. Because the
expected cost per unit time cannot be saved a lot when we use economic statistical
control chart with consumer tolerance, we advise that it is more convenience for using
Shewhart-type control chart and let consumer and producer tolerances equal to 25.

Table 5.2.1. Comparison of Three Type Design Charts under the Model with k; >k, d. = dj, and
Specified A; > Specified A,

dc* dp* pp n h* k]_ k2 k3 a ﬁ EA*

(1) Shewhart-type economic X
and S control charts

25 25 0 10 8 3[1.735[0.371] 0.00539( 0.06502(1126.619

d* [do* | pp | n | b | ket | ke* [ ke* | a* | p* | EA*

(2) Economic statistical X and
S control charts with a given n

25 25 0l 10 3.061]4.041|0.005[ 0.00221] 0.20000{1055.262

(o)

dc* dp* Pp n* | h* | ke* | ko* | ks* o* ﬂ* EA*

(3) Economic statistical X and
S control charts with all 25/ 25| o 7

design parameters

(ee]

3.309|1.945|0.003|0.001837| 0.20000{1055.239
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5.2.2.2 The Effect of Optimal Design Parameters under Different Combination 6
and o for a Given In-control Distribution

This section sets the process mean and variance in different combinations to
show the manner in which the process mean and variance affect the design parameters
and the expected cost. Furthermore, it compares these optimal economic statistical
control charts with Shewhart-type economic control charts, which fix the false alarm
rate of each chart under 0.0027. Other input parameters of the cost function are A.=
100, A;=20,T=0,01=15,6,=2,k=4,R=30,A,=0.01, T4 =3,a=0.5,b=0.1,
Cy =35, and C; = 50.

The results of these objects are shown in Table 5.2.2. Comparing the optimal
solutions of economic statistical X and S charts under different combinations of
process mean and variance leads to the following findings:

(i) Under 6 equals to 0, when o decreases from 2 to 1, d.*, dy*, n* and h* will not
change, and the width of X and S charts will be smaller, and EA* will reduce
about 0.2%.

(if) Under & equals to 1, when o decreases from 2 to 1, d.*, dy*, n* and h* will not
change, the width of X and S charts will be smaller, and EA* will reduce about
0.2%.

(iif) Under o equals to 1, when o increases from 0 to 1, dc*, dp*, n*, h* will not
change, the width of X will increase and the width of S charts will decrease, EA*
will reduce about 0.1%.

(iv) Under o equals to 2, when o increases from 0 to 1, dc*, dp*, n*, h* will not
change, the width of X will increase and the width of S charts will decrease, and
EA* will reduce about 0.1%.

Comparing with economic statistical control charts and Shewhart type economic
control charts base on same combination of process mean and variance leads to
following findings:

(v) EA* of economic statistical X and S charts are a little higher than Shewhart type
economic X and s charts’.

(vi) The false alarm rate of Economic Statistic X and s chart is smaller, but its true
alarm rate is smaller, too.

According to the findings (i)-(iv), we know that decreasing variance can reduce
costs more than improving the mean can. If a producer improves the variance, the

producer should reduce the width of the X and S charts. In all situations, optimal
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consumer and producer tolerances equal to 25 and all products are in the producer
specification limits According to findings (v)-(vi), the expected costs of the two charts
are similar. Producers are advised to use the Shewhart-type economic X or S charts
depending on the convenience of using the chart.

Table 5.2.2. The Optimum Solution of “Economic Statistic X and S Charts” and “Shewhart Type

Economic X and S Chart” with k; > k,, d. = dy, and Specified A; > Specified A,

Economic Statistical X and S Control Charts

* * * * UCL’: LCL*7 - -
do"[d,"| n* | h x| FOLx] UCLs | LCLs | g | s
(ke*) | (k)

(k2*) (ks*)
6.603 |-6.603 | 3.897 | 0.008

(1)d=0andoc=2 |25 |25| 7 | 8 0.00184 0.2 |1068.347
(3.302) | (3.302) | (1.948 (0.004)
3.309 [-3.309| 1.945 | 0.003

(2)6=0ando=1 |25 |25| 7 | 8 0.00184 0.2 |1055.239
(3.309) | (3.309) | (1.945) | (0.003)
8.236 |-6.236| 3.676 | 0.009

(3)6=landoc=2 |25 |25| 7 | 8 0.00278 0.2 [1071.420
(3618) | (3.618) | (1.838) | (0.005)
4.234 |-2.234| 1977 | 0.001

(4)6=landoc=1 |25 |25| 7 | 8 0.00188 0.2 |1056.006
(3.234) | (3.234) | (1.977) | (0.001)

Shewhart-Type Economic X and S Control Charts
* * * * UCL7 LCLf UCL LCL
d. [dy |n | h X X (k)s (k)S o B EA*
2, 3
(ko) (k1)

6 -6 3.806 0.532

(1)d=0ando=2 | 25|25 | 7 | 8 0.00539 | 0.16024 | 1090.573
©) ®3) (1.903) | (0.266)
3 -3 1.903 0.266

(2)d=0ando=1 |25 |25| 7 | 8 0.00539 | 0.16024 | 1077.418
®3) ®3) (1.903) | (0.266)
7 -5 3.806 0.532

(3)d=lando=2 |25 |25| 7 | 8 0.00539 | 0.16024 | 1093.475
®3) ®3) (1.903) | (0.266)
4 -2 1.903 0.266

(4)6=lando=1 |25 |25| 7 | 8 0.00539 | 0.16024 | 1078.143
®3) ®3) (1.903) | (0.266)
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5.2.2.3 Determine Optimal in Control Distribution with Minimum Expected Cost
Per Unit Time.

This section determines the optimal solutions for 2 situations.

Situation (1): o is known, § is unknown, and the optimal design parameters of X and
S charts are unknown. Given (o, 81, 62,Ac, Ap, R, k, A, Ty, &, b, Cs, Cp) = (2, 1.5, 2,
100, 20, 30, 4, 0.01, 3, 0.5, 0.1, 35, 50).

min EA(d,,d,,n, h,ky, Kz, K3, 5)
s.t.0.8<d. <d, <25

2<n<25,

0<h<s,

0<k, <4,

O<k; <k, <42,

0<o0<2,

a <0.01,

£<0.2.

Situation (2): §, o, and the optimal design parameters of X and S charts are unknown.
Given (81, 32,Ac, Ay, R, k, A, T, @, b, Cyr, Cr) = (1.5, 2, 100, 20, 30, 4, 0.01, 3,0.5, 0.1,
35, 50).

min EA(d,,d,,n, h,k;, ky, k3,5, 0)
s.t.0.8<d, <d, <25,

2<n<25,

0<h<s,

0<k; <4,

O<ks; <k, <42,

0<o0<2,

0.5<0 <4,

a <0.01,

B<0.2.

To determine the optimal solutions in above models, we use a subroutine
“DEoptim” in R program.

Table 5.2.3 shows the optimal solutions of two situations and leads to the
following findings:

(1) In situation (1), the 6* is approximately 0. This means that if a producer can design
a process mean, it should choose a mean as close to the target as possible

73



(ii) In situation (2), 6* is approximately 0 and o* is 0.5. This means that if a producer
can design the mean and variance, u* should be as close to the target as possible,

and o* should be small.

(iii) Compare situation (1) to (1) in Table 5.2.2, when p is unknown, d. and design

parameters are the same, but EA* is smaller for u = T.

(iv) Compare situation (2) to (1) in Table 5.2.2, when p and o are unknown, the width
of the X chart is smaller, the width of the S chart is larger, and EA* is smaller.

Table 5.2.3. The Optimum Solutions and In-Control Distribution of “Economic Statistic X and S Charts” and
“Shewhart-Type Economic X and S Chart” with ke >kp, do = dp, and Specified A; > Specified A,

Economic Statistical X and S Control Charts

o w| (| %] x| »| UCLy | LCLy . o
situation 0* |o |dec [dp [N |h K *)X « *;( UCLs | LCLs a* B* EA*
1 1
(k*) | (ks*¥)
(1) p is unknown and ¢
1.032E 6.369 | -6.369 | 3.997 0
is known p-T=8c - 125|257 | 8 0.00198 | 0.2 | 1068.349
-09 (3.185) | (3.185) | (1.998) (0)
(c=2)
(2) pand o are 1.016E 1.641 | -1.641 | 0.978 | 0.002
05/25|25| 7 | 8 0.00184 | 0.2 | 1051.170
unknown and p-T=38c -05 (3.282) | (3.282) | (1.956) | (0.005)
Shewhart-Type Economic X and S Control Charts
. . * * * * * UCL7 LCL7 UCL LCL
situation 8* |0 |de [dy | N |h X \ « )s « )S a Vi EA*
2 3
(ki) (ko)
(1) p is unknown and
2.768E 6 -6 3.806 | 0.532
is known p-T=8c - 125|257 | 8 0.00539 |0.16024 | 1090.573
-16 3) (3) (1.903) | (0.266)
(c=2)
(2) pand o are 1.001E 1.5 -1.5 | 0.9515 | 0.133
05/25|25| 7 | 8 0.00539 [0.16024 | 1073.316
unknown and p-T=38c -05 (3) (3) (1.903) | (0.266)
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5.2.3 Sensitivity Analysis

The economic cost model without tolerance requires the user to specify 13 cost
and process parameters. Consider the levels of these parameters to be: 6 = (1,1.5,2), ¢
= (1,225), & = (1,1525), & = (1,152), R = (30,100,500), (AcAp) =
((200,20),(200,80),(300,300) ), A = (0.01,0.05,0.1), T, = (3,2,1),a = (0.5,50,100), b =
(0.1,1,5), and (Cs,,Cs) = ( (35,50),(50,25),(100,40) ). We adopt 27 combinations of
these parameters by using an orthogonal array table L27(313) (Table 5.2.4).

13
Table 5.2.4. Orthogonal Array L,-(3 ) for 27 Combinations of Input Parameters

No| & c o1 o2 R A | A A Ty a b Co | Ct
1 0 1 1 2| 5001 300[ 240/ 0.05 2| 50| 0.1 100| 40
2 0 1 1| 15| 100f 200 80| 0.1 1] 100| 0.1 50| 25
3 0 2| 25| 15| 500 100, 20/ 0.1 3| 50 1| 50| 25
4 2 2 1 2| 100| 100f 20 0.1 2| 05 5| 30| &0
5 0| 25| 15 1| 500{ 200 80| 0.01 1| 50 5| 30| &0
6 0 2| 25 1| 100{ 300[ 240| 0.01 2| 100 1| 30| 50
7 1 1| 25 2| 100| 100] 20| 0.01 1| 50 5| 50| 25
8 1 1| 25 1| 500{ 200/ 80 0.1 2| 05 5| 100| 40
9 1| 25 1 2 30 200{ 80| 0.01 2| 100 1] 50| 25
10 0 2| 25 2 30f 200| 80| 0.05 1] 05 1| 100| 40
11 1 2| 15 1 30f 100 20| 01 1| 100| 0.1| 100| 40
12 0 1 1 1 30( 100 20| 0.01 3| 05| 01| 30| 50
13 0| 25| 15 2| 100, 100 20| 0.05 3| 100 5| 100| 40
14 2| 25| 25 2| 5000 300] 240, 01 1| 100| 0.1 30| 50
15 1 2| 15| 15| 100, 200, 80| 0.05 2| 50| 01| 30| &0
16 2| 25| 25| 15| 100 200 80| 0.01 3| 05| 01| 100| 40
17 0| 25| 15| 15 30| 300[ 240| 0.1 2| 05 5| 50| 25
18 2 1| 15 1| 100{ 300[ 240| 0.05 1| 05 1| 50| 25
19 2 1| 15 2 30 200 80| 0.1 3| 50 1| 30| 50
20 1 2| 15 2| 500| 300] 240| 0.01 3| 05| 01| 50| 25
21 2 1| 15| 15| 500] 100 20| 0.01 2| 100 1| 100| 40
22 1 1| 25| 15 30 300{ 240| 0.05 3| 100 5/ 30| 50
23 2 2 1 1| 500/ 200 80| 0.05 3| 100 5/ 50| 25
24 1| 25 1| 15| 500f 100 20| 0.05 1] 05 1| 30| 50
25 1| 25 1 1| 100| 300f 240/ 0.1 3| 50 1| 100| 40
26 2 2 1] 15 30 300{ 240| 0.01 1] 50 5| 100| 40
27 2| 25| 25 1 30| 100 20| 0.05 2| 50| 0.1 50| 25
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Table 5.2.5 shows the optimal solutions for these 27 combinations of input
parameters.

