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ABSTRACT 

 

A single Bivariate loss chart to monitor both the mean vector and the covariance 

matrix of a process with two correlated quality characteristics is proposed. Unlike 

existing multivariate charts, our proposed control chart is based on bivariate average 

loss function. With this feature, we could monitor the average loss of the product. It 

was shown that the proposed loss chart could detect small changes in process 

parameters quickly. We compared the performance of the proposed chart with some 

multivariate charts, like Max Bivariate
 
chart, Max CUSUM chart, MEWMA chart, 

EWMA M-chart, S  chart and EWMA V-chart. Our proposed chart performs rather 

well when monitoring both the mean vector and the covariance matrix simultaneously. 

An example is given to illustrate the proposed chart. 
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Chapter 1.  Introduction 

1.1 The Importance of the Process Control 

Dr. Walter Shewhart first introduced the control charts in early 1920, and people 

started to use these charts to monitor the process. The X-bar chart and R (or S) chart 

were widely used to control process mean and variability for variables data. Because 

Shewhart charts are difficult to detect small shifts, Page developed the cumulative 

sum (CUSUM) chart in 1954 and Robert brought us the exponentially weighted 

moving average (EWMA) chart in 1959. These are mainly used for variables data. 

Later on some statisticians proposed the adaptive charts to improve the performance 

of the traditional Shewhart charts. Normally samples taken at fixed sampling interval, 

some studies had shown that control charts with variable sample sizes (VSS), and/or 

variable sampling intervals (VSI) perform better than the traditional charts. Reynold 

et al. (1988) and Chengalur et al. (1989) proposed VSI X chart to monitor process 

mean. Costa (1999) introduced the VSI RX &  charts to monitor both the process 

mean and the variability. Prabhu et al. (1994) proposed VSSI X  chart. More and 

more newly proposed charts dealing with more complex situations, such as, to 

monitor both the process mean and variability simultaneously with several correlated 

quality characteristics. 

 

 

1.2 Research Problem 

Two charts are alwaus used to monitor the mean vector and the covariance 

matrix simultaneously. What we would like to do is to propose a single chart to 

achieve the same goal. Only a few single multivariate control charts existed to 
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monitor the process mean vector and covariance matrix at the same time. Some 

showed that they are insensitive to detect small shifts. We take this into consideration 

when design the new chart. 

 

1.3 Research Purpose 

In this project, we would propose a Bivariate Loss (BL) control chart. The BL 

chart is based on the average loss of two quality characteristics. With bivariate loss 

function, we can combine the mean vector and the covariance matrix into a single 

statistic, which could be used to monitor the process mean vector and covariance 

matrix simultaneously. Many multivariate schemes that involved the target vector 

assumed it equals the process mean. However, our proposed chart would allow the 

mean vector to shift from the target vector when the process is in-control. 

 

1.4 Literature Review 

It is common to see that quality characteristics are correlated in some 

products/processes. Woodall and Montgomery (1999) and Stoumbos et al. (2000) 

pointed out the importance of the research of the multivariate control charts. To 

monitor such quality characteristics simultaneously, there existed a few control charts. 

Hotelling (1947) proposed the Hotelling-T
2
 chart to monitor the process mean vector, 

but it is insensitive to small and moderate shifts. There were other issues in 

monitoring process mean vector. Jackson (1959) transformed the original correlated 

variables into principal components and used these new orthogonal variables to 

construct control charts. However, it’s hard to get interpretation of out-of-control 

signals unless the principal components have meaning.  

To improve the power of small shifts, there existed several multivariate CUSUM 

and multivariate EWMA charts. Woodall and Ncube (1985) suggested using p 
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univariate CUSUM charts to monitor process mean for each of the p quality 

characteristics, and studying the ARL performance of the minimum of the p univaraite 

CUSUM run lengths using covariance matrix ∑ . But, in practice, usually the results 

of the ARL performance were not discussed.  

Healy (1987) showed that a multivariate CUSUM chart is more effective in 

detecting a shift in the mean vector in one specified direction. However, this 

procedure may not be effective in detecting the process mean vector shift in an 

unanticipated direction. Hawkins (1991) proposed an extension to Healy’s results. It 

considered several specified directions of interest and showed that this improved 

procedure could be more effective than that of Woodall and Ncube (1985).  

Crosier (1988) proposed two multivariate CUSUM charts that performs better. 

The statistic 

2/1

1

1

1 )}()'{( iiiii XSXSC +∑+= −
−

− , 

and 

,,0 1kCifS ii ≤=
 

                 111 ),/1)(( kCifCkXS iiii >−+= −  

⋯,2,1=i , where 00 =S
 

and 01 >k . This MCUSUM chart signals when  

2

2/11' }{ hSSY iii >∑= −
, 

where 02 >h . The other chart performed not as well, because the directions 

between observations and the target vector are different, this increased the value of 

the statistics that gave false signals when the process was in-control. Pignatiello and 

Runger (1990) also proposed two multivariate CUSUM charts. In Crosier (1998) and 

Pignatiello and Runger (1990), they found the unnecessarily frequent out-of-control 

signals increased because of the observations in varying directions from target vector. 
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Mohebbi and Hayre (1989) proposed a MCUSUM chart based on loss function to 

detect shifts from the target value. The statistics for 1≥n  

),0max( 1 kUTT nnn −+= − , k > 0 

and 

)('' AVtraceAXXXcU −+=  

Let )()( µLUE = .  

µµµµ AcL '')( += , 

where ),,(' 21 pcccc ⋯=
 
and A  is a positive matrix of p dimensions. The chart 

signals when 0τhTn ≥ , where h > 0 and ])[(2')0( 22

0 AVtraceVccUVar +=== µτ . 

The advantage of this chart is that through using )(µL  one could detect one-sided or 

two-sided shifts in the process mean. On the other hand, when the process mean had 

shifted, 
2

0τ
 

will be increased and ARL reduced. Through 
2

0τ , we may get some 

information. The weakness for this chart is that sometimes it could not specifically 

identify which variable caused alarm. 

Qiu and Hawkins (2001) provided the rank-based multivariate CUSUM chart. 

The CUSUM chart is distribution free. It could detect shifts in all directions but not 

for the components of the shift in the mean vector are all the same. They also 

suggested that the shift with equal components can be detected by another univariate 

CUSUM chart.  

Lowry et al. (1992) proposed the Multivariate EWMA (MEWMA) chart. It gave 

guidelines for designing an easily implemented multivariate procedure. The 

performance is better than Crosier’s (1988) MCUSUM chart.  

Tsui and Woodall (1993) suggested a MLEWMA chart based on a loss function, 

which is similar to Lowry’s MEWMA procedure. The statistics are 
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iii AZZ
r

r
Y ')

2
(

−
= , ,,2,1 ⋯=i  

and  

1)1( −−+= iii ZrrXZ , ,,2,1 ⋯=i
 

where 00 =Z
 

and 10 ≤< r . An out-of-control signal occurs when 1hYi >
 

and 

01 >h . The chart performs better than Mohebbi and Hayre’s (1989) MCUSUM chart. 

But, in some cases, MLEWMA chart isn’t as good as Lowry’s MEWMA procedure. 

Recently, Aparisi and Haro (2001) proposed the Hotelling’s T
2
 chart with variable 

sampling intervals (VSI T
2
 chart) and Chen and Hsieh (2007) suggested Hotelling’s 

T
2
 chart with variable sample size and control limit (VSSC T

2 
chart) to increase the 

efficiency in detecting the process changes. Chen and Hsieh pointed out that it’s more 

convenient for administrating VSSC T
2 

chart than VSI T
2 

chart, since adaptive 

changes in sampling intervals increases the complexity in using VSI T
2 

chart. The 

VSSC T
2 

chart may provide a good option for quick response to small shifts in a 

multivariate process.  

In 2010, Mahmoud and Zahran proposed a multivariate extension of the adaptive 

exponentially weighted moving average (AEWMA) control chart, which could be 

viewed as a smooth combination of a MEWMA chart proposed by Lowry et al. (1992) 

and a 
2χ -chart. This procedure could detect both small and large shifts in the process 

mean vector effectively. It showed that its advantage over the MEWMA chart is that it 

could detect optimally both small and large shift. The MEWMA chart is designed to 

detect either a small or a large shift, but not both. 