Table 5.2.5. The Optimal Solutions for 27 Combinations of Input Parmaters under the Cost Model with
k. > kp, dc = dp, and Specified A; > Specified A,

*

*

*

*

*

No| d | k& | do” | ko || h* [ ki* | k2x [ k3% | « B EA*
1| 25.00 0.48 | 25.00 0.38 10 8.00 3.32 1.78 0.01 | 1.68E-03 0.20 9276.58
2 | 25.00 0.32 | 25.00 0.13 25 8.00 3.74 4.03 0.02 | 1.86E-04 0.20 1323.23
3| 25.00 0.16 | 25.00 0.03 4 8.00 3.74 3.96 0.00 | 1.86E-04 0.20 6655.07
4| 25.00 0.16 | 25.00 0.03 14 8.00 3.55 1.88 0.02 | 4.04E-04 0.20 1381.31
51 25.00 0.32 | 25.00 0.13 6 8.00 2.83 4.08 0.00 | 4.62E-03 0.20 18550.50
6 | 25.00 0.48 | 25.00 0.38 3 8.00 3.49 4.20 0.00 | 4.86E-04 0.20 3716.64
7 | 25.00 0.16 | 25.00 0.03 3 8.00 2.79 3.07 0.01 | 5.32E-03 0.20 3575.16
8 | 25.00 0.32 | 25.00 0.13 3 8.00 3.49 4.20 0.00 | 5.02E-04 0.20 6673.51
9 | 25.00 0.32 | 25.00 0.13 8 8.00 3.20 1.70 0.01 | 6.32E-03 0.20 1125.15

10 | 25.00 0.32 | 25.00 0.13 4 8.00 3.33 3.88 0.00 | 8.63E-04 0.20 600.85

11 | 25.00 0.16 | 25.00 0.03 10 8.00 3.90 3.66 0.01 | 9.55E-05 0.20 410.98

12 | 25.00 0.16 | 25.00 0.03 14 8.00 2.90 3.37 0.01 | 3.73E-03 0.20 1054.45

13 | 25.00 0.16 | 25.00 0.03 6 8.00 3.04 1.92 0.00 | 4.85E-03 0.20 1880.30

14 | 25.00 0.48 | 25.00 0.38 5 8.00 3.93 3.53 0.00 | 8.59E-05 0.20 10520.12

15 | 25.00 0.32 | 25.00 0.13 9 8.00 3.24 4.19 0.01 | 1.21E-03 0.20 1952.01

16 | 25.00 0.32 | 25.00 0.13 3 8.00 3.07 3.78 0.01 | 2.18E-03 0.20 3814.46

17 | 25.00 0.48 | 25.00 0.38 12 8.00 3.93 4.20 0.02 | 8.36E-05 0.20 441.85

18 | 25.00 0.48 | 25.00 0.38 6 8.00 2.83 3.96 0.00 | 4.62E-03 0.20 1916.65

19 | 25.00 0.32 | 25.00 0.13 14 8.00 3.93 4.20 0.06 | 8.52E-05 0.20 397.53

20 | 25.00 0.48 | 25.00 0.38 7 8.00 3.10 2.04 0.00 | 2.30E-03 0.20 18536.78

21| 25.00 0.16 | 25.00 0.03 7 8.00 2.71 4.15 0.00 | 6.81E-03 0.20 17733.97

22 | 25.00 0.48 | 25.00 0.38 3 8.00 3.07 3.97 0.00 | 2.15E-03 0.20 562.95

23| 25.00 0.32 | 25.00 0.13 12 8.00 2.62 3.77 0.03 | 8.73E-03 0.20 9705.89

24 | 25.00 0.16 | 25.00 0.03 14 8.00 2.74 1.71 0.02 | 6.42E-03 0.20 9648.07

25| 25.00 0.48 | 25.00 0.38 23 8.00 3.95 2.51 0.11 | 7.68E-05 0.20 1464.25

26 | 25.00 0.48 | 25.00 0.38 14 8.00 2.74 1.71 0.02 | 6.49E-03 0.20 1139.13

27 | 25.00 0.16 | 25.00 0.03 3 8.00 3.49 4.14 0.00 | 4.86E-04 0.20 611.48
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Table 5.2.6 shows the main effect of the optimal solutions and optimal values
and it produces the following findings:

(i) o and A are significant to average producer tolerance dy*. When o increases,

average dy* increase. When A. increases, average d,* increase then decrease.

(ii) 6, and A are significant to average sample size n*. When &, increases, average n*

decreases. When A increases, average n* increases.

(iii) A is significant to average k;*. When A increases, average k;* increases.

(iv) 6, and 8, are significant to average ky*. When &, increases, average ko* increases.

When &, increases, average ko* decreases.

(v) All input parameters are significant to average EA*. When 9, o, R, or A increase,

average EA* increases. When b increases, average EA* decreases. Whend,,
increases, average EA* increase first then decreases. d,, Ts,, Or a increase, average
EA* decrease first then increases.

(vi) All input parameters are not significant to average consumer tolerance dc*.

Average d.* equals to 25 for all levels of input parameters.

Table 5.2.6 Main Effect of The Optimal Solutions and Optimal Values under the Cost Model with k; > k;, d; =
dp, and Specified A; > Specified A,

Level o 31 3> R (AcAp) Ter (Cs,Co)
1| 25.00] 25.00] 25.00[ 25.00] 25.00f 25.00] 25.00| 25.00| 25.00| 25.00[ 25.00
d, 2| 25.00| 25.00] 25.00[ 25.00] 25.00{ 25.00] 25.00f 25.00f 25.00[ 25.00{ 25.00
3| 25.00| 25.00] 25.00[ 25.00] 25.00| 25.00] 25.00[ 25.00f 25.00[ 25.00{ 25.00
diff 0.00] 0.00, 0.00, 0.00] 0.00f 0.00f 0.00f 0.000 0.00, 0.00] 0.00
Level 6 81 3, R (AA) Ty (CnCy)
1| 25.00[ 25.00f 25.00f 25.00{ 25.00{ 25.00| 25.00] 25.00[ 25.00f 25.00| 25.00
d_p 2| 25.00] 25.00[ 25.00[ 25.00] 25.00{ 25.00| 25.00] 25.00| 25.00{ 25.00| 25.00
3| 25.00] 25.00[ 25.00[ 25.00[ 25.00{ 25.00| 25.00] 25.00[ 25.00f 25.00| 25.00
diff  0.00] 0.00, 0.00, 0.00, 0.00f 0.00f 0.00f 0.000 0.00, 0.00] 0.00
Level o 31 &, R (AA) Te (Cs,Cy)
11  9.33] 9.44| 1489 8.89| 9.11| 833 7.22| 956/ 856/ 956 9.11
n 2| 8.89 856 856 10.11| 10.22| 9.33| 7.44| 7.67| 956 9.22| 8.89
3l 8.67| 889 344 7.89 7.56| 9.22| 12.22| 9.67| 878 8.11 8.89
difff 0.67| 0.89] 11.44| 2.22| 2.67 1.00f 5.00f 2.000 1.00, 1.44] 0.22
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Level |5 G 81 S R (AA) | To a b (Cer,C)

1 8.00 8.00 8.00 8.00 8.00 8.00] 8.00 8.00 8.00 8.00 8.00

h 2 8.00 8.00 8.00 8.00 8.00 8.00] 8.00 8.00 8.00 8.00 8.00

3 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00

diff 0.00 0.00{ 0.00f 0.00 0.00 0.00, 0.00 0.00 0.00 0.00 0.00

Level 3 c 31 3, R|(AAp) Py To a bl (Cs.Cy

1 3.37 3.20 3.20 3.28 3.39 3.21] 2.98 3.27 3.22 3.41 3.30

Izl 2 3.28 3.30 3.28 3.22 3.30 3.27) 3.08 3.38 3.34 3.32 3.27

3 3.21 3.35 3.38 3.35 3.16 3.37] 3.80 3.20 3.30 3.12 3.28

diff 0.16 0.16/ 0.18; 0.13 0.22 0.17| 0.81 0.17 0.12 0.29 0.03

Level ) c d1 Sy Rl (ALA)) Y Te a bl (Cs.Cy)

1 3.49 3.64] 250 3.77 3.43 3.10 3.12 3.28 3.22 3.39 3.46

Izz 2 3.01 3.26] 3.60] 3.52 3.28 3.76] 3.26 3.38 3.29 3.36 3.43

3 3.46 3.06] 3.86 2.67 3.25 3.10] 3.58 3.29 3.44 3.20 3.07

diff 0.48 0.57 1.36 1.10 0.18 0.66] 0.45 0.10 0.21 0.19 0.39
Level |5 c d1 S R (AcAp) A Te a b (Cs,Co)

1 0.01 0.01f 0.03] 0.02 0.01 0.01f 0.01 0.02 0.01 0.01 0.01

123 2 0.02 0.01} 0.01; 0.01 0.02 0.02] 0.01 0.01 0.02 0.02 0.01

3 0.02 0.02] 0.00; 0.01 0.01 0.02| 0.03 0.01 0.01 0.01 0.02

diff 0.01 0.01] 0.03; 0.01 0.01 0.01f 0.02 0.02 0.02 0.02 0.01
Level |5 c d1 3y R (AcAp) A Ty a b (Cs,Co)

1| 0.0019| 0.0028| 0.0038| 0.0026/ 0.0023| 0.0031| 0.0042| 0.0027( 0.0023] 0.0013 0.0021

a 2| 0.0027| 0.0023] 0.0027| 0.0029( 0.0021| 0.0027| 0.0034| 0.0020( 0.0022| 0.0029| 0.0031

3| 0.0033] 0.0028] 0.0014| 0.0024( 0.0035| 0.0020{ 0.0002| 0.0032( 0.0033|] 0.0037| 0.0026

difff 0.0015| 0.0005| 0.0024| 0.0004| 0.0013| 0.0011| 0.0041] 0.0012( 0.0011( 0.0024| 0.0010
Level |5 c d1 3y R (AcAp) A Ty a b (Cs,Co)

1| 0.2000| 0.2000 0.2000| 0.2000f 0.2000 0.2000{ 0.2000 0.2000( 0.2000| 0.2000( 0.2000

E 2| 0.2000 0.2000( 0.2000| 0.2000( 0.2000f 0.2000| 0.2000( 0.2000] 0.2000 0.2000| 0.2000

3| 0.2000f 0.2000] 0.2000f 0.2000{ 0.2000| 0.2000{ 0.2000{ 0.2000( 0.2000f 0.2000| 0.2000

difff 0.0000] 0.0000] 0.0000{ 0.0000{ 0.0000| 0.0000| 0.0000] 0.0000{ 0.0000( 0.0000{ 0.0000
Level |5 o &1 5y R (AcAp) A Ty a b (Cs,Co)

1| 4833.27| 4723.78| 4013.12( 4900.48| 704.93| 4772.31| 7694.03| 4896.85| 4896.43| 5277.79| 5309.29

EA 2| 4883.21| 4899.85| 6868.95| 4807.86| 2336.00| 4904.79| 4017.20| 4768.06| 4846.86| 4806.46| 4876.81

3| 5246.73| 5339.58]| 4081.14| 5254.87(11922.28| 5286.10| 3251.98| 5298.30 5219.92| 4878.96| 4777.11

diffl 413.45| 615.79| 2855.84| 447.01(11217.35| 513.79| 4442.05| 530.24| 373.06] 471.32] 532.17
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In Table 5.2.7, if the input parameter is significant to optimal design parameter
and their relationship is linear and positive, we use notation “+”, if the input
parameter is significant and their relationship is linear and negative, we use notation
“- and if the input parameter is significant and their relationship is quadratic, we use
notation “q*; otherwise, we use notation “N”.