 Above methods are mainly proposed to detect the process mean vector. However, 

monitoring process covariance matrix is also important. Alt (1985) used S
 
chart to 

monitor the process variability, but it is insensitive to small shifts. Alt and Bedewi 
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(1986) proposed two charts to detect the covariance matrix. One is based on the 

likelihood ratio principle and another uses the sample generalized variance which is 

sometimes taken as a measure of dispersion of multivariate processes. Tang and 

Barnett (1996a, b) proposed a chart based on independent statistics resulting from the 

decomposition of the covariance matrix. They also indicated that since the procedures 

do not depend on prior estimated of the process covariance matrix, it is suitable for 

short-run manufacturing environments. Chan and Zhang (2001) proposed two 

CUSUM charts. One is via the projection pursuit method and another chart is based 

on likelihood ratio. The former chart can be used in short-run environment. Yeh et al. 

(2003) proposed an EWMA V-chart to monitor small shifts in the process variability. 

Also, there are some related issues of multivariate processes presented in Yeh et al. 

(2004, 2005). Hawkins and Maboudou-Tchao (2008) provided multivariate 

exponentially weighted moving covariance matrix chart (MEC chart) to monitor the 

stability of the covariance matrix of the process. Costa and Machado (2008) provided 

a control chart (VMAX chart) based on VMAX statistic to control the covariance 

matrix of multivariate processes. The points plotted on the chart correspond to the 

maximum of the sample variances of the p quality characteristics. They also pointed 

that the VMAX chart is faster detection of the process changes than S
 

chart and is 

better at identifying the out-of-control variables. 

 Generally, the process mean vector and covariance matrix may change 

simultaneously during the monitoring period. Few methods are proposed to use two 

charts to monitor the process mean vector and variability. The traditional combination 

is the 
2χ  chart and S

 
chart. Yeh et al. (2003) pointed out that the combined 

MEWMA and EWMA V-charts could detect shifts in both the process mean and the 

process covariance matrix better than EWMA M-chart (Yeh et al. (2003)) and EWMA 
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V-chart. Reynolds and Cho (2006) proposed a combination of MEWMA charts based 

on sample means and on the sum of the squared deviation from target. Hawkins and 

Maboudou-Tchao (2008) combined MEWMA chart and MEC chart (MAC chart). 

As of a single chart to monitor shifts in both the process mean vector and the 

covariance matrix for multivariate quality characteristics. Liu (1995) proposed several 

charts (r, Q, S charts.) based on the concept of data depth. They are constructed by 

nonparametric method, thus, they are distributed free. Also, Liu pointed out that these 

charts could be visualized and interpreted easily as the univariate X, X , and 

CUSUM charts. Spiring and Chen (1998) proposed the univariate and multivariate 

MSE chart. Yeh and Lin (2002) proposed box chart. The box-chart uses the 

probability integral transformation to get two independently and identically 

distributed uniform distributions. Therefore, when the process is out-of-control, the 

corresponding shifts in the mean vector and/or the covariance matrix could be easily 

investigate. Cheng and Thaga (2005) proposed a multivariate Max-CUSUM chart, 

Cheng and Xie (2005) suggested a multivariate Max-MEWMA chart. Also, Cheng 

and Thaga (2005) pointed out that the Max-CUSUM chart performs better than the 

Max-MEWMA chart in detecting small shifts in the process mean and the covariance 

matrix. For bivariate case, Khoo (2005) proposed a Max Bivariate chart by combining 

T
2
 chart and S chart, but it’s slow to react to the small process shifts. For above 

methods, the quality characteristics followed a bivariate normal distribution and the 

mean vector is equal to the target vector when process is in-control. Also, they only 

allow the mean vector or covariance matrix shift the same scales. Our proposed 

control chart allows more flexibility.   

In 2010, Zhang, Li, and Wang proposed a new single chart which integrates the 

exponentially weighted moving average (EWMA) procedure with the generalized 
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likelihood ratio (GLR) test for jointly monitoring both the process mean vector and 

the covariance matrix. But, they pointed out that it might not be well handled in 

practice. 

 

1.5 Proposed Method and Structure 

To monitor the process mean and the covariance matrix of the process with two 

correlated quality characteristics, we propose a few new charts: a Bivariate Loss 

control chart (BL chart), an optimal BL chart, a variable sampline sizes and sampling 

intervals (VSSI) Bivariate Loss chart (VSSI BL chart), and an optimal VSSI BL chart. 

For these charts, we use the statistic: bivariate average loss which is based on James 

and Stein (1961) bivariate loss function. We will discuss how to construct these charts 

and show their numeric studies in the next chapter. Later, we compare BL chart with 

Max Bivariate chart (Khoo (2005)), MSE chart (Spiring and Cheng(1998)), 

Max-CUSUM chart(Cheng and Thaga (2005)), Max-MEWMA chart (Cheng and Xie 

(2005)) and EWMA V-chart (Yeh et al. (2003)) using ‘average run length’ (ARL), 

‘average time to signal’ (ATS) as performance metrics. We will use an example to 

illustrate how to use BL chart and optimal VSSI BL chart. 
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Chapter 2.  The Bivariate Loss Control Chart 

2.1 Design of the Bivariate Loss Chart  

Let ),( 21 YY  be the measurements of two quality characteristics,  

and assume that  

(1) when process is in-control, 
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where 21012 σσρσ =
 
is the covariance of  (Y1, Y2) and 0ρ is the coefficient of 

correlation and 11 0 ≤≤− ρ . 5δ
 

and 6δ
 
are target shifts, in order to simplify the 

processes for the following study we set 0, 65 ≥δδ . Without loss of generality 0, 65 <δδ
 

is acceptable. 

(2) when the process is out-of-control, 
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where both 1δ  and 2δ  are the mean shift and 0, 21 ≠δδ ; 
2

3δ ,
2

4δ , are shift of the 

variance and 1, 43 ≠δδ ; and 1ρ is the coefficient correlation, 11 1 ≤≤− ρ . 

 

2.2 Average Bivariate Loss and its Distribution 

Use the following bivariate loss function to measure the loss per unit product: 

2

2222221112

2

111121 )())(()(),( TYKTYTYKTYKYYL −+−−+−=               (1) 

where Y1, Y2 are quality characteristics, T1 and T2 are target values and 

221211  and  , KKK
 
are constants. 
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E[L(Y1,Y2 )] = K11E[(Y1 − T1)2 ]+ K12E[(Y1 − T1)(Y2 − T2 )]+ K22E[(Y2 − T2 )2 ] 

Taking m samples of size n each in a fixed interval. When )),(( 21 YYLE  is 

unknown, we use the sampled average loss to estimate it: 

 

∑
=

−+−−+−=
n

j

jjjj TYKTYTYKTYK
n
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∑∑∑

===

−+−−+−=
n

j

j

n

j

jj

n

j

j TYK
n

TYTYK
n

TYK
n 1

2

2222

1

221112

1

2

1111 )(
1

))((
1

)(
1

 

∑
=

−+−−+−=
n

j

jjjj TY
K

K
TYTY

K

K
TYK

n 1

2

22

2

11

12
2211

11

122

1111 ])()
2

())(()[(
1

 

∑∑
==

−+−−
n

j

j

n

j

j TYK
n

TY
K

K

n 1

2

2222

1

2

22

11

2

12 )(
1

)(
4

1

 

    
∑ ∑

= =

−−+−+−=
n

j

n

j

jjj TY
K

K
K

n
TY

K

K
TYK

n 1 1

2

22

11

2

12
22

2

22

11

12
1111 )()

4
(

1
))(

2
(

1

 

21 RR +=                                                       

where 

R1 =
1

n
K11 [Y1 j − T1 +

K12

2K11

(Y2 j − T2 )2 ]
j=1

n

∑ ,

R2 =
1

n
(K22 −

K12

2

4K11

) (Y2 j − T2 )2

j=1

n

∑ .

 

Define BLstatistics as 

                      21 RRBL +=
.                              (3) 

It may be proved that the BL statistic is an unbiased estimator of )),(( 21 YYLE . 

When the process is in-control 

2

,

2

2

11

2

12
22

2

,12

11

122

2

2

11

122

111 0201
)

4
(

1
))

2
((

1
~ ττ χσχσσσ nn

K

K
K

nK

K

K

K
K

n
BL −+++ ,      (4) 

where 
2

, 01τχn is a non-central random variable with n degrees of freedom and a 
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non-centrality parameter 01τ , here 
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2
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)
2

(

12

11

122

2

2

11

122

1

2

26
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15
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σδσδ
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K
n

++

+

= ; and 
2

, 02τχn is a 

non-central random variable with n degree of freedom and non-centrality parameter 

02τ , here 2

62

2

2

2

2

6
02 δ

σ

σδ
τ n

n
== .  See detail in Appendix A.  