Table 5.2.7. The Significant Input Parameters of Each Design Parameter and EA under the Cost Model
with k; >k, d¢ = dp, and Specified A; > Specified A,

Optimal Input parameters

design

parameters 8 o & & R AA) A Ty a b (Csr,Cy)
and EA

d. N N N N N N N N N N N
d, N N N N N N N N N N
n N N - N N N + N N N N
h N N N N N N N N N N N
k, N N N N N N + N N N N
K, N N + - N N N N N N N
Ky N N N N N N N N N N N
EA + + 9 g+ + -9 a - q
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5.3 Considering Different Consumer and Producer Loss Functions with a Larger
Consumer Tolerance

5.3.1 Smaller Coefficients of Consumer Loss Functions and Larger Consumer
Tolerance

In this section, the consumer loss function and the producer loss function are
different. Most producers in this situation consider only the producer loss. However,
when a producer does not consider consumer loss, the calculated cost is lower than
the actual cost. This section assumes that (1) Ac and A, are known, (2) d. is higher
than the d,, and (3) k. is smaller k,. This means that a producer loss of deviation from
the target increases faster than the consumer loss of deviation from the target. This
section determines the design parameters of X and S charts, consumer tolerance,
and producer tolerance simultaneously when the consumer tolerance is larger than the
producer tolerance.

The consumer loss function and producer loss function are

L (X)= ko(X =T)2if | X =T |<d,
/4 A if|X=T]|>d,

L (X)= k,(X =T)2if | X ~T |<d,
TR A, if|X=T|>d,

where T is the target value, d; > d,, and k¢ < k. (See Figure 5.3.1.1)

_ in-contral dist.
————— out-of-control dist.

u+8i0 T+d,
T+d,

-
|
a
a
4
|
o
=
=

Figure 5.3.1.1. Consumer and Producer Loss Functions, In-Control and Out-Of-Control

Distributions

When the product is within the producer specification limits, the producer loss is
considered because it is higher than the consumer loss. When the product is out of the
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producer specification limits, the producer loss should be considered because the
product will not ship to the consumer. The consumer loss function is not used in this
situation. The expected cost per unit time considers only the producer loss function.

The expected cost per unit time is

2
rb RLO( h _h_4h j+(a bn)(1+1]+cf G

y) 1-8 2 12 h 1
=A= : 1 1 _1_h :
+h(— }LTM'
A \1-p 2 12 (5.3.1.1)
IC+A, - Aj ; ¢(z)dz+kaj z+5) #(2)dz
where |, =

f_;_ﬁ #(z)dz

|_0=|c{1j;( i dopj(p(z)dz}(A +L)
and 2[ o 7J
+—a gz(( ]J 522+5+51 2 p(2)dz

The remaining analysis, numerical analysis, and sensitivity analysis are identical
to those in Section 4. If the producer knows that the consumer tolerance is larger than
the producer tolerance, and the coefficient of the producer loss function is higher than
consumer loss function, then the producer does not need to consider the consumer

loss.
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5.3.2 Larger Coefficient of Consumer Loss Function With Larger Consumer
Tolerance

5.3.2.1 Derivation of Cost Models

This section assumes that (1) A; and A, are known, (2) d. is higher than d,, and
(3) ke is larger than kp,. This means that the producer loss of deviation from the target
increases faster than the consumer loss of deviation from the target. This section

determines the design parameters of X and S charts, consumer tolerance, and
producer tolerance simultaneously.

The consumer loss function and the producer loss function are

L(X)= ko(X —T)? if | X =T |<d,
N A if [ X =T |>d,

LX)~ k(X =T)? if [ X -T|<d,
PRe?™ A, if | X -T|>d,

where T is the target value, d¢ > dp, and k¢ > k. (See Figure 5.3.1)

— in-control dist.
----- out-of-control dist.

Figure 5.3.1. Consumer and Producer Loss Functions, In-Control and Out-Of-Control Distributions

When the product is within the producer specification limits, the consumer loss
is considered because it is higher than the producer loss. If the producer implements a
complete inspection plan in which all products are inspected before they ship to the
consumer. If the product is out of the producer specifications and the expected cost
per unit is rework cost plus the expected cost per unit when process is in-control.

L, =IC+[1-P(T -d, <X <T —d,)|(A, + L.)+£:ddpkc(x—T)2 fy (X)dx

(5.3.2.1a)
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Writing L, as a function of d. and d,,

IC+A, Aj d¢(z)dz+ka.|. z+5) #(2)dz

L|:

j ‘ E #(2)dz
e (5.3.2.1b)

When the process is out-of-control, the expected cost of nonconforming product
is rework cost plus the expected cost per unit when the process is in-control:

Lo =IC+[1-P(T —d, <X <T —d,)|[(A, + L))

. j:dd”kc (= T) f, () (5.3.2.2a)
Writing Lo as a function of d; and d,,
ey
Lo =IC+ 1—j6 #(z)dz [(A, +L,)
HE
+k 0_2"‘52[[ —5-81+ ]) 5,2 +5+51) #(z)dz (5.3.2.2b)
S— 51—

With L, and Lo, the expected cost per unit time is

2
R& RL, h —D+/th +(a+bn)i+i +Cf +C,,.
ea_ A 1-8 2 12 Jh 1-p Ah
1+h(1_1 ﬂhj T
A \1-p 2 12 (5.3.2.3)

The design parameters can be determined by minimizing the cost function
(5.3.2.3). A subroutine “DEoptim” in R program is used to solve the object. The
optimization model is expressed as follows:

min EA(d.,d,,n, h,k;, Ky, Ks)
s.t. dpLSdp Sdc Scha
n.<n<ny,
O<h<hy,
0<k; <k,
0<ks <k, <k,y,
a<ay,
B<Pu,
K, :Ap/d,f <k, =AM,
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5.3.2.2 An Example and Numerical Analysis

5.3.2.2.1 Example

In this section, we give an example to show the application of the economic
statistical X and S control chart considering dc > d,. We compare the optimal
solutions and the expected costs of three types of control charts: (1) Shewhart-type
economic X and S control charts with design h, d, and dj, (2) economic statistical
X and S control charts with a given n, and (3) economic statistical X and S
control charts with all design parameters. A subroutine “DEoptim” in R program is
used to determine the optimal solutions in the optimization models.

The data which we use in this section is the same as 2.2.1, and the input
parameters are set by 8:=1.5, §,=2, A=100, A,=20, R=30, 2=0.01, T,.=3, a=0.5,
b=0.1, Cs,=35, and C=50.

(1) Shewhart-type economic X and S control charts with design h, d, and dj,

To construct the Shewhart-type economic X and S charts when n = 10 and « =
0.00539 (g =as=0.0027), we calculated that k; = 3, k, = 1.735, k3 = 0.371, and f§ =
0.06502. The expected cost per unit time the optimal Shewhart-type economic X
and S charts is

min EA(d.,d,,h)

s.t.08<d, <d. <25,
O0<h<8
k, =A,/d}) <k, =A/d¢.

The EA* is 1126.619, h™ is 8, d. is 25, and d, is 17.308. Under the d,, , the rate
of nonconforming product is 0, and the optimal Shewhart-type economic X and S
charts are constructed as follows.
UCLy =3 - UCLs =1.735
LCLgy =-3 LCLs =0.371

Plotting the data in Shewhart-type control charts shows whether they are
in-control. Figure 5.3.2.2 shows that no points fall outside the limits of Shewhart-type
X and S control charts, thus indicating that these charts can be used to monitor the
future process. Figure 5.3.2.3 shows that all products fall into the produce
specification.
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Shewhart type X-bar control chart Shewhart type s control chart

UCL,

wbar

UCL,

sample mean
0
|
sample standard deviation

00 05 10 15 20 25 30

é

LCL,

Observation Observation

Figure 5.3.2.2. Shewhart-Type Economic X and S Control Charts with Consumer and Producer

Tolerances

- in-control dist.
------- out-of-control dist.
EE— L.

_______ Ly

T-d.=—25 T-d,=—17.308 40 p+8,0=15 T+d,=17.308  T+d.=25

Figure 5.3.2.3. Optimal Consumer and Producer Loss Functions with In-Control and Out-Of-Control

Distributions

(2) Economic statistical X and S control charts with a givenn

The design parameters are determined with a given n by minimizing the cost
function to construct the economic statistical X and S control charts. The expected
cost per unit time of the optimal economic statistical X and S charts is

min EA(d.,d,,h,ky, Kz, k)
s.t. 08<d, <d, <25,

0<h<s,

0<k, <4,

O<ks <k, <42,

a <001,

<02

k, =A,/d5 <k, =Ad¢.

The optimal design parameters are d.* = 25, dy* = 12.157,h* = 8, k;* = 3.061,
ko* = 3.856, ks* = 0.008, o* = 0.00221, and p* = 0.2. The EA* is 1055.262. The
85



optimal economic statistical X and S charts are constructed as follows.

UCL, =3061 _ UCL; =3.856
LCL, =-3.061 LCLs =0.008

Figure 5.3.2.4 shows the optimal economic statistical X and S control charts.
No points fall outside the limits of the optimal charts. Figure 5.3.2.5 shows that under
this optimal consumer and producer tolerances, all in-control and out-of-control
products are in the producer specification limits.

Economic statistical X-bar control chart Economic statistical s control chart

UCL,

bar il UCL,

sample mean
0
]
sample standard deviation
2
]

QObservation Observation

Figure 5.3.2.4. Optimal Economic Statistical X and S Control Chart with Consumer and Producer

Tolerances and with a Given n

e in-control dist.
------- out-of-contral dist.
R L.

——————— L

A.=100 —

P

Ag=20 --fe-msemmmmsmeosoooo =

T-d.=-25 T-d,=-12.157 u=0p+8,0=15 T+d,=12.157 T+d.=25

Figure 5.3.2.5. Optimal Consumer and Producer Loss Functions with In-Control and Out-Of-Control

Distributions

(3) Economic statistical X and S control charts with all design parameters

Assuming that all design parameters can be determined by minimizing the cost
function, the expected cost per unit time the optimum economic statistical X and S
charts is
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min EA(d,,d,,n,h, ke, ks, ks)
st.08<d, <d, <25,
2<n<25,
0<h<8,
0<k, <4,
0<ky <k, <42,
a <001,
p<02
Ko = Apld? <k, = AJd2.

The parameters are d.* = 25, dpy* = 24.737, n* = 7, h* = 8, ky* = 3.051, ky* =
2.046, ks* = 0.001, o* = 0.00255, and p* = 0.2. The EA* is 1055.242. Under the dy*,
the rate of nonconforming product of producer is 0, and the optimal economic
statistical X and S charts are constructed as follows.

UCL; =3051 . UCL; =2046
LCLy =-3.051 LCLs =0.001

Finally, we compare the optimal solutions and expected cost of these 3 types
design charts (Table 5.3.2.1).

Comparing with “Shewhart-type” and “economic statistical chart with given n”
leads to following findings:

(i) If producer can design the chart, d,* should decrease, ki* and ko* should increase,
and EA* will reduce.

(i) Using Economic statistical X and s chart with given n, EA* could save about 6%.
And the false alarm rate of economic statistical chart with a given n will decrease,
but it’s true alarm rate will decrease.

(iii) The optimal consumer tolerances all equals to 25.

Comparing economic statistical chart with design n and with given n leads to
following findings:

(iv) If producer can decide all design parameter of control chart, d,* should be
increase, n* should decrease from 10 to 7, and k,* should decrease and EA* will
reduce.

Because the expected cost per unit time cannot be saved a lot when we use
economic statistical control chart with consumer tolerance, we advise that it is more
convenience for using Shewhart type control chart.
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Table 5.3.2.1. Comparison of Three Types Design Charts under the Model with k. > k;, d. = d,, and

Specified A > Specified A,

de*| do* | pp | n [ h* | ki | ko | ks a B EA*
(1) Shewhart-type economic
_ 25| 17.038 0f 10 8 3| 1.735[0.371( 0.00539| 0.06502]1126.619
X and S control charts
de*| do* | pp | n [ h* | ki | ko | ks a B EA*
(2) Economic statistical X
and S control charts with 25| 12.157 0] 10 8] 3.061(3.856]0.008( 0.00221| 0.20000{1055.262
agivenn
de*| do* | pp | n [ h* | ki | ko | ks a B EA*
(3) Economic statistical X
and S control charts with | 25| 24.737 T 8/3.051|2.064|0.002| 0.00255| 0.20000|1055.242
all design parameters
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5.3.2.2.2 The Effects of Optimal Design Parameters under Different Combination
6 and o for a Given In-control Distribution

This section sets the process mean and variance in different combinations to
show the manner in which the process mean and variance affect the design parameters
and the expected cost. Furthermore, it compares these optimal economic statistical
control charts with Shewhart-type economic control charts, which fix the false alarm
rate of each chart under 0.0027. Other input parameters of the cost function are A.=
100, A;=20,T=0,8:=15,6,=2,k=4,R=30,A=0.01, Ts;, =3,a=0.5,b=0.1,
Cs.r. = 35, and Cs = 50.

The results of these objects are shown in Table 5.3.2.2. Comparing the optimal
solutions of economic statistical X and S charts under different combinations of
process mean and variance leads to the following findings:

(i) Under & equals to 0, when o decreases from 2 to 1, d.*, n* and h* will not change,
do* will increase, and the width of X and S charts will be smaller, and EA* will
reduce about 0.24%.

(if) Under 6 equals to 1, when o decreases from 2 to 1, d.*, n* and h* will not change,
do* will decrease, and the width of X and S charts will be smaller, and EA* will
reduce about 0.29%.

(iii) Under o equals to 1, when o increases from 0 to 1, d.*, n*, and h* will not
change, d,* will increase, the width of X will increase and the width of S charts
will decrease, EA* will reduce about 0.1%.

(iv) Under o equals to 2, when o increases from 0 to 1, d.*, n*, and h* will not change,
do* will decrease a little, the width of X will increase and the width of S charts
will decrease, and EA* will reduce about 0.1%.

Comparing with economic statistical control charts and Shewhart type economic
control charts base on same combination of process mean and variance leads to
following findings:

(v) EA* of economic statistical X and S charts are a little higher than Shewhart type
economic X and s charts’.

(vi) The a* of Economic Statistic X and s chart is smaller, but its * is smaller, too.

According to the findings (i)-(iv), decreasing variance can reduce costs more
than improving the mean can. If a producer decrease the variance, the producer should
reduce the width of the X and S charts. In all situations, optimal consumer tolerance

equals to 25s. According to findings (v)-(vi), the expected costs of the two charts are
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similar. Producers are advised to use the Shewhart-type economic X or S charts

depending on the convenience of using the chart.

Table 5.3.2.2. The Optimum Solution of “Economic Statistic X and S Charts” and “Shewhart-Type
Economic X and S Chart” with k. >k, d. = d,, and Specified A, > Specified A,

Economic statistical X and S Control Charts

*

. « | | .| UCLg | LCLy| UCL; | LCL:

*

d.| d,” | n"|h a* | p* | EA*
ke*) | (ke*) | (k) (ks*)
6.238 |-6.238 | 4.059 | 0.005

(1)6=0ando=2 | 25| 22213 | 7 | 8 0.00220| 0.2 | 1068.347
(3.119) | (3.129) | (2.030) (0.003)
3.051 |-3.051| 2.064 | 0.002

(2)6=0ando=1 | 25| 24737 | 7 | 8 0.00255| 0.2 | 1055.242
(3.051) | (3.051) | (2.064) (0.002)
7.191 |-5.191| 4.083 | 0.002

(3)6=landc=2 | 25| 22355 | 7 | 8 0.00231| 0.2 | 1071.418
(3.095) | (3.095) | (2.041) (0.002)
4323 |-2.323| 1940 | 0.001

(4)d=lando=1 | 25| 15377 | 7 | 8 0.00184| 0.2 | 1056.006
(3.323) | (3.323) | (1.940) (0.001)
Shewhart-Type Economic X and S Control Charts
* * * * UCL7 LCL7 UCL LCL

d.| d, |n|h 1 X ; | a B EA*
(k1) (k) | (k) (ks)
6 -6 3.806 0.532

(1)6=0ando=2 | 25| 18670 | 7 | 8 0.00539 | 0.16024 | 1090.573
®3) @) (1.903) (0.266)
3 -3 1.903 0.266

(2)6=0ando=1 | 25| 23322 | 7 | 8 0.00539 | 0.16024 | 1077.418
®3) ®3) (1.903) (0.266)
7 -5 3.806 0.532

(3)6=landoc=2 | 25| 12487 | 7 | 8 0.00539 | 0.16024 | 1093.475
®3) ®3) (1.903) (0.266)
4 -2 1.903 0.266

(4)6=lando=1 | 25| 15198 | 7 | 8 0.00539 | 0.16024 | 1078.143
®3) ®3) (1.903) (0.266)
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5.3.2.2.3 Determine Optimal in Control Distribution with Minimum Expected
Cost Per Unit Time.

This section determines the optimal solutions for 2 situations.

Situation (1): o is known, & is unknown, and the optimal design parameters of X and
S charts are unknown. Given (o, 81, 62,A¢, Ap, R, k, A, Tsr, a, b, Cy, Cy) = (2, 1.5, 2,
100, 20, 30, 4, 0.01, 3, 0.5, 0.1, 35, 50).

min EA(d,d,,n, h Ky, ky, ks, 5)
s.t.08<d, <d, <25

2<n<25,

0<h<s8,

0<k, <4,

0<k; <k, <42,

0<0<2,

o <001,

£<0.2

kp =A,/d2 <k, =A/d2,

Situation (2): §, o, and the optimal design parameters of X and S charts are unknown.
Given (o, 81, 82,A¢, Ap, R, k, A, Tsy, &, b, Csr, Cs) = (2, 1.5, 2, 100, 20, 30, 4, 0.01, 3,
0.5, 0.1, 35, 50).

min EA(d.,d,,n, h,k;, Kz, Ks,8,0)
st.08<d, <d, <25,
2<n<25,
0<h<8,
0<k, <4,
O<ks; <k, <42,
0<0<2,
05<0<4,
a <001,
<02
k= A, /d2 <k, =AJd?.

To determine the optimal solutions in above models, we use a subroutine

“DEoptim” in R program.

Table 5.3.2.3 shows the optimal solutions of these objects and leads to the
following findings:

(i) In situation (1), the 6* is approximately 0. This means that if a producer can design
a process mean, it should choose a mean as close to the target as possible.
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(ii) In situation (2), 6* is approximately 0 and o* is 0.5. This means that if a producer

can design the mean and variance, u* should be as close to the target as possible,

and o* should be small.

(iii) Compare situation (1) to (1) in Table 5.3.2.2, when p is unknown, d. and design
parameters are the same, but EA* is smaller for u = T.

(iv) Compare situation (2) to (1) in Table 5.3.2.2, when p and o are unknown, the
width of the X chart is smaller, and the width of the S chart is larger, and EA* is
smaller.

Table 5.3.2.3. The Optimum Solutions and In-Control Distribution of “Economic Statistic X and S

Charts” and “Shewhart-Type Economic X and S Chart” with k; > k;, d. = d,, and
Specified A > Specified A,

Economic Statistical X and S Control Charts

L w | x| % %]+ |UCLy | LCLY Ls | LCL
situation 8 | o |de |dy |n | h . x |UCLs | LCLs a* | p* EA*
ke®) | (k) | (ke*) | (ks*)
(1) o is known, 8 is | 2.368E 6.234 | 6.234 | 4.061 | 0.009
-- 25125 7 | 8 0.00221| 0.2 1068.347
unknown (c=2) -11 (3.117) | (3.117) | (2.030) | (0.005)
(2) dand o are 1.006E 1.674 | 1.674 | 0.965 | 0.002
05 (25|25| 7 | 8 0.00186| 0.2 1051.170
unknown -05 (3.349) | (3.349) | (1.930) | (0.004)
hewhart-Type Economic X and S Control Charts
. . * w|  »| «| .« |UCLg| LCLf| UCLs | LCL
situation 8 | o |dc |dy [N | X X ° |« B EA*
(ko) (ki) | (k) | (ko)
(1) o is known, 8 is | 1.013E 6 6 3.806 | 0.532
-- 251251 7 | 8 0.00539 | 0.16024 | 1090.573
unknown (c=2) -16 ©)] (©)] (1.903) | (0.266)
(2) 6 and ¢ are 1.001E 15 15 |0.9515| 0.133
05 |25|25| 7 | 8 0.00539 | 0.16024 | 1073.316
unknown -05 (3) (3) (1.903) | (0.266)
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5.3.2.3 Sensitivity Analysis

The economic cost model without tolerance requires the user to specify 12 costs
and process parameters. Consider the levels of these parameters to be: 6 = (1,1.5,2), o
= (1,1525), & = (1,152), R = (30,100,500), (AcAp) =
((200,20),(200,80),(300,300) ), A = (0.01,0.05,0.1), T, = (3,2,1),a = (0.5,50,100), b =
(0.1,1,5), and (Cs,,Cs) = ( (35,50),(50,25),(100,40) ). We adopt 27 combinations of
these parameters by using a same orthogonal array table L27(313) in Table 5.2.4. Table

= (1,2,2.5), &

5.3.2.4 shows the optimal solutions for these 27 combinations of input parameters.