Hence 

                   2

,

2

, 0201
~ ττ χχ nn BABL + ,                        (5) 

where ))
2

((
1

12

11

122
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111 σσσ
K

K

K

K
K

n
A ++=  and 2

2

11

2

12
22 )

4
(

1
σ

K

K
K

n
B −= . 

 

2.3 The Approximated Distribution of BL 

The exact distribution of BL is not available. We would approximate the 

distribution of BL by the following steps: 

Step 1.  Given 2

,

2

, 0201
~ ττ χχ nn BABL + . 

Step 2.  Approximate the linear combination of two central 
2χ  distributions 

by Patnaik’s method (1949). 

2

1

2

, 101
~/ vn r χχ τ

•

 

2

2

2

, 202
~/ vn r χχ τ

•

 

where 
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n
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n
r

 

and 
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2
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2
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02
2

2
,1

τ

τ

τ

τ

+
+=

+
+=

n
nv

n
r . 

Thus, 2

1

2

, 101
~ vn ArA χχ τ

•

 
and 2

2

2

, 202
~ vn BrB χχ τ

•

.  

Step 3.  From Steps 1 and 2, we know that 2

111 1
~ vArRr χ
•

 
and 2

222 2
~ vBrRr χ
•

. 

Thus,  
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2

2

2

1 21
~ vv BrArBL χχ +
•

                        (6) 

Step 4.  Use Moschopoulos and Canada’s (1984) method to get approximated 

distribution of BL. 

Let 2

2

2

1 21 vv BrArQ χχ += . 

Thus, QBL
•

~ .                                                (7) 

Step 5.  From Moschopoulos and Canada (1984), the cumulative distribution 

function (c.d.f.) of Q is 

∑ ∫
∞

=

=≤=
0

0
2 )()()(

j

q

jjQ dyygabqQPqF

 

where 2)/( 212

m
ccb = , 11 Arc = , 22 Brc =  and 2,1,2/ == ivm ii .  

Also, ),( 2

)2(
jcAAa jj ==  with 

!

)/1()(
),(

1

j

ccm
jcA

j

iji

i

−
=  and 

g(y) is the pdf of a Gamma variable with shape parameter (m1 + m2 + j) 

and scale parameter 2c1. That is, )2,(~ 121 cjmmy ++Γ . 

The approximated c.d.f. of Q is compared with Imhof (1961), Farebrother (1984), and 

Liu (2009) (See Table 1.). Imhof’s (1961) method shows the exact tail probability for 

a linear combination of chi-squares. From Table 1, Farebrother’s (1984) method is 

more precise, but it’s hard to calculate. Compare Liu’s (2009) method and our method, 

we found that our method is close to the exact value when any one of the two weights 

is greater than 0.2.
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Table 1.  Compare Error% of Tail Probability P (W > w) with Imhof’s Method 

 c1(n1, 1τ ),c2(n2, 2τ ) 
w Imhof Fare. Liu. Error% 

(Liu) 

Q Error% 

(Q) 

0.7(1,6),3(1,0.2) 6 0.591269 0.591269 0.567547 4.01% 0.583908 1.24% 

 15 0.127068 0.127068 0.132639 4.38% 0.127036 0.03% 

 20 0.052153 0.052153 0.056008 7.39% 0.053024 1.67% 

 25 0.022100 0.022099 0.023224 5.09% 0.022698 2.71% 

10(1,0.1),1(1,10) 40 0.114930 0.114930 0.122072 6.21% 0.115342 0.36% 

 50 0.064546 0.064546 0.069020 6.93% 0.064661 0.18% 

 60 0.037203 0.037203 0.039296 5.63% 0.03724 0.10% 

 70 0.021772 0.021772 0.022482 3.26% 0.02181 0.17% 

1(1,1),0.6
4
(1,7) 4 0.249843 0.249843 0.254194 1.74% 0.241465 3.35% 

 5 0.169313 0.169313 0.171716 1.42% 0.161445 4.65% 

 6 0.115043 0.115043 0.115845 0.70% 0.10937 4.93% 

 9 0.035785 0.035784 0.035350 1.22% 0.035563 0.62% 

1(2,0),0.8
6
(1,8) 6 0.215605 0.215605 0.217333 0.80% 0.427449 0.77% 

 8 0.085359 0.085359 0.088209 3.34% 0.264386 1.21% 

 10 0.032178 0.032178 0.033241 3.30% 0.16129 3.10% 

 14 0.004395 0.004394 0.004111 6.46% 0.059459 5.05% 

Note: Error% = (Exact tail probability – Approximated tail probability)/(Exact tail probability)•100%. 

 

2.4 The Control Limits of the BL Chart 

Construct a bivariate loss control chart as below: 

Step 1.  Give a fixed false alarm rate α  .  

Step 2.  Let 21
0

0
2 /dy)y(gab

j

UCL

jj α−=∑ ∫
∞

=

and 2
0

0
2 /dy)y(gab

j

LCL

jj α=∑ ∫
∞

=  

to get 

control limits. 

Step 3.  Since )(qFQ  
is the sum of an infinite sequence, we compute control limits 

by taking the first N terms. Thus, our control limits are approximate values. 

                

2/1)(
0

0
2 α−=

•

=

∑ ∫
N

j

UCL

jj dyygab ,                       (8) 

                   2
0

0
2 /dy)y(gab

N

j

LCL

jj α
•

=

=∑ ∫                          (9) 
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Hence the limits of the proposed Bivariate Loss Control Chart are 

)2/1(
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QFUCL
 

)( *1
pFCL Q

−
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1
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−

•

= QFLCL  
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Charting procedure: 

Step 1.  Specify target vector (T1, T2), mean vector 
0µ

 
, and covariance matrix 

0∑
 

for in-control process. Also, set 122211  and , KKK . 

Step 2.  If 
0µ  

is unknown, use the sample mean vector
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==
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and m is the number of subgroups and n is the 

sample size. If 
0∑  

is unknown, use sample covariance matrix 














=

2

212

12

2

1

ss

ss
S  to estimate it, where we use mcss

m

k

k /)/(
1

411 ∑
=

=  to 

estimate 1σ , mcss
m

k

k /)/(
1

422 ∑
=

=
 

to estimate 2σ  and use sample correlation 

to estimate 
0ρ . 

Step 3.  For each subgroup calculate 
iBL . 

Step 4.  Specify our ARL0, the in-control ARL, and calculate control limits. 

Step 5.  Plot the sample points and control limits on the chart. 

Step 6.  If any points fall outside the control limits, i.e. LCLBLUCLBL ii <> , , then 

we have to stop the process and investigate the unusual causes. 

2.5 The Out-of-control Approximate Distribution of BL 

When process is out-of-control, 
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Again, we could use the same procedure as in section 1.3 to find the 

out-of-control approximate distribution (Q*) of BL (see 1.2). Thus, we can get that 
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n
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n
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Also, by Moschopoulos and Canada (1984), we could calculate the c.d.f. of Q
*
. 

 

2.6 Performance Measurement of the BL Chart 

We would use average run length (ARL) to measure the performance of the 

control charts. Define ARL1 as the average run length to signal when process is 

out-of-control. We give a fixed false alarm rate α . 

When the process is out-of-control, the power is 

)~(11
*

QBLUCLBLLCLP
•

<<−=− β  

                       
)))2/(())2/1(((1

11
** αα

−−
−−−= QQQQ

FFFF  

where β  is the type II error when the process is out-of-control and )(* •
Q

F
 

is a the 
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c.d.f. of *
Q . 

Thus,
β−

=
1

1
1ARL  

        
)))2/(())2/1(((1

1
11

** αα
−−

−−−
=

QQQQ
FFFF

                      (11) 

 

2.7 Illustrating Example of the Bivariate Loss Chart 

The example is taken from Yang, Lin and Hung (2009). 

Example: 

 The thickness of the gold film on the surface of the terminals strongly affects the 

stability of signal transfer between the computer main hardware and its peripheral 

components. Also, a thin film will cause an unstable signal transfer and the terminals 

must be re-processed or discarded. Thus, we have to control the film thickness 

efficiently. 30 samples of size 4 are taken in a fixed interval from the process. For 

each sample, we measure two related thickness from two location of a film, that is, 

AP-2.8 and AN-1.3. The data are listed below: 
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Table 2.  The data of film thickness 

 

 

Next, in order to use BL chart to monitor process, we have to check if the data 

follow a normal distribution. Thus, we use chi-square plot (see Johnson (1992)) to 

check. 

The procedure of plotting chi-square plot (or QQ-plot): 

Step 1.  Compute )()'( 12
yySyyd jjj −−= − , 120,,2,1 ⋯=j  and we rank d 

values from small to large. j means the jth observation of the sample. 

Step 2.  Graph the pairs ))/)2/1((,(
2

2

2

)( njd j −χ , where )/)2/1((2

2 nj −χ  is the 

100(j-1/2)/n percentile of the chi-square distribution with 2 degrees of 

freedom. 

Step 3.  If any points fall near a line, we think they follow a bivariate normal 

distribution. 
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Figure 1.  QQ-plot for the Film Thickness Data 

 

From Figure 1, there are some points off the line. Let’s do the test to make further 

check the assumption.  

Use Generalized Shapiro-Wilk test to test the normality. 

H0 : The data follow a bivariate normal distribution 

H1 : The data do not follow a bivariate normal distribution 

The result is as follows: 

Generalized Shapiro-Wilk test for Multivariate Normality 

MVW = 0.9847, p-value = 0.1486 

 

The result shows that p-value = 0.1486 > 05.0=α , hence we don’t have enough 

evident to reject the hypothesis that the data follow a bivariate normal distribution. 

We will now construct the BL chart to monitor the process. 
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Figure 2.  The Procedure for Constructing the BL Chart 

 

Also, we could get the performance of the BL chart by using out-of-control points 

on phase 1 (which are deleted) as our out-of-control data, thus, we could get all shift 

scales. Then, we would calculate ARL1. 

Give 







=








19

19

2

1

T

T
, 1,5.0 221211 === KKK , n = 4 and c4 = 0.9213. Note that c4 is S 

control chart factor.  

Phase I 

Since ∑,0µ are unknown, we use 







=

11.18

21.19
Y to estimate

0µ and 

use 







=

63.0002.0

002.058.0
S to estimate ∑ . Under 00270.=α , 00300 .=

∧

ρ , we could 

calculate the limits of the BL chart using equation (8) and (9). 

593.4=UCL
 

0.244=LCL  
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For each subgroup, we compute 

25,,1,)()
4

(
1

))(
2

(
1

1 1

2

22

11

2

12
22

2

22

11

12
1111

1

…=−−+−+−= ∑ ∑
= =

iTY
K

K
K

n
TY

K

K
TYK

n
BL

n

j

n

j

ijijiji  

and plot them on the chart. 
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Figure 3.  The Trial BL Control Chart (1) 

 

As we could see from Figure 3, there are 5 points above the upper limit. Thus, we 

delete subgroups 19, 21, 23, 24, and 25. Then, we revise the data and construct a new 

control chart. 

Now, we use new 







=

34.18

42.19
Y

 

to estimate 
0µ
 

and use new 







=

64.001.0

01.06.0
S

 

to 

estimate 
0∑ . Under 00270.=α , 0200 .=

∧

ρ , the limits of the BL chart are: 

733.3=UCL
 

0.157=LCL
 

 



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

21 

 

20151050

4

3

2

1

0

ssss uuuubbbbggggrrrroooouuuupppp

UUUUCCCCLLLL====3333....777733333333

LLLLCCCCLLLL====0000.... 111155557777

    BBBBLLLL     ccccoooonnnntttt rrrroooollll     cccchhhhaaaarrrr tttt

 

Figure 4.  The Trial BL Control Chart (2) 

 

Again, we compute BL for 24 subgroups and plot them on the chart. 

From Figure 4, we found sample 20 is above the UCL. Thus, we delete subgroup 20 

(the original subgroup 22) and revise the chart. 

We use new 







=

38.18

45.19
Y

 

to estimate 
0µ

 
and use new 








=

62.004.0

04.062.0
S

 

to 

estimate 
0∑ . Under 00270.=α , 0600 .=

∧

ρ , the new limits of the BL chart are now: 

726.3=UCL
 

0.151=LCL
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Figure 5.  The BL Control Chart 

 

Now from Figure 5, no points fall outside the control limits and the process seems to 

be in-control. We would use this chart to monitor the process. 

To check the performance of the chart, we use subgroups 19, 21, 22, 23, 24, and 

25 as our out-of-control data, then use these samples to estimate 
4321 ,,, δδδδ  and 

1ρ . We have 







=

22.17

44.18*

Y  to estimate 1µ  and 








−

−
=

64.016.0

16.045.0
*

S

 

to estimate 

1∑ . 

We get 








−

−
=



















−

−

=








47.1

28.1

62.0

38.1822.17

62.0

45.1944.18

2

1

δ

δ
, 








=



















=








02.1

85.0

62.0

64.0

62.0

45.0

4

3

δ

δ
, 










−
=








79.0

57.0

6

5

δ

δ
 and 3.01 −=ρ . Thus, we could compute 22.11 =ARL  using 

equation (11).  

Phase II 

With the BL chart, we track the following process. Using last 5 subgroups to 

track, we compute BL for each subgroup and plot them on the chart to see if the 

process is out-of-control.  
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Figure 6.  The BL Control Chart for Tracking the Process 

 

From Figure 6, we found that the process is out-of-control since the last 5 

subgroups were outside the upper control limit. We must find cause and rectify them 

if any. Since the BL chart couldn’t tell what caused the signal, mean vector or 

covariance matrix. There are two methods to investigate. First, we can use in-control 

data to construct T
2
 chart and S  chart separately, then we check points on both 

charts. So, we may find out if the signal(s) came from mean vector and/or covariance 

matrix. Second, we could compare both mean vector and covariance matrix with 

in-control process through observed data directly. Two methods are illustrated below. 

(i) Use T
2
 chart and S  chart to investigate.  

For T
2
 chart, the control limits are: 

215.132

2/1,22 == −αχ
T

UCL  

003.02

2/,22 == αχ
T

LCL  
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For S  chart, the control limits are: 

8.172

2/1,42 == −− αχ nS
UCL  

11.02

2/,42 == − αχ nS
LCL  
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Figure 7.  Hotelling’s T
2
 chart and S  chart 

 

From Figure 7, first 19 subgroups are in-control data and the tracking data is from 

subgroup 20 to 24. No point falls outside the control limits for S
 
chart. But, we could 

see T
2
 values of subgroup 20 to 24 are outside the control limits for T

2
 chart. We found 

the mean vector has shifted from the target vector. For the subgroup 20, we could 

calculate the mean vector has shifted 
















−

−
∧

∧

2

1

32.3

44.1

σ

σ
 from the target vector 









19

19
. Also 

we could get the mean vector of the subgroup 21 to 24 have shifted 
















−

−
∧

∧

2

1

03.3

78.0

σ

σ
, 
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−

−
∧

∧

2

1

49.2

22.1

σ

σ
, 

















−

−
∧

∧

2

1

03.3

6.0

σ

σ
 and 

















−

−
∧

∧

2

1

26.3

32.1

σ

σ
 from the target vector.  

(ii)  We calculate mean vector and covariance matrix of subgroup 20 to 24 and 

compare them with in-control mean vector 








38.18

45.19
, the covariance matrix 










62.004.0

04.062.0
.  

1. Subgroup 20: the mean vector is 








43.16

85.17

 

and the covariance matrix is 










11.005.0

05.051.0
. And we get 









−

−
=








48.2

03.2

2

1

δ

δ

 

and 







=









42.0

91.0

4

3

δ

δ
 . 

2. Subgroup 21: the mean vector is 








65.16

38.18

 

and the covariance matrix is 










84.038.0

38.081.0
. And we get 









−

−
=









2.2

36.1

2

1

δ

δ

 

and 







=









16.1

14.1

4

3

δ

δ
 . 

3. Subgroup 22: the mean vector is 








08.17

03.18

 

and the covariance matrix is 










−

−

19.013.0

13.077.0
. And we get 









−

−
=









65.1

8.1

2

1

δ

δ

 

and 







=









55.0

11.1

4

3

δ

δ
 . 