Table 5.3.2.4. The Optimal Solutions for 27 Combinations of Input Parmaters under the Cost Model
with ke > kp, d; = dp, and Specified A; > Specified A,

No | do | ke | dp | ko | n* | h* | ki* | k2* | k3* o s EA*
1| 25.00 0.48 | 24.12 041 11 8.00 3.90 1.74 0.00 | 9.17E-04 0.20 9276.58
2| 2500 | 032 2223| 0.16 25| 8.00 3.74 | 3.69 0.17 | 1.86E-04 | 0.20 1323.23
3| 25.00 0.16 | 17.07 0.07 4 8.00 3.74 3.56 0.02 | 1.95E-04 0.20 6655.07
4| 25.00 0.16 | 11.41 0.15 14 8.00 3.67 1.86 0.03 | 2.65E-04 0.20 1381.31
51 25.00 0.32 | 17.75 0.25 6 8.00 2.83 3.97 0.00 | 4.62E-03 0.20 18550.50
6 | 25.00 0.48 | 22.73 0.46 3 8.00 3.49 3.50 0.00 | 5.02E-04 0.20 3716.64
7| 25.00 0.16 | 22.28 0.04 3 8.00 2.83 2.92 0.03 | 5.55E-03 0.20 3575.16
8 | 25.00 0.32 | 22.62 0.16 3 8.00 3.49 3.14 0.01 | 5.77E-04 0.20 6673.51
9| 25.00| 0.32| 2064 | 0.19 9| 8.00 3.13 1.77 0.00 | 3.30E-03 | 0.20 1125.22
10| 25.00 | 0.32| 21.62 | 0.17 41 8.00 333 | 392 0.00 | 8.68E-04 | 0.20 600.85
11| 25.00 | 0.16 | 17.27 | 0.07 10 | 8.00 390 | 3.75 0.01 | 9.55E-05 | 0.20 410.98
12| 25.00 | 0.16 | 17.45| 0.07 14 | 8.00 290 | 3.20 0.01 | 3.73E-03 | 0.20 1054.45
13| 2500 | 0.16 | 12.15| 0.14 6| 8.00 2.96 1.95 0.00 | 4.92E-03 | 0.20 1880.30
14| 25.00 | 0.48 | 22.67 | 0.47 5| 8.00 391 | 391 0.00 | 9.12E-05 | 0.20 10520.12
15| 25.00 0.32 | 17.56 0.26 9 8.00 3.24 4.17 0.00 | 1.21E-03 0.20 1952.01
16 | 25.00 0.32 | 19.73 0.21 3 8.00 3.07 3.78 0.00 | 2.17E-03 0.20 3814.46
17 | 25.00 0.48 | 23.38 0.44 12 8.00 3.93 4.04 0.04 | 8.36E-05 0.20 441.85
18 | 25.00 0.48 | 23.08 0.45 6 8.00 2.83 4.17 0.00 | 4.62E-03 0.20 1916.65
19 | 25.00 0.32 | 21.56 0.17 14 8.00 3.93 4.20 0.05 | 8.52E-05 0.20 397.53
20 | 25.00 0.48 | 22.55 0.47 8 8.00 3.06 2.23 0.00 | 2.26E-03 0.20 18536.79
21| 25.00 | 0.16 | 19.22 | 0.05 7| 8.00 271 | 3.78 0.04 | 6.81E-03 | 0.20 17733.97
22| 25.00 | 0.48 | 24.41| 0.0 41 8.00 3.74 | 3.87 0.00 | 1.86E-04 | 0.20 563.03
23| 25.00| 032 19.80| 0.20 12 | 8.00 262 | 3.62 0.00 | 8.73E-03 | 0.20 9705.89
24| 25.00 | 0.16 | 1470 | 0.09 13| 8.00 2.82 1.59 0.05 | 7.25E-03 | 0.20 9648.05
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25| 25.00 | 0.48 | 22.68 | 0.47 23| 800| 395| 359 0.05 | 7.68E-05 | 0.20 1464.25
26 | 25.00 | 0.48 | 23.73 | 0.43 15| 8.00 | 261 | 4.02 0.02 | 9.04E-03 | 0.20 1139.51
27| 25.00| 0.16 | 16.25| 0.08 3| 800 349 4.20 0.00 | 4.86E-04 | 0.20 611.48

Table 5.3.2.5 shows the main effects of the optimal solutions and optimal values
for three input parameter levels and it produces the following findings:

(i) o and (Ac,Ap) are significant to average producer tolerance dy*. When o increase,
average dp* increases then decreases. When (AcA,) increase, average dy*
increases then increases.

(i) 81 and A are significant to average sample size n*. When 6, increases, average n*
decreases. When A increases, average n* increases.

(iii) A is significant to average ki*. When A increases, average k;* increases.

(iv) 81 and &, are significant to average ko*. When §; increases, average ko* increases.
When &, increases, average ko* decreases.

(v) All input parameters are significant to average EA*. When 9, ¢, R, or A increase,
average EA* increases. When b increases, average EA* decreases. Whend,,
increases, average EA* increase first then decreases. d,, Ts,, Or @ increase, average
EA* decreases first then increases.

(vi) All input parameters are not significant to average consumer tolerance dc*.
Average d.* equals to 25 for all levels of input parameters.

Table 5.3.2.5. Main Effect of The Optimal Solutions and Optimal Values under the Cost Model with k; >k, d.

= dp, and Specified A; > Specified A,

Level |5 c 31 3, R (AcAp) A Ty a b (Csn,Co)
1| 25.00f 25.00[ 25.00] 25.00] 25.00{ 25.00f 25.00[ 25.00] 25.00] 25.00] 25.00
d_C 2[ 25.00[ 25.00[ 25.00] 25.00f 25.00] 25.00f 25.00[ 25.00] 25.00] 25.00] 25.00
3[ 25.00[ 25.00[ 25.00] 25.00f 25.00] 25.00f 25.00[ 25.00] 25.00] 25.00] 25.00
difff  0.00 0.00f 0.00[{ 0.00 0.00f 0.00] 0.00 0.00 0.00 0.00 0.00
Level |5 o 81 8» R (ALA) A Ty a b (C4r,Cr)
1f 19.83] 21.88| 19.64| 19.96| 20.70| 16.42] 20.67| 19.71| 19.61| 19.98| 18.92
a 2| 20.52( 19.31| 19.39| 20.22( 19.32| 20.39] 19.30] 19.77| 20.33| 20.37| 20.81
3( 19.72| 18.88| 21.04| 19.89| 20.06] 23.26] 20.10] 20.59( 20.12[ 19.73| 20.35

difff 0.81 3.00] 1.65| 0.34] 1.38 684 137 088 0.72

0.64 1.89
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Level 81 5» (AuA) Te (C4r,Cr)
1 9.44 9.67| 15.11 8.89 9.44 8.22 7.56 9.78 8.56 9.78 9.11
n 2 9.11 8.78 8.67[ 10.22[ 10.22 9.44 7.56 7.89 9.78 9.22 9.11
3 8.78 8.89 3.56 8.22 7.67 9.67| 12.22 9.67 9.00 8.33 9.11
diff 0.67 0.89| 11.56 2.00 2.56 1.44) 4.67 1.89 1.22 1.44 0.00
Level &1 Sy (AcAp) T (Csr,C)
1 8.00 8.00 8.00 8.00 8.00 8.00f 8.00 8.00 8.00 8.00 8.00
h 2 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00
3 8.00 8.00 8.00 8.00 8.00 8.00f 8.00 8.00 8.00 8.00 8.00
diff  0.00, 0.00f 0.000 0.00f 0.00f 0.00f 0.000 0.00f 0.00, 0.00f 0.00
Level ) c d1 I RI(ALAp) A T a bl (Cs,Cy)
1 3.43 3.34 3.26 3.28 3.44 3.22 2.96 3.33 3.23 3.47 3.39
Izl 2 3.35 3.29 3.27 3.29 3.31 3.26 3.21 3.45 3.39 3.32 3.26
3 3.20 3.34 3.45 3.41 3.23 3.49 3.81 3.20 3.36 3.19 3.33
difff  0.22| 0.05 0.19] 0.13] 0.21] 0.27] 0.85 0.25 0.16/ 0.28 0.13
Level ) c d1 Sy Rl (AcA)) A Ty a bl (Cs,Cy)
11 328 341 279 3.68  3.66| 298 324 333 310 341 3.36
IZZ 2 3.00 3.40 3.58 3.61 3.29 3.58 3.25 3.13 3.60 3.34 3.36
3 3.73 3.20 3.64 2.72 3.06 3.45 3.53 3.55 3.32 3.27 3.30
diff 0.72 0.21 0.86 0.96 0.60 0.60f 0.29 0.42 0.49 0.14 0.07
Level 8 8, (AcA) Tor (Csi.Cy)
1 0.03 0.03 0.04 0.01 0.02 0.02 0.01 0.02 0.02 0.02 0.02
|Z3 2 0.02 0.01 0.02 0.04 0.03 0.03 0.01 0.01 0.02 0.02 0.03
3 0.02 0.02 0.01 0.01 0.01 0.01 0.04 0.03 0.02 0.01 0.02
diff 0.01 0.02 0.03 0.03 0.02 0.01 0.03 0.02 0.01 0.01 0.01
Level &1 Sy (AcAp) Ty (Csn,Cr)
1] 0.0018] 0.0025| 0.0037( 0.0026] 0.0020| 0.0033| 0.0042| 0.0025| 0.0024| 0.0012| 0.0020
a 2| 0.0023| 0.0026f 0.0027( 0.0030|] 0.0022| 0.0024| 0.0032( 0.0016( 0.0025| 0.0026] 0.0028
3| 0.0036] 0.0026] 0.0012] 0.0020] 0.0035/ 0.0020| 0.0002] 0.0036( 0.0028| 0.0038| 0.0028
difff 0.0018] 0.0001] 0.0025( 0.0010( 0.0015| 0.0013| 0.0040f 0.0020( 0.0003| 0.0025| 0.0008
Level 8 8, (AcA) Ts (Csi,Cp)
1] 0.2000] 0.2000| 0.2000( 0.2000| 0.2000{ 0.2000{ 0.2000| 0.2000{ 0.2000f 0.2000| 0.2000
E 2| 0.2000| 0.2000( 0.2000{ 0.2000| 0.2000{ 0.2000| 0.2000( 0.2000{ 0.2000] 0.2000| 0.2000
3| 0.2000f 0.2000] 0.2000] 0.2000] 0.2000f 0.2000| 0.2000f 0.2000{ 0.2000( 0.2000] 0.2000
difff 0.0000] 0.0000{ 0.0000{ 0.0000( 0.0000| 0.0000{ 0.0000| 0.0000( 0.0000f 0.0000{ 0.0000
EA |Level 81 8» (AA,) Ty (Cs,Cy)
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[EEN

4833.27

4723.79

4013.17

4900.48

704.99

4772.31

7694.08

4896.86

4896.43

5277.79

5309.29

N

4883.22

4899.89

6868.95

4807.91

2336.00

4904.80

4017.20

4768.06

4846.90

4806.47

4876.81

w

5246.77

5339.58

4081.15

5254.87

11922.27

5286.16

3251.98

5298.34

5219.93

4879.01

4777.16

diff| 413.49

615.79

2855.79

446.96

11217.29

513.85

4442.10

530.27

373.03

471.32

532.14

In Table 2.6, if the input parameter is significant to optimal design parameter and
their relationship is linear and positive, we use notation “+”, if the input parameter is
significant and their relationship is linear and negative, we use notation “-“, and if the
input parameter is significant and their relationship is quadratic, we use notation “q‘;

otherwise, we use notation “N”’.

Table 5.3.2.6. The Significant Input Parameters of Each Design Parameter and EA under the Cost
Model with k¢ >k, d; = d,, and Specified A; > Specified A,

Design Input parameters

parameters

and EA c & 06 R (AA) A Ty a b (Csr,Cr)
d. N N N N N N N N N N
d, N - N N N + N N N N N
n N N - N N N + N N N N
h N N N N N N N N N N N
k, N N N N N N + N N N N
Kk, N N + - N N N N N N N
Ky N N N N N N N N N N N
EA + + g q + + -9 q - -
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5.3.3 Equal Consumer Loss Function and Producer Loss Function Coefficients
but With Larger Consumer Tolerance

5.3.3.1 Derivation of Cost Models

This section assumes that (1) Ac and A, are known, (2) the consumer tolerance is
higher than the producer tolerance, and (3) the consumer loss function coefficient is
equal to that of the producer loss function. This section determines the design

parameters of X and S charts and the producer tolerance simultaneously. After the
producer tolerance is determined, the consumer tolerance can be calculated.

The consumer’ loss function and producer loss function are

L(X)= ko(X —T)? if | X =T |<d,
N A if [ X =T |>d,

LX)~ k(X =T)? if [ X -T|<d,
PRe?™ A, if | X -T|>d,

where d. > d,, and ke = kp. The value of d. can be calculated such that

'I'\c/dc2 :Ap/dg-

e in-control dist.
----- out-of-control dist.
—_— L=L,

T-d, T-d, T up+51UT+de+d°

Figure 5.3.3.1. Consumer and Producer Loss Functions, In-Control and Out-Of-Control

Distributions

If the producer implements a complete inspection plan in which all products are
inspected before they ship to the consumer, then the expected cost of nonconforming
product is rework cost plus the expected cost per unit when the process is in-control.