4. Subgroup 23: the mean vector is 








65.16

53.18

 

and the covariance matrix is 










44.012.0

12.033.0
. And we get 









−

−
=









2.2

17.1

2

1

δ

δ

 

and 







=









84.0

73.0

4

3

δ

δ
 . 

5. Subgroup 24: the mean vector is 








48.16

95.17

 

and the covariance matrix is 










−

−

18.004.0

04.083.2
. And we get 









−

−
=









41.2

91.1

2

1

δ

δ

 

and 







=









54.0

14.2

4

3

δ

δ
 . 

As we could see that the mean vector has larger shifted than the shifts in the 

covariance matrix. In some subgroups, the variations decreased. We need to improve 

this situation.   



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

26 

 

Another useful approach is change point, detail of the apparach see (Hawkins et 

al. (2003), Hawkins and Zamba (2005) and Zamba (2006). 

 

2.8 ARL1 of the Bivariate Loss Chart 

(1). The Bivariate Loss Chart with Specified Sample Size and Sampling Interval 

To investigate the impact of various combinations of 1δ , 2δ , 3δ , 4δ , 5δ , 6δ , 

1ρ  and specified 0ρ  and K11 / K22 on ARL1, the various levels of 1δ , 2δ , 3δ , 4δ , 

5δ , 6δ , 1ρ  and specified 0ρ  and K11 / K22 are listed in Table 3. Set 







=

0

0
0µ , 









=∑

1

1

0

0

0 ρ

ρ
, 









−

−
=

6

5

δ

δ
T  and K12 = K22 = 1. 

Table 3.  Various levels of ),,,,,,( 1654321 ρδδδδδδ , 0ρ  and K11 / K22 

1δ  2δ  3δ
 4δ  5δ  6δ  

1ρ  0ρ  K11/K22 

0.5 0.5 1.5 1.5 0.5 0.5 0.1 0.1 0.5 

1.5 1.5 2 2 1.5 1.5 0.5 0.5 1 

2.5 2.5 2.5 2.5 2.5 2.5 0.8 0.8 2 

 

The combinations of 1δ , 2δ , 3δ , 4δ , 5δ , 6δ  and 1ρ  are expressed under a 

specified ( 0ρ , K11 / K22). The ARL1s are calculated based on the combinations of 1δ  

to 6δ  and 1ρ  in L27 (3
13

) table given n = 5, 0027.0=α . 
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Table 4.  The ARL1 for Specified BL Chart Given n = 5, 0027.0=α and 1.00 =ρ  

 

No. 

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.5 0.5 1.5 1.5 0.5 0.5 0.1 1.51 1.54 1.56 

2 0.5 0.5 2 2 1.5 1.5 0.5 1.02 1.15 1.02 

3 0.5 0.5 2.5 2.5 2.5 2.5 0.8 1.00 1.00 1.00 

4 0.5 1 1.5 2 1.5 2.5 0.8 1.00 1.00 1.01 

5 0.5 1 2 2.5 2.5 0.5 0.1 1.00 1.00 1.00 

6 0.5 1 2.5 1.5 0.5 1.5 0.5 1.00 1.00 1.00 

7 0.5 2.5 1.5 2.5 2.5 1.5 0.5 1.00 1.00 1.00 

8 0.5 2.5 2 1.5 1.5 2.5 0.8 1.00 1.00 1.00 

9 0.5 2.5 2.5 2 2.5 0.5 0.1 1.00 1.00 1.00 

10 1 1 2 2 2.5 2.5 0.5 1.00 1.00 1.00 

11 1 1 2.5 2.5 0.5 0.5 0.8 1.00 1.00 1.00 

12 1 1 1.5 1.5 1.5 1.5 0.1 1.00 1.00 1.00 

13 1 2.5 2 2.5 0.5 1.5 0.1 1.00 1.00 1.00 

14 1 2.5 2.5 1.5 1.5 2.5 0.5 1.00 1.00 1.00 

15 1 2.5 1.5 2 2.5 0.5 0.8 1.00 1.00 1.00 

16 1 0.5 2 1.5 1.5 0.5 0.8 1.00 1.00 1.00 

17 1 0.5 2.5 2 2.5 1.5 0.1 1.00 1.00 1.00 

18 1 0.5 1.5 2.5 0.5 2.5 0.5 1.00 1.00 1.00 

19 2.5 2.5 2.5 2.5 1.5 1.5 0.8 1.00 1.00 1.00 

20 2.5 2.5 1.5 1.5 2.5 2.5 0.1 1.00 1.00 1.00 

21 2.5 2.5 2 2 0.5 0.5 0.5 1.00 1.00 1.00 

22 2.5 0.5 2.5 1.5 2.5 0.5 0.5 1.00 1.00 1.00 

23 2.5 0.5 1.5 2 0.5 1.5 0.8 1.00 1.00 1.00 

24 2.5 0.5 2 2.5 1.5 2.5 0.1 1.00 1.00 1.00 

25 2.5 1 2.5 2 0.5 2.5 0.1 1.00 1.00 1.00 

26 2.5 1 1.5 2.5 1.5 0.5 0.5 1.00 1.00 1.00 

27 2.5 1 2 1.5 2.5 1.5 0.8 1.00 1.00 1.00 
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Table 5.  The ARL1 for Specified BL Chart Given n = 5, 0027.0=α and 5.00 =ρ  

 

No. 

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.5 0.5 1.5 1.5 0.5 0.5 0.1 1.39 2.03 1.45 

2 0.5 0.5 2 2 1.5 1.5 0.5 1.01 1.06 1.01 

3 0.5 0.5 2.5 2.5 2.5 2.5 0.8 1.00 1.00 1.00 

4 0.5 1 1.5 2 1.5 2.5 0.8 1.00 1.01 1.01 

5 0.5 1 2 2.5 2.5 0.5 0.1 1.00 1.00 1.00 

6 0.5 1 2.5 1.5 0.5 1.5 0.5 1.00 1.00 1.00 

7 0.5 2.5 1.5 2.5 2.5 1.5 0.5 1.00 1.00 1.00 

8 0.5 2.5 2 1.5 1.5 2.5 0.8 1.00 1.00 1.00 

9 0.5 2.5 2.5 2 2.5 0.5 0.1 1.00 1.00 1.00 

10 1 1 2 2 2.5 2.5 0.5 1.00 1.00 1.00 

11 1 1 2.5 2.5 0.5 0.5 0.8 1.00 1.00 1.00 

12 1 1 1.5 1.5 1.5 1.5 0.1 1.00 1.00 1.00 

13 1 2.5 2 2.5 0.5 1.5 0.1 1.00 1.00 1.00 

14 1 2.5 2.5 1.5 1.5 2.5 0.5 1.00 1.00 1.00 

15 1 2.5 1.5 2 2.5 0.5 0.8 1.00 1.00 1.00 

16 1 0.5 2 1.5 1.5 0.5 0.8 1.00 1.00 1.00 

17 1 0.5 2.5 2 2.5 1.5 0.1 1.00 1.00 1.00 

18 1 0.5 1.5 2.5 0.5 2.5 0.5 1.00 1.00 1.00 

19 2.5 2.5 2.5 2.5 1.5 1.5 0.8 1.00 1.00 1.00 

20 2.5 2.5 1.5 1.5 2.5 2.5 0.1 1.00 1.00 1.00 

21 2.5 2.5 2 2 0.5 0.5 0.5 1.00 1.00 1.00 

22 2.5 0.5 2.5 1.5 2.5 0.5 0.5 1.00 1.00 1.00 

23 2.5 0.5 1.5 2 0.5 1.5 0.8 1.00 1.00 1.00 

24 2.5 0.5 2 2.5 1.5 2.5 0.1 1.00 1.00 1.00 

25 2.5 1 2.5 2 0.5 2.5 0.1 1.00 1.00 1.00 

26 2.5 1 1.5 2.5 1.5 0.5 0.5 1.00 1.00 1.00 

27 2.5 1 2 1.5 2.5 1.5 0.8 1.00 1.00 1.00 
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Table 6.  The ARL1 for Specified BL Chart Given n = 5, 0027.0=α and 8.00 =ρ  

 

No. 

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.5 0.5 1.5 1.5 0.5 0.5 0.1 1.31 2.00 1.39 

2 0.5 0.5 2 2 1.5 1.5 0.5 1.00 1.03 1.01 

3 0.5 0.5 2.5 2.5 2.5 2.5 0.8 1.00 1.00 1.00 

4 0.5 1 1.5 2 1.5 2.5 0.8 1.00 1.01 1.01 

5 0.5 1 2 2.5 2.5 0.5 0.1 1.00 1.00 1.00 

6 0.5 1 2.5 1.5 0.5 1.5 0.5 1.00 1.00 1.00 

7 0.5 2.5 1.5 2.5 2.5 1.5 0.5 1.00 1.00 1.00 

8 0.5 2.5 2 1.5 1.5 2.5 0.8 1.00 1.00 1.00 

9 0.5 2.5 2.5 2 2.5 0.5 0.1 1.00 1.00 1.00 

10 1 1 2 2 2.5 2.5 0.5 1.00 1.00 1.00 

11 1 1 2.5 2.5 0.5 0.5 0.8 1.00 1.00 1.00 

12 1 1 1.5 1.5 1.5 1.5 0.1 1.00 1.00 1.00 

13 1 2.5 2 2.5 0.5 1.5 0.1 1.00 1.00 1.00 

14 1 2.5 2.5 1.5 1.5 2.5 0.5 1.00 1.00 1.00 

15 1 2.5 1.5 2 2.5 0.5 0.8 1.00 1.00 1.00 

16 1 0.5 2 1.5 1.5 0.5 0.8 1.00 1.00 1.00 

17 1 0.5 2.5 2 2.5 1.5 0.1 1.00 1.00 1.00 

18 1 0.5 1.5 2.5 0.5 2.5 0.5 1.00 1.00 1.00 

19 2.5 2.5 2.5 2.5 1.5 1.5 0.8 1.00 1.00 1.00 

20 2.5 2.5 1.5 1.5 2.5 2.5 0.1 1.00 1.00 1.00 

21 2.5 2.5 2 2 0.5 0.5 0.5 1.00 1.00 1.00 

22 2.5 0.5 2.5 1.5 2.5 0.5 0.5 1.00 1.00 1.00 

23 2.5 0.5 1.5 2 0.5 1.5 0.8 1.00 1.00 1.00 

24 2.5 0.5 2 2.5 1.5 2.5 0.1 1.00 1.00 1.00 

25 2.5 1 2.5 2 0.5 2.5 0.1 1.00 1.00 1.00 

26 2.5 1 1.5 2.5 1.5 0.5 0.5 1.00 1.00 1.00 

27 2.5 1 2 1.5 2.5 1.5 0.8 1.00 1.00 1.00 
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From Table 4 to Table 6, we found out that no matter what the correlation 

between the two quality characteristics is when the process is in-control, the specified 

BL chart is insensitive to larger process shifts. And the ratio of  K11 / K22 hardly 

affects the performance, since their ARL1 is near 1 for 1δ , 2δ  5.0≥ , 3δ , 4δ  2≥ , 

6δ , 7δ  5.1≥ . Also, we found that the specified BL chart is insensitive to 1ρ  when 

the process has large shifted. 

2.  To investigate the performance of the BL chart for small shifts, we consider the 

following combinations of 1δ , 2δ , 3δ , 4δ , 5δ , 6δ  and 1ρ . Also, we calculate 

ARL1 under specified K11 / K22 = 0.5, 1, 2, 4 and 0ρ  = 0.1, 0.5, 0.8 given n = 5 and 

0027.0=α . 

Table 7. Various levels of ),,,,,,( 1654321 ρδδδδδδ  

1δ  2δ  3δ  
4δ  6δ  7δ  

1ρ
 

0.1 0.1 1.1 1.1 0.1 0.1 0.1 

0.5 0.5 1.5 1.5 0.5 0.5 0.5 

1 1 2 2 1 1 0.8 
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Table 8.  The ARL1 for Specified BL Chart of Small Shifts Given n = 5, 0027.0=α  

and 5.00 =ρ
 

 

No. 

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.1 0.1 1.1 1.1 0.1 0.1 0.1 132.97 391.00 67.14 4.54 

2 0.1 0.1 1.5 1.5 0.5 0.5 0.5 15.63 76.42 18.14 2.94 

3 0.1 0.1 2 2  1 1 0.8 4.58 23.02 5.99 1.74 

4 0.1 0.5 1.1 1.5 0.5 1 0.8 1.92 2.93 2.33 1.34 

5 0.1 0.5 1.5 2  1 0.1 0.1 1.89 3.79 2.31 1.28 

6 0.1 0.5 2 1.1 0.1 0.5 0.5 1.18 1.88 1.38 1.07 

7 0.1 1 1.1 2 1 0.5 0.5 1.10 1.25 1.21 1.05 

8 0.1 1 1.5 1.1 0.5 1 0.8 1.02 1.11 1.09 1.03 

9 0.1 1 2 1.5 1 0.1 0.1 1.00 1.03 1.02 1.00 

10 0.5 0.5 1.5 1.5 1 1 0.5 1.48 1.71 1.87 1.21 

11 0.5 0.5 2 2 0.1 0.1 0.8 1.16 1.43 1.40 1.09 

12 0.5 0.5 1.1 1.1 0.5 0.5 0.1 1.17 1.23 1.05 1.00 

13 0.5 1 1.5 2 0.1 0.5 0.1 2.32 2.06 1.71 1.13 

14 0.5 1 2 1.1 0.5 1 0.5 1.31 1.48 2.40 1.04 

15 0.5 1 1.1 1.5 1 0.1 0.8 1.08 1.08 1.01 1.00 

16 0.5 0.1 1.5 1.1 0.5 0.1 0.8 1.32 1.80 2.64 1.49 

17 0.5 0.1 2 1.5 1 0.5 0.1 1.08 1.69 2.01 1.23 

18 0.5 0.1 1.1 2 0.1 1 0.5 1.09 1.30 1.13 1.02 

19 1 1 2 2 0.5 0.5 0.8 1.20 1.17 1.13 1.03 

20 1 1 1.1 1.1 1 1 0.1 1.13 1.11 1.01 1.00 

21 1 1 1.5 1.5 0.1 0.1 0.5 1.02 1.02 1.00 1.00 

22 1 0.1 2 1.1 1 0.1 0.5 1.09 1.22 1.46 1.20 

23 1 0.1 1.1 1.5 0.1 0.5 0.8 1.12 1.32 1.13 1.02 

24 1 0.1 1.5 2 0.5 1 0.1 1.03 1.12 1.03 1.00 

25 1 0.5 2 1.5 0.1 1 0.1 1.20 1.25 1.29 1.07 

26 1 0.5 1.1 2 0.5 0.1 0.5 1.11 1.21 1.05 1.00 

27 1 0.5 1.5 1.1 1 0.5 0.8 1.01 1.04 1.00 1.00 
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Table 8 shows that there are unreasonable ARL1 with 1δ , 2δ  = 0.1, 3δ , 4δ  = 

1.1, 5δ , 6δ  = 0.1, 1ρ  = 0.1 under 5.00 =ρ . We also did the analysis under 0ρ  = 

0.1, 0.8
 
(See Appendix B, Table 49 and Table 50.). When 8.00 =ρ , we saw the same 

problem as 5.00 =ρ . 

 Next, we calculate ARL1 under some combinations of 1δ , 2δ , 3δ , 4δ , 5δ , 

6δ  and 1ρ . The results are shown in Table 9. 

 

Table 9.  Reasonable ARL1 under Small Shifts of process Parameters 

 

 

 

 

 

 

 

 

 

 

From Table 9, we have 

1. Change 
3δ
 
from 1.1 to 1.2, then ARL1 becomes reasonable. 

2. Change 4δ  from 1.1 to 1.2, then ARL1 becomes reasonable. 

3. Change 1ρ  from 0.1 to 0.2, then ARL1 becomes reasonable. 

4. Compare to 4δ  and 1ρ , changing 
3δ
 

has more effect on ARL1.  

We found that when the shift scales of ),,( 143 ρδδ
 
is small, ( 3δ , 4δ  = 1.1, 1ρ  = 

0.1), ARL1 gets bigger than ARL0 = 370. To have a reasonable ARL1, at least one 3δ , 

No. 
1δ  2δ  3δ  

4δ  5δ  
6δ  

1ρ  Spe. ARL1 

1 0.1 0.1 1.05 1.05 0.1 0.1 0.1 506.56 

2 0.1 0.1 1.1 1.1 0.1 0.1 0.1 391.00 

3 0.1 0.1 1.2 1.1 0.1 0.1 0.1 195.36 

4 0.1 0.1 1.1 1.2 0.1 0.1 0.1 260.52 

5 0.1 0.1 1.2 1.2 0.1 0.1 0.1 125.36 

6 0.1 0.1 1.1 1.1 0.1 0.1 0.2 284.08 

7 0.1 0.1 1.2 1.2 0.1 0.1 0.2 86.54 
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4δ ≥ 1.2 
 

or 2.01 ≥ρ . So, for the following ARL1 analysis we will change 1.13 =δ  

to 2.13 =δ . 