L =IC+[1-P(T -d, <X <T +d,)|(A, +L,) +_[::ddpk°(x_T)2 "x (X)dx(s 3.3.1a)
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Writing L, as a function of d,,

IC + A, AI & ¢(z)dz+kaj z+§) #(2)dz
L,

[ ’fdf #(2)dz
e (5.3.3.1b)

When the process is out-of-control, the expected cost of nonconforming product
is rework cost plus the expected cost per unit when process is in-control.

Lo = IC+[1-P(T—d, <X <T —d,)|(A, + L)

o Td ”k (X-T)? f,.. (X)dX (5.3.3.2a)
Writing Lo as a function of d,, we have,
Lo = IC+[ jf[[ - ]Jgﬁ(z)dz}(A +L)
+kea? [2 [[ ]] 5,2+ 5+6,) $(2)dz (5.3.3.2b)

The expected cost per unit time is

RE+RLo n ﬂh +(@a+ bn)i+i +Cf +C,,
12 Ah 1-p Ah

2 -8
+h(1—1 ﬂhjﬂs.r.
-4 2 12 (5.3.3.3)

The design parameters can be determined by minimizing the cost function
(5.3.3.3). A subroutine “DEoptim” in R program is used to solve the object. The
optimization model is expressed as follows:

EA =

h
A\
1
2

min EA(d,,n, h, ky, ks, ks)
s.t. dpLSdp Sdpu,
n.<n<ny,
O<h<hy,
0<k; <k,
0<ks <k;, <kyy,
alay,

B< Py
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5.3.3.2 An Example and Numerical Analysis

5.3.3.2.1 Example

In this section, we give an example to show the application of the economic
statistical X and S control chart considering k. = k, and d¢ > d,. We compare the
optimal solutions and the expected costs of three types of X and S control charts: (1)
Shewhart-type economic X and S control charts with design h and d,, (2) economic
statistical X and S control charts with a given n, and (3) economic statistical X and
S control charts with all design parameters. A subroutine “DEoptim” in R program is
used to determine the optimal solutions in the optimization models.

The data which we use in this section is the same as 2.2.1, and the input
parameters are set by 8;=1.5, 8,=2, A= 100,A,=20, R=30, A=0.01, Ts,;=3, a=0.5,
b=0.1, Cs,=35, and C=50.

(1) Shewhart-type economic X and S control charts with design h and d,

To construct the Shewhart-type economic X and S charts when n = 10 and « =
0.00539 (g =as=0.0027), we calculated that k; = 3, k, = 1.735, k3 = 0.371, and f§ =
0.06502. The expected cost per unit time of the optimal Shewhart-type economic X
and S charts is

min EA(d ,,h)
s.t.08<d, <25,
0<h<8.

The EA* is 1123.083, h™ is 8, and d, is 25. Under the d,, the rate of
nonconforming product is 0, and the optimal Shewhart-type economic X and S
charts are constructed as follows.

UCL; =3 2 UCLs =1.735
LCLy =-3 LCLs =0.371

Plotting the data in Shewhart-type control charts shows whether they are
in-control. Figure 5.3.3.2 shows that no points fall outside the limits of Shewhart-type
X and S control charts, thus indicating that these charts can be used to monitor the
future process. Figure 5.3.3.3 shows that all products fall into the producer
specification.
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Shewhart type X-bar control chart Shewhart type s control chart

UCL,

xhar

sample mean
]
1
sample standard deviation

00 05 10 15 20 25 30

|

Observation Observation

Figure 5.3.3.2. Shewhart-Type Economic X and S Control Chart with Consumer and Producer

Tolerances
_ in-control dist.
——————— out-of-control dist_
[ L=Lg
A =100 =
A,=20 "
X
T-d,=-559 T-d,=-25 p=0p+8,0=15  T+d,=25 T+d:=558

Figure 5.3.3.3. Optimal Consumer and Producer Loss Functions with In-Control and Out-Of-Control

Distributions

(2) Economic statistical X and S control charts with a givenn

The design parameters are determined with a given n by minimizing the cost
function to construct the economic statistical X and S control charts. The expected
cost per unit time of the optimal economic statistical X and S charts is

min EA(d,, h, ky, K, ks)
s.t. 08<d, <25,
0<h<8,
0<k, <4,
O<ks; <k, <42,
0 <001,
£<02.

The optimal design parameters are dy* = 25, h* = 8, k;* = 3.075, k,* = 3.100, ks*
=0.018, a* = 0.00210, and p* = 0.2. The EA* is 1051.767. The optimal economic
statistical X and S charts are constructed as follows.
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UCL; =3075 _ UCLs =3.100
LCL, =-3.075 LCLs =0.018

Figure 5.3.3.4 shows the optimal economic statistical X and S control charts.
No points fall outside the limits of the optimal charts. Because the optimal producer
tolerance is the same as the previous, all in-control and out-of-control products are in
the producer specification limits.

Economic statistical X-bar control chart Economic statistical s control chart

UCL har LCL,

sample mean
0
1
sample standard deviation

00 05 10 15 20 25 3.0 35

é

LCL e

|
o
O
=

o

Observation Observation

Figure 5.3.3.4. Optimal Economic Statistical X and S Control Charts with Consumer and Producer

Tolerances and with a Given n

(3) Economic statistical X and S control charts with all design parameters

Assuming that all design parameters can be determined by minimizing the cost
function, the expected cost per unit time of the optimum economic statistical X and
S charts is

min EA(d,,n, h,ky, Kz, ks)
s.t. 08<d, <25,

2<n<25,

0<h<8,

0<k, <4,

0<ks <k, <42,

a <001,

p<02.

The parameters are dp* = 25, n* =7, h* = 8, ki* = 3.265, ky* = 1.963, ks* =
0.002, o* = 0.000184, and p* = 0.2. The EA* is 1051.743. Under the dy*, the rate of
nonconforming product is 0, and the optimal economic statistical X and S charts are
constructed as follows.

UCL; =3.265 an UCLs =1.963
LCLy =-3.265 LCLs =0.002

Finally, we compare the optimal solutions and expected cost of these 3 types

design charts (Table 5.3.3.1).
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Comparing with “Shewhart-type” and “economic statistical chart with a given n”
leads to following findings:

(i) If producer can design the chart, k;* and ko* should increase and EA* will reduce.

(ii) Using Economic statistical X and s chart without design n, EA* could save about
6%. And the false alarm rate of economic statistical chart without design n will
decrease, but it’s true alarm rate will decrease.

(iii) The optimal producer tolerance all equal to 25 and consumer tolerance equaling
to 55.0917 can be calculated.

Comparing economic statistical chart with design n and with given n leads to
following findings:

(iv) If producer can decide all design parameter of control chart, d,* should be
increase, n* should decrease from 10 to 7, k;* should increase and k,* should
decrease and EA* will reduce.

Because the expected cost per unit time cannot be saved a lot when we use
economic statistical control chart with consumer tolerance, we advise that it is more
convenience for using Shewhart type control chart and let consumer and producer
tolerances equal to 25.

Table 5.3.3.1. Comparison of Three Types Design Charts under the Model with k, =k, d.> dj, and
Specified A > Specified A,

dc* dp* pp n h* k]_ k2 k3 a ﬁ EA*

(1) Shewhart-type economic
55.902| 25/ 0 10| 8

w

. 1.735|0.371[0.00539| 0.06502|1123.083
X and S control charts

de* |do*| pp | n | * | ke* | ke | ke* | a* | p* | EA*

(2) Economic statistical X
and S control charts with| 55.902| 25| 0| 10| 8[3.075|3.100/0.018/|0.00210( 0.20000(1051.767

agivenn

dC* dp* pp n* h* kl* k2* k3* a* ﬂ* EA*

(3) Economic statistical X
and S control charts with | 55.902| 25 o 7

all design parameters

[ee]

3.265| 1.963| 0.002(0.00185| 0.20000| 1051.743
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5.3.3.2.2 The Effects of Optimal Design Parameters under Different Combination
6 and o for a Given In-control Distribution

This section sets the process mean and variance in different combinations to
show the manner in which the process mean and variance affect the design parameters
and the expected cost. Furthermore, it compares these optimal economic statistical
control charts with Shewhart-type economic control charts, which fix the false alarm
rate of each chart under 0.0027. Other input parameters of the cost function are A.=
100, A;,=20,T=0,8:=15,6,=2,k=4,R=30,2=0.01, Ts;, =3,a=0.5b=0.1,
Csr. = 35, and C; = 50.

The results of these objects are shown in Table 5.3.3.2. Comparing the optimal
solutions of economic statistical X and S charts under different combinations of
process mean and variance leads to the following findings:

(i) Under o equals to 0, when o decreases from 2 to 1, dy*, n* and h* will not change,
and the width of X and S charts will be smaller, and EA* will reduce about 1.3%.

(if) Under 6 equals to 1, when ¢ decreases from 2 to 1, dy*, n* and h* will not change,
the width of X and S charts will be smaller, and EA* will reduce about 1.7%.

(iif) Under o equals to 1, when o increases from 0 to 1, dy*, n*, h* will not change,
the width of X will increase and the width of S charts will decrease, EA* will
reduce about 0.3%.

(iv) Under o equals to 2, when o increases from 0 to 1, dy*, n*, h* will not change,
the width of X will increase and the width of S charts will decrease, and EA* will
reduce about 0.1%.

Comparing with economic statistical control charts and Shewhart type economic
control charts base on same combination of process mean and variance leads to
following findings:

(v) EA* of economic statistical X and S charts are a little higher than Shewhart type
economic X and s charts’.

(vi) The a* of Economic Statistic X and s chart is smaller, but its 4* is smaller, too.

According to the findings (i)-(iv), decreasing variance can reduce costs more
than improving the mean can. If a producer improves the variance, the producer
should reduce the width of the X and S charts. In all situations, optimal producer
tolerance equals to 25 and all products are in the producer specification limits.
According to findings (v)-(vi), the expected costs of the two charts are similar.
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Producers are advised to use the Shewhart-type economic X and S charts depending
on the convenience of using the chart.

Table 5.3.3.2. The Optimum Solution of “Economic Statistic X and S Charts” and “Shewhart Type
Economic X and S Chart” with k, = k, d. > d,, and Specified A, > Specified A,

Economic Statistical X and S Control Charts

*

. «| «| . +|UCLk | LCLy| UCL; | LCL;

d | dy |n"|h a* | p* | EA*
k") | (9] (9 | k)

6.885 | 6.885 | 3.790 0.003
(1)d=0ando=2 | 55.902 | 25 | 7 8 0.00204 0.2 1054.366
(3.443) | (3.443) | (1.895) (0.001)

3.265 | 3.265 | 1.963 0.002
(2)6=0ando=1 | 55902 | 25 | 7 8 0.00185 0.2 1051.743
(3.265) | (3.265) | (1.963) (0.002)

7.577 | 5.577 | 3.907 0.003

(3)8=lando=2 | 55.902 | 25 | 7 | 8 0.00184| 0.2 |1054.979
(3.288) | (3.288) | (1.954) (0.002)
4431 | 2431 | 2.018 0

(4)3=1ando=1 | 55.902 | 25 | 7 | 8 0.00078| 0.2 |1051.900
(3.431) | (3.431) | (2.018) )

Shewhart-Type Economic X and S Control Charts

* * * * UCL7 LCL7 UCL LCL
d. |dp, [n" [h X X ° |« B EA*

(k1) (k1) (k2) (ks)
6 6 3.806 0.532

(1)6=0andoc=2 | 55902 | 25 | 7 | 8 0.00539 | 0.16024 | 1076.541
3 (3) (1.903) (0.266)
3 3 1.903 0.266

(2)6=0ando=1 | 55902 | 25 | 7 | 8 0.00539 | 0.16024 | 1073.910
3) (3) (1.903) (0.266)
7 5 3.806 0.532

(3)6=1landoc=2 | 55902 | 25 | 7 | 8 0.00539 | 0.16024 | 1077.121
3) (3) (1.903) (0.266)
4 2 1.903 0.266

(4)6=1lando=1 | 55902 | 25 | 7 | 8 0.00539 | 0.16024 | 1074.055
3) (3) (1.903) (0.266)
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5.3.3.2.3 Determine Optimal in Control Distribution with Minimum Expected
Cost Per Unit Time.