We change 1.13 =δ  to 2.13 =δ  in Table 7 and calculate ARL1 with specified 

K11/K22 = 0.5, 1, 2, 4 and 0ρ  = 0.1, 0.5, 0.8 based on the various combinations of 

1δ , 2δ , 3δ , 4δ , 5δ , 6δ  and 1ρ  (See Table 10.). The results are shown in Table 

11- 13. Also, we drew the response graph of ARL1 – bar (See Figure 8 – 10.) based on 

each table. 

 

Table 10.  Various levels of ),,,,,,( 1654321 ρδδδδδδ  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ
 

0.1 0.1 1.2 1.1 0.1 0.1 0.1 

0.5 0.5 1.5 1.5 0.5 0.5 0.5 

1 1 2 2 1 1 0.8 
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Table 11.  The ARL1 for Specified BL Chart of Small Shifts Given n = 5, 

0027.0=α  and 1.00 =ρ  

 

No. 

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.1 0.1 1.2 1.1 0.1 0.1 0.1 59.31  47.16  40.06  3.36  

2 0.1 0.1 1.5 1.5 0.5 0.5 0.5 2.70  2.81  2.84  1.35  

3 0.1 0.1 2 2  1 1 0.8 1.12  1.19  1.12  1.02  

4 0.1 0.5 1.2 1.5 0.5 1 0.8 1.83  2.38  4.02  1.79  

5 0.1 0.5 1.5 2  1 0.1 0.1 1.18  1.43  1.14  1.02  

6 0.1 0.5 2 1.1 0.1 0.5 0.5 2.00  1.82  1.85  1.25  

7 0.1 1 1.2 2 1 0.5 0.5 1.03  1.23  1.17  1.05  

8 0.1 1 1.5 1.1 0.5 1 0.8 1.45  1.61  2.09  1.28  

9 0.1 1 2 1.5 1 0.1 0.1 1.05  1.12  1.03  1.00  

10 0.5 0.5 1.5 1.5 1 1 0.5 1.15  1.27  1.15  1.01  

11 0.5 0.5 2 2 0.1 0.1 0.8 1.09  1.10  1.15  1.03  

12 0.5 0.5 1.2 1.1 0.5 0.5 0.1 3.61  3.78  3.63  1.35  

13 0.5 1 1.5 2 0.1 0.5 0.1 1.03  1.08  1.26  1.12  

14 0.5 1 2 1.1 0.5 1 0.5 1.09  1.09  1.12  1.02  

15 0.5 1 1.2 1.5 1 0.1 0.8 1.10  1.30  1.10  1.01  

16 0.5 0.1 1.5 1.1 0.5 0.1 0.8 2.42  2.15  1.61  1.10  

17 0.5 0.1 2 1.5 1 0.5 0.1 1.15  1.16  1.02  1.00  

18 0.5 0.1 1.2 2 0.1 1 0.5 1.37  1.58  2.15  1.85  

19 1 1 2 2 0.5 0.5 0.8 1.00  1.00  1.00  1.00  

20 1 1 1.2 1.1 1 1 0.1 1.05  1.12  1.06  1.00  

21 1 1 1.5 1.5 0.1 0.1 0.5 1.09  1.10  1.17  1.02  

22 1 0.1 2 1.1 1 0.1 0.5 1.05  1.02  1.00  1.00  

23 1 0.1 1.2 1.5 0.1 0.5 0.8 1.71  1.70  1.93  1.26  

24 1 0.1 1.5 2 0.5 1 0.1 1.10  1.09  1.11  1.01  

25 1 0.5 2 1.5 0.1 1 0.1 1.05  1.05  1.05  1.02  

26 1 0.5 1.2 2 0.5 0.1 0.5 1.14  1.16  1.12  1.01  

27 1 0.5 1.5 1.1 1 0.5 0.8 1.10  1.13  1.02  1.00  
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Figure 8.  Response Graph of ARL1-bar with 1.00 =ρ Based on Table 11 
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Table 12.  The ARL1 for Specified BL Chart of Small Shifts Given n = 5, 

0027.0=α  and 5.00 =ρ  

 

No. 

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.1 0.1 1.2 1.1 0.1 0.1 0.1 82.37  195.36  30.62  3.20  

2 0.1 0.1 1.5 1.5 0.5 0.5 0.5 15.63  76.42  18.14  2.94  

3 0.1 0.1 2 2  1 1 0.8 4.58  23.02  5.99  1.74  

4 0.1 0.5 1.2 1.5 0.5 1 0.8 1.62  3.47  3.98  1.73  

5 0.1 0.5 1.5 2  1 0.1 0.1 1.89  3.79  2.31  1.28  

6 0.1 0.5 2 1.1 0.1 0.5 0.5 1.18  1.88  1.38  1.07  

7 0.1 1 1.2 2 1 0.5 0.5 1.02  1.17  1.13  1.04  

8 0.1 1 1.5 1.1 0.5 1 0.8 1.02  1.11  1.09  1.03  

9 0.1 1 2 1.5 1 0.1 0.1 1.00  1.03  1.02  1.00  

10 0.5 0.5 1.5 1.5 1 1 0.5 1.48  1.71  1.87  1.21  

11 0.5 0.5 2 2 0.1 0.1 0.8 1.16  1.43  1.40  1.09  

12 0.5 0.5 1.2 1.1 0.5 0.5 0.1 3.85  9.61  3.42  1.36  

13 0.5 1 1.5 2 0.1 0.5 0.1 2.32  2.06  1.71  1.13  

14 0.5 1 2 1.1 0.5 1 0.5 1.31  1.48  2.40  1.04  

15 0.5 1 1.2 1.5 1 0.1 0.8 1.06  1.20  1.08  1.01  

16 0.5 0.1 1.5 1.1 0.5 0.1 0.8 1.32  1.80  2.64  1.49  

17 0.5 0.1 2 1.5 1 0.5 0.1 1.08  1.69  2.01  1.23  

18 0.5 0.1 1.2 2 0.1 1 0.5 1.52  2.01  2.79  1.76  

19 1 1 2 2 0.5 0.5 0.8 1.20  1.17  1.13  1.03  

20 1 1 1.2 1.1 1 1 0.1 1.02  1.23  1.04  1.00  

21 1 1 1.5 1.5 0.1 0.1 0.5 1.02  1.02  1.00  1.00  

22 1 0.1 2 1.1 1 0.1 0.5 1.09  1.22  1.46  1.20  

23 1 0.1 1.2 1.5 0.1 0.5 0.8 2.05  2.34  2.32  1.24  

24 1 0.1 1.5 2 0.5 1 0.1 1.03  1.12  1.03  1.00  

25 1 0.5 2 1.5 0.1 1 0.1 1.20  1.25  1.29  1.07  

26 1 0.5 1.2 2 0.5 0.1 0.5 1.11  1.27  1.09  1.01  

27 1 0.5 1.5 1.1 1 0.5 0.8 1.01  1.04  1.00  1.00  
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Figure 9.  Response Graph of ARL1-bar with 5.00 =ρ Based on Table 12 



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

38 

 

 

Table 13.  The ARL1 for Specified BL Chart of Small Shifts Given n = 5, 

0027.0=α  and 8.00 =ρ  

 

No. 