This section determines the optimal solutions for 2 situations.

Situation (1): o is known, § is unknown, and the optimal design parameters of X and
S charts are unknown. Given (o, 81, 62, A, Ap, R, k, A, Ts, &, b, C, Cp) = (2, 1.5, 2,
100, 20, 30, 4, 0.01, 3, 0.5, 0.1, 35, 50).

min EA(d,,n, h, ky, Kz, ks, )
s.t. 08<d, <25
2<n<25,
0<h<s8,
0<k, <4,
0<ks <k, <42,
0<o0<2,
a <0.01,
p <02

Situation (2): §, o, and the optimal design parameters of X and S charts are unknown.
Given (31, 82, Ac, Ap, R, k, A, Ts, &, b, Cqr, Cr) = (1.5, 2, 100, 20, 30, 4, 0.01, 3, 0.5,
0.1, 35, 50).
min EA(d,,n, h,k;, K, ks, &,0)
s.t. 08<d, <25,
2<n<25,
0<h<s8,
0<k, <4,
0<k; <k, <42,
0<0<2,
05<0 <4,
o <0.01,
£ <02,

To determine the optimal solutions in above models, we use a subroutine
“DEoptim” in R program.

Table 5.3.3.3 shows the optimal solutions of these objects and leads to the
following findings:

(i) In situation (1), the 6* is approximately 0. This means that if a producer can design
a process mean, it should choose a mean as close to the target as possible.

(ii) In situation (2), 6* is approximately 0 and o* is 0.5. This means that if a producer
can design the mean and variance, u* should be as close to the target as possible,

and o* should be small.
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(iii) Compare situation (1) to (1) in Table 5.3.3.2, when p is unknown, dp* and design
parameters are the same, but EA* is smaller for p = T.

(iv) Compare situation (2) to (1) in Table 5.3.3.2, when p and o are unknown, the
width of the X chart is smaller, and the width of the S chart is larger, and EA* is
smaller.

Table 5.3.3.3. The Optimum Solutions and In-Control Distribution of “Economic Statistic X Aand S Charts”
and “Shewhart-Type Economic X and S Chart” with k, = k;, d. > d,, and Specified A; >
Specified A,

Economic statistical X and S control charts

w| x| | x|, +|UCLy | LCLx | UCL; | LCL;

situation 0* |o | de [dp [N |h a* | p* EA*
(ka*) | (k*) | (k*) | (ke*)
(1) o is known, & is | 1.295E 55.90 6.577 | -6.577 | 3.907 | 0.003
-- 25| 7 | 8 0.00184| 0.2 1054.365
unknown (c=2) | -12 2 (3.289) | (3.289) | (1.954) | (0.001)
(2) 6 and o are 1.014E 55.90 1.705 | -1.705 | 0.953 | 0.002
0.5 251 7 | 8 0.00196| 0.2 1050.933
unknown -05 2 (3.411) | (3.411) | (1.907) | (0.004)

Shewhart type Economic X and S control charts

* * * * * UCLX LCL)? UCLS LCLS

situation 0* |o | de [dp [N |h o S EA*
(ka) (k) (k) (ks)
(1) o is known, & is | 4.964E 55.90 6 -6 3.806 | 0.532
-- 25| 7 8 0.00539 | 0.16024 | 1090.573
unknown (c=2) | -14 2 3) 3) (1.903) | (0.266)
(2) 8 and o are 1.001E 55.90 15 -1.5 | 0.9515 | 0.133
0.5 25| 7 | 8 0.00539| 0.16024 | 1073.316
unknown -05 2 3) 3) (1.903) | (0.266)
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5.3.3.3 Sensitivity Analysis

The economic cost model without tolerance requires the user to specify 12 cost
and process parameters. Consider the levels of these parameters to be: 6 = (1,1.5,2), ¢

= (1,2,2.5), &

(1,1525), & = (1L152), R = (30,100,500), (AcA,) =

((200,20),(200,80),(300,300) ), A = (0.01,0.05,0.1), T, = (3,2,1),a = (0.5,50,100), b =
(0.1,1,5), and (Cs,,Cs) = ( (35,50),(50,25),(100,40) ). We adopt 27 combinations of

these parameters by using a same orthogonal array table L27(313) (Table 5.2.4). Table
5.3.3.4 shows the optimal solutions for these 27 combinations of input parameters and

Table 5.3.3.4. The Optimal Solutions for 27 Combinations of Input Parmaters under the Cost Model
with k, =k, d¢ > dp, and Specified A; > Specified A,

*

*

*

*

*

No| d | k& | do" | ke |0 | b* | ket | ke* | ke* | @ J; EA*
1| 27.95 0.38 | 25.00 0.38 10 8.00 3.41 1.77 0.02 | 1.58E-03 0.20 9242.42
2 | 39.53 0.13 | 25.00 0.13 25 8.00 3.74 4.04 0.02 | 1.86E-04 0.20 1313.75
3| 55.90 0.03 | 25.00 0.03 4 8.00 3.74 4.07 0.00 | 1.86E-04 0.20 6398.02
4 | 55.90 0.03 | 25.00 0.03 17 8.00 3.73 1.93 0.03 | 1.89E-04 0.20 1305.68
51 39.53 0.13 | 25.00 0.13 6 8.00 2.83 3.99 0.00 | 4.62E-03 0.20 | 18069.97
6| 27.95 0.38 | 25.00 0.38 3 8.00 3.49 4.12 0.00 | 4.86E-04 0.20 3679.91
7 | 55.90 0.03 | 25.00 0.03 3 8.00 2.82 2.96 0.00 | 4.93E-03 0.20 3558.16
8 | 39.53 0.13 | 25.00 0.13 3 8.00 3.49 4.01 0.00 | 4.86E-04 0.20 6529.26
9| 3953 0.13 | 25.00 0.13 8 8.00 3.25 1.70 0.00 | 6.47E-03 0.20 1089.63

10 | 39.53 0.13 | 25.00 0.13 3 8.00 2.73 3.44 0.01 | 6.50E-03 0.20 573.55

11 | 55.90 0.03 | 25.00 0.03 10 8.00 3.90 4.03 0.01 | 9.55E-05 0.20 397.05

12 | 55.90 0.03 | 25.00 0.03 14 8.00 2.90 3.16 0.04 | 3.73E-03 0.20 1051.61

13 | 55.90 0.03 | 25.00 0.03 6 8.00 3.10 1.89 0.00 | 5.00E-03 0.20 1815.59

14 | 27.95 0.38 | 25.00 0.38 5 8.00 3.91 4.16 0.00 | 9.25E-05 0.20 9731.75

15 | 39.53 0.13 | 25.00 0.13 9 8.00 3.24 4.19 0.01 | 1.21E-03 0.20 1874.01

16 | 39.53 0.13 | 25.00 0.13 3 8.00 3.07 3.59 0.00 | 2.13E-03 0.20 3627.34

17 | 27.95 0.38 | 25.00 0.38 12 8.00 3.93 4.16 0.02 | 8.36E-05 0.20 430.81

18 | 27.95 0.38 | 25.00 0.38 6 8.00 2.83 4.17 0.00 | 4.62E-03 0.20 1902.74

19 | 39.53 0.13 | 25.00 0.13 14 8.00 3.93 4.13 0.01 | 8.52E-05 0.20 387.27

20 | 27.95 0.38 | 25.00 0.38 7 8.00 3.24 1.97 0.00 | 1.87E-03 0.20 | 18331.31

21 | 55.90 0.03 | 25.00 0.03 7 8.00 2.71 4.18 0.00 | 6.81E-03 0.20 | 17654.08

22 | 27.95 0.38 | 25.00 0.38 3 8.00 3.07 3.74 0.00 | 2.14E-03 0.20 558.59

23| 39.53 0.13 | 25.00 0.13 12 8.00 2.62 3.30 0.02 | 8.73E-03 0.20 9271.83
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24 | 55.90 | 0.03 | 25.00 | 0.03 13| 800| 296| 153 | 0.00| 8.08E-03 | 0.20 9315.35
25| 27.95| 0.38| 25.00 | 0.38 23| 800| 395| 390 | 0.08| 7.68E-05| 0.20 1425.03
26 | 27.95| 0.38| 25.00| 0.38 13| 800 | 298| 153 | 0.00| 832E-03| 0.20 1125.80
27| 55.90 | 0.03 | 25.00 | 0.03 3| 800| 349 | 420| 0.00| 495E-04 | 0.20 560.52

Table 5.3.3.5 shows the main effects of the optimal solutions and optimal values
for three input parameter levels and it produces the following findings:

(i) 61 and A are significant to average sample size n*. When 3, increases, average n*

decreases. When A increases, average n* increases.

(i) A is significant to average ki*. When A increases, average ki;* increases.

(iii) 01 and &, are significant to average k;*. When 6, increases, average ko* increases.
When &, increases, average ko* decreases.

(iv) All input parameters are significant to average EA*. When 9, o, R, or (A¢,Ap)
increase, average EA* increase. When &;, increase, average EA* increases first
then decreases. d,, Tsr, &, Or b increases, average EA* decrease first then increases.

(5) All input parameters are not significant to average producer tolerance d,*. Average
dp™ equals to 25 for all levels of input parameters. Since d¢* is calculated by dp, A,
and A, the combination of (A¢,Ap) is significant to dc*.

Table 5.3.3.5. Main Effect of the Optimal Solutions and Optimal Values under the Model with k, = k, d.> d,,

and Specified A > Specified A,

Level |5 o d1 3> R (AcAp) Ty a b (Csn,Cr)
1{ 41.13] 41.13| 41.13| 41.13] 41.13] 55.90| 41.13| 41.13| 41.13| 41.13] 41.13
d_C 2| 41.13| 41.13| 41.13| 41.13[ 41.13| 39.53| 41.13] 41.13| 41.13| 41.13| 41.13
3| 41.13| 41.13| 41.13| 41.13| 41.13| 27.95| 41.13| 41.13| 41.13| 41.13| 41.13
diff 0.00 0.00 0.00 0.00 0.00{ 27.95 0.00 0.00 0.00 0.00 0.00

Level |5 c 3y 3, R (AcAp) Ty a b (Cs,Cy)
1f 25.00] 25.00] 25.00] 25.00] 25.00{ 25.00] 25.00] 25.00[ 25.00[ 25.00f 25.00
a 2| 25.00f 25.00] 25.00f 25.00f 25.00{ 25.00] 25.00] 25.00[ 25.00[ 25.00{ 25.00
3 25.00] 25.00] 25.00] 25.00{ 25.00{ 25.00] 25.00] 25.00] 25.00[ 25.00] 25.00
diff ~ 0.00, 0.00f 0.000 0.00f 0.00f 0.00f 0.000 0.00f 0.00, 0.00f 0.00

Level |5 c d1 3> R (AcAp) Ty a b (Csn,Co)
B 1 9.22 9.44| 15.00 8.89 8.89 8.56 7.11 9.56 8.67 9.56 9.33
" 2 8.78 8.67 8.56 9.89( 10.56 9.22 7.22 8.00 9.44 9.00 8.89
3 8.89 8.78 3.33 8.11 7.44 9.11) 12.56 9.33 8.78 8.33 8.67
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diff 0.44 0.78| 11.67 1.78 3.11 0.67| 5.44 1.56 0.78 1.22 0.67
Level |5 G 81 5, R (ALA) A Ty a b (Cs,Cy)

1 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00

h 2 8.00 8.00 8.00 8.00 8.00 8.00f 8.00 8.00 8.00 8.00 8.00

3 8.00 8.00 8.00 8.00 8.00 8.00f 8.00 8.00 8.00 8.00 8.00

diff 0.00 0.00f 0.00[{ 0.00 0.00 0.00f 0.00 0.00 0.00 0.00 0.00

Level 8 G 81 82 R|(A.A) A Ty a bl (Cg.C)

1 3.32 3.21 3.28 3.28 3.35 3.26| 3.03 3.29 3.21 3.43 3.34

Izl 2 3.33 3.30 3.30 3.27 3.33 3.21] 3.05 3.41 3.38 3.29 3.30

3 3.25 3.39 3.31 3.35 3.21 342 381 3.19 3.31 3.18 3.26

diff 0.07 0.18 0.03|] 0.08 0.14 0.21 0.78 0.23 0.17 0.26 0.08

Level ) c d1 &y Rl (A.A)) A T a bl (Cs,Cy)

1 3.40 3.57 254 3.87 3.34 311  3.02 3.30 3.11 3.46 3.44

IZZ 2 3.11 3.18| 3.64] 3.45 3.42 3.60] 3.14 3.36 3.41 3.47 3.40

3 3.47 3.24] 381 2.66 3.22| 3.28/ 3.83 3.32 3.46 3.06 3.15

diff 0.35 0.40 1.27 1.21 0.20f 0.49] 0.80 0.06 0.35 0.41 0.29
Level |6 c d1 Sy R (AcAp) A T a b (Csn,C)

1 0.01 0.01 0.02] 0.02 0.01 0.01f 0.00 0.02 0.01 0.01 0.01

Izg 2 0.01 0.01 0.01f 0.01 0.02 0.01f 0.01 0.01 0.01 0.01 0.01

3 0.01 0.01 0.00] 0.01 0.01 0.01f 0.02 0.00 0.00 0.01 0.01

diff 0.00 0.00] 0.02] 0.01 0.01f 0.01] 0.01 0.01 0.01 0.00 0.01
Level |6 c &1 3y R (AcAp) A T a b (Csr,Co)

1| 0.0025| 0.0027| 0.0042| 0.0026( 0.0031| 0.0033| 0.0044 0.0027( 0.0031| 0.0013| 0.0023

a 2| 0.0028] 0.0031] 0.0027] 0.0032] 0.0021| 0.0034| 0.0043] 0.0020{ 0.0024| 0.0037| 0.0031

3| 0.0035| 0.0030|] 0.0019] 0.0030] 0.0036/ 0.0021| 0.0002] 0.0042( 0.0033| 0.0038] 0.0034

difff 0.0010] 0.0003| 0.0022( 0.0006( 0.0015| 0.0012| 0.0042| 0.0022( 0.0009| 0.0026] 0.0012
Level |6 c &1 3y R (AcAp) A Ty a b (Csr,Co)

1| 0.2000] 0.2000{ 0.2000] 0.2000( 0.2000| 0.2000| 0.2000( 0.2000| 0.2000| 0.2000 0.2000

B 2| 0.2000f 0.2000| 0.2000] 0.2000] 0.2000{ 0.2000| 0.2000f 0.2000{ 0.2000( 0.2000] 0.2000

3| 0.2000f 0.2000| 0.2000] 0.2000] 0.2000{ 0.2000| 0.2000f 0.2000{ 0.2000( 0.2000] 0.2000

difff 0.0000] 0.0000{ 0.0000{ 0.0000( 0.0000| 0.0000{ 0.0000| 0.0000( 0.0000f 0.0000{ 0.0000
Level |6 c &1 5y R (AcA) X T a b (Csn,Co)

1| 4730.63| 4688.65| 3904.57| 4765.32| 686.09| 4672.90| 7576.42 4762.95| 4785.29| 5125.53| 5108.24

EA\ 2| 4786.49| 4773.02| 6762.54| 4699.75| 2278.02| 4748.51| 3901.62| 4707.37| 4737.91| 4713.95| 4761.86

3| 5063.00] 5118.44| 3913.01] 5115.04]|11616.00| 5158.71| 3102.07| 5109.79 5056.91| 4740.63| 4710.01

difff 332.38| 429.79| 2857.97| 415.29(10929.91| 485.81| 4474.35| 402.42| 319.00] 411.57] 398.22
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In Table 5.3.3.6, if the input parameter is significant to optimal design parameter
and their relationship is linear and positive, we use notation “+”, if the input
parameter is significant and their relationship is linear and negative, we use notation
“- and if the input parameter is significant and their relationship is quadratic, we use
notation “q*; otherwise, we use notation “N”.

Table 5.3.3.6. The Significant Input Parameters of Each Design Parameter and EA under the Model
with k, = ke, d.> d,, and Specified A > Specified A,

Optimal Input parameters

design

parameters 8 o & & R AA) A Ty a b (Csr,Cy)
and EA

d. N N N N N - N N N N N
d, N N N N N N N N N N
n N N - N N N + N N N N
h N N N N N N N N N N N
k, N N N N N N + N N N N
K, N N + - N N N N N N N
Ky N N N N N N N N N N N
EA + + 9 g + + -4 9 q q

110



6. EXAMPLES AND SENSITIVITY ANALYSIS COMPARISON FOR ALL
TYPES OF LOSS FUNCTIONS

6.1 Examples Comparison

Previous sections mentioned the cost models considering different types of loss
functions. This section shows a comparison of the optimal solutions and optimal
expected cost per unit time of these cost models. All optimal solutions of economic
statistical X and S charts with a given n are shown in Table 6.1 and leads to
following findings:

(i) In (1), the EA* is smaller than those in (3) to (8) since it does not include the

rework cost and consumer loss. Furthermore, The width of X chart is larger and
the width of S chart is smaller.

(i) In (2), the EA* is the smallest in 8 models since it only consider the loss of
consumer. Furthermore » The width of X chart is larger and the width of S chart
is smaller.

(iv) In (4), when we only know the A; and d.> d,, the d,* is smaller than those in (3)
to (8) since we want to avoid nonconforming product for consumer and reduce
the rework cost.

(iii) In (5), when k. > k, and dc = dp, dc* should be equal to d,*, since we want to
reduce the rate of nonconforming product for consumer and reduce the loss of
consumer.

(iv) In (6), when k. < k, and d¢> dp, the optimal design of control charts is the same as
those in (3) since we don’t have to consider consumer loss in this situation.

(v) In (7), when k> k, and d¢c > dp, dc* is smaller since L > L, and we want to reduce
the rate of nonconforming product for consumer.

(vi) In (8), dc* is higher than other models because we only determine d,*, and dc* is
calculated by ky = Ke.

(vii) If ke > kp, producer are advised to use (7) and let d,* be smaller. If k. = ki,
producer are advised to use (3) for convenience and EA* is smaller.
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Table 6.2. Compare all economic statistical design of X and S charts with given n of the example

model de* | do* | h* | ke* | ko* | ke* | a* | f*| EA*
(1) Without tolerance None| None| 8|3.581| 2.194| 0.017| 0.00034| 0.2| 109.572
(2) Only with d 25| None| 8|4.000| 2.001| 0.005| 0.00010| 0.2 4.712
(3) Only with d, None 25| 8/3.061| 3.881| 0.000|0.00221| 0.2| 1051.767
(4) ko = k¢, dc>dp, and A > A,
where A is specified and A, 25| 11.18| 8|3.061| 3.933| 0.006| 0.00221| 0.2| 1055.262
is determined
(5) ke >kp, dc = dp, and Ac > A,
L 25 25| 8(3.061|4.042| 0.005|0.00221| 0.2| 1055.262
where A and A, are specified
(6) ke < kp, dc>dpand A; > A,
o > 25 25| 8(3.061|3.881| 0.000|0.00221| 0.2| 1051.767
where A and A,, are specified
(7) ke > kp, dc>dp and Ac > A,
o 25(12.157| 8|3.061| 3.856| 0.008|0.00221| 0.2| 1055.262
where A and A,, are specified
(8) kp = k¢, dc > dp, and A > Ay
. | 55.902 25| 8(3.075|3.100| 0.018|0.00210| 0.2| 1051.767
where A and A,, are specified
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6.2 Sensitivity Analysis Comparison

Figures 6.1-6.10 show a comparison of the variations of each optimal parameter
design under 8 models using the following main effect plot. The x-axis represents the
levels of each parameter, and the y-axis represents the value of the average optimal
design of the parameter under each level. The comparison of the models produces the
following results:

(1) In Figure 6.1, all input parameters are not significant to average d.* in all models.

(i) In Figure 6.2, only in model (4) and (7), o and (A.,Ap) are significant to average
dp*. The average dy* is smaller in model (7). The input parameters are not
significant to dy, *in other models.

(iii) In Figure 6.3, 6, is significant to average n* in 8 models, A is significant to
average n* in 7 models except model (1), and a and b are only significant to
average n* in model (1). The average n* is higher in model (1).

(iv) In Figure 6.4, all input parameters are not significant to average h* in 8 models.
However, average h* in model (1) is smaller than in other 7 models.

(v) In Figure 6.5, A is significant to average ki;* in 7 models except model (1).
However, average k;* is smaller in model (1).

(vi) In Figure 6.6, 4, is significant to average ko in 7 models except model (1), and &,
is significant to average ko* in all models. However, average k,* in mode (1) is
smaller.

(vii) In Figure 6.7 and 6.8, all input parameters are not significant to average ks* and
average o* in all models.

(viii) In Figure 6.9, all input parameters are not significant to average f* in 7 models
except model (1), and a is significant to average f* in model (1). However,
average S* is smaller in model (1).

(ix) In Figure 6.10, all input parameters are significant to average EA* in model (1)
but not significant in model (3). Only R and A are significant to average EA* in
rest 6 models.
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7. CONCLUSION

To monitor the process and reduce the rate of nonconforming products with a
complete inspection plan, this study proposes the design of economicX and S charts,
consumer tolerance and producer tolerance to minimize expected cost per unit time.
These models include the concept of tolerance and loss function in the economic
control charts. This study assumes that consumer loss function and producer loss
function are not necessarily the same. To conclude all situations of consumer and
producer loss functions, eight cost models are in this study. These eight cost models
are derived by using renewal processes and renewal reward processes approach, and
the differential evolution algorithm is applied to find the optimal solutions of the eight
proposed cost models.

The example of each proposed cost model shows the construction and
application of control charts and specifications. The numerical analysis shows that it
is more convenient to use Shewhart-type economic X and S charts because their
expected costs are almost same, and decreasing the variance can significant reduce
costs. Sensitivity analysis of each proposed cost model shows the significant input
parameters to optimal design parameter and their relationship. The comparisons of
examples and sensitivity analysis produced the following results:

(1) The expected cost per unit time is lower than the actual cost per unit time when
the cost model only considering consumer loss or producer loss. However, if the
producer loss is higher than the consumer loss, the producer is advised to use the
cost model only with producer tolerance.

(2) In the cost models considering producer tolerance and consumer tolerance, &; and
A are significant to average n*, all input parameters are not significant to average
h*, A is significant to average ki*, and 8, and & is significant to average k,*. All
input parameters are not significant to average d.*, o and (A, Ap) are significant to
average dp* in model “k, = K, dc > dp, and specified A; > determined A,” and “k;>
kp, dc> dy, and specified A; > specified Ay”. All input parameters are significant to
average EA*.

(3) The design parameters of economic statistical X and S control charts are not
sensitive to the cost models considering the consumer tolerance and the producer
tolerance.

(4) f the producer tolerance is smaller than the consumer tolerance, and the producer
loss is smaller than the consumer loss, the optimal producer tolerance should be
small.
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In the future, the study can be extended to a cost model containing the EWMA
and EWMS charts and tolerances of customers and producers. Furthermore, the
economic model may contain multiple assignable causes.
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