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.1 0.1 1.2 1.1 0.1 0.1 0.1 52.50  254.84  24.46  3.11  

2 0.1 0.1 1.5 1.5 0.5 0.5 0.5 11.87  71.89  15.11  2.87  

3 0.1 0.1 2 2  1 1 0.8 3.65  14.64  5.09  1.70  

4 0.1 0.5 1.2 1.5 0.5 1 0.8 1.47  4.30  3.48  1.69  

5 0.1 0.5 1.5 2  1 0.1 0.1 1.72  3.70  2.15  1.27  

6 0.1 0.5 2 1.1 0.1 0.5 0.5 1.13  1.64  1.32  1.07  

7 0.1 1 1.2 2 1 0.5 0.5 1.01  1.13  1.12  1.04  

8 0.1 1 1.5 1.1 0.5 1 0.8 1.02  1.11  1.08  1.02  

9 0.1 1 2 1.5 1 0.1 0.1 1.00  1.02  1.02  1.00  

10 0.5 0.5 1.5 1.5 1 1 0.5 1.38  2.08  1.78  1.20  

11 0.5 0.5 2 2 0.1 0.1 0.8 1.12  1.54  1.34  1.08  

12 0.5 0.5 1.2 1.1 0.5 0.5 0.1 3.19  9.25  3.08  1.35  

13 0.5 1 1.5 2 0.1 0.5 0.1 2.05  2.59  1.63  1.12  

14 0.5 1 2 1.1 0.5 1 0.5 1.23  1.79  1.30  1.04  

15 0.5 1 1.2 1.5 1 0.1 0.8 1.05  1.16  1.07  1.01  

16 0.5 0.1 1.5 1.1 0.5 0.1 0.8 1.24  2.30  2.43  1.46  

17 0.5 0.1 2 1.5 1 0.5 0.1 1.06  1.97  1.82  1.21  

18 0.5 0.1 1.2 2 0.1 1 0.5 1.40  2.49  3.36  1.71  

19 1 1 2 2 0.5 0.5 0.8 1.16  1.24  1.17  1.03  

20 1 1 1.2 1.1 1 1 0.1 1.01  1.14  1.03  1.00  

21 1 1 1.5 1.5 0.1 0.1 0.5 1.01  1.01  1.00  1.00  

22 1 0.1 2 1.1 1 0.1 0.5 1.06  1.34  1.61  1.18  

23 1 0.1 1.2 1.5 0.1 0.5 0.8 1.84  3.11  2.17  1.23  

24 1 0.1 1.5 2 0.5 1 0.1 1.02  1.08  1.02  1.00  

25 1 0.5 2 1.5 0.1 1 0.1 1.14  1.42  1.40  1.07  

26 1 0.5 1.2 2 0.5 0.1 0.5 1.08  1.22  1.08  1.01  

27 1 0.5 1.5 1.1 1 0.5 0.8 1.01  1.03  1.00  1.00  
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Figure 10.  Response Graph of ARL1-bar with 8.00 =ρ  Based on Table 13 

 

 From Table 11 – 13 and Figure 8 – 10, we found similar results. Firstly, under 

different 0ρ , the specified BL chart could detect the process shifts quickly for 

K11/K22 = 4. Secondly, the specified BL chart has better performance when 1δ , 2δ  > 

0.1, 2.13 >δ , 1.14 >δ  and 1.01 >ρ . Thirdly, the specified BL chart is insensitive to 

shift scales of Table 10 under K11 / K22 = 4. As we could see that for 27 combinations, 

the ARL1 is small and not changing much. Through the response graphs Figure 8 to 

Figure 10 which are based on Table 11 to Table 13, we could see the effects of (( 1δ , 

2δ , 3δ , 4δ , 5δ , 6δ  , 1ρ ))
 
on ARL1-bar. When( 1δ , 2δ , 3δ , 4δ , 5δ , 6δ  , 1ρ )

 

increase, the ARL1s decrease. There are some different results between 1.00 =ρ
 

and 

0ρ  = 0.5, 0.8.  For 1.00 =ρ , comparing performance under K11/K22  = 0.5, 1, 2, 4, 

the ARL1 is smaller when K11 / K22 is larger. But for 0ρ  = 0.5, 0.8, the specified BL 

chart has poorer performance when K11/K22  = 1. For 1.00 =ρ , the specified BL chart 
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is more sensitive when 1δ , 2δ , 5δ , 6δ
 

< 0.5, 3δ , 4δ < 1.5 and 5.01 <ρ  under 

K11/K22=  0.5, 1, 2.  But for 0ρ  = 0.5, 0.8, the ARL1s decrease rapidly when 1δ , 

2δ , 5δ , 6δ
 
< 0.5, 3δ , 4δ < 1.5

 
and 5.01 <ρ  under K11/K22  = 1 comparing with 

other K11/K22, especially when 8.00 =ρ . From the above results, we saw that the 

performance is affected by the ratio of K11/K22 and 0ρ . To get better performance, we 

will choose the larger K11/K22. 
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Figure 11.  Response Graph of ARL1-bar with 8.0,5.0,1.00 =ρ
 
Based on 

Table 11 – Table 13 

 

 Through Figure 11, we could see clearly the different effects of 1ρ  under 

different 0ρ
 

and K11/K22. First, unlike 500 .=ρ , 80. , under 1.00 =ρ , the larger the 

ratio of K11/K22 is, the smaller the ARL1 is. Second, under K11/K22  = 1, the specified BL 

chart has better performance under 5.00 =ρ
 
than that under 8.00 =ρ . Also, the result 

shows that when correlation shifts to 1.01 =ρ , the specified BL chart detects quicker 

under 5.00 =ρ
 
than that under 8.00 =ρ . Comparing performance for different K11/K22, 

the specified BL chart has better performance under K11/K22 = 4 whether 

100 .=ρ 50., or 8.00 =ρ . The specified BL chart is more sensitive when 1ρ  shifts to 

lower correlation, which is 5.01 <ρ . 
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We also calculate ARL1 based on combinations of ( 1δ , 2δ , 3δ , 4δ , 5δ , 6δ  , 

1ρ )with specified 0ρ  = 0.5 and K11/K22= 0.5, 1, 2, 4 for smaller shift (See Appendix B, 

Table 51.). The specified BL chart detects quickly for smaller shift when 1δ > 0.01, 2δ  

> 0.01, 2.13 >δ  and 1.14 >δ . Compare to K11/K22 = 0.5, 1, 2, the specified BL chart 

performs better under K11/K22  = 4. From response graph (See Appendix B Figure.), we 

found that comparing with 1δ , 2δ , 5δ , 6δ , the specified BL chart is more sensitive 

to 3δ  , 4δ 1ρ,
 

shift. When 5.1, 43 ≤δδ
 
and 3.01 ≤ρ , the specified BL chart is more 

sensitive. When 1δ , 2δ , 3δ , 4δ , 5δ , 6δ  , 1ρ
 

increase, the ARL1 decreases. 

2.9 The Bivariate Loss Chart with Optimal Sample Size and Sampling Interval 

Define ATS1 as the average time to signal when process is out-of-control. ATS1  

can be calculated by multiplying ARL1 and sampling interval (h). Reasonably, the BL 

control chart should have a large ATS0 and a small ATS1.  

To investigate the performance of the optimal BL chart of the small shift, we use 

the combinations of  ( 1δ , 2δ , 3δ , 4δ , 5δ , 6δ  , 1ρ ) (See Table 10,) with specified 

0ρ  = 0.5 and K11/ K22 = 0.5, 1, 2, 4. ATS1
*
s are calculated by finding the optimal (n

*
, h

*
) 

to minimize ATS1
*
. Note that we use PORT routine in R program to find the optimal 

solutions. With different K11/K22, we have 4 cases below: 
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Case 1:  Let K11/K22 = 0.5 and α = 0.0027. (delte star) 
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Case 2:  Let K11/K22 = 1 and α = 0.0027. 
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Case 3:  Let K11/K22 = 2 and α = 0.0027. 
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Case 4:  Let K11/K22 = 4 and α = 0.0027. 
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Table 14.  The Optimal (n
*
, h

*
, ATS1

*
) for BL Chart Given 1.00 =ρ

 
and 0027.0=α  

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  
2δ  

3δ  
4δ  

5δ  
6δ  

1ρ  n* h* Opt.ATS1
* n* h* Opt.ATS1

* n* h* Opt.ATS1
* n* h* Opt.ATS1

* 

0.1 0.1 1.2 1.1 0.1 0.1 0.1 15.00 0.10 0.10 25.00 0.10 0.16 25.00 0.10 0.10 25.00 0.10 0.10 

0.1 0.1 1.5 1.5 0.5 0.5 0.5 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 

0.1 0.1 2 2 1 1 0.8 19.36 0.10 0.10 22.86 0.10 0.10 19.16 0.10 0.10 15.18 0.10 0.10 

0.1 0.5 1.2 1.5 0.5 1 0.8 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 

0.1 0.5 1.5 2 1 0.1 0.1 19.71 0.10 0.10 21.82 0.10 0.10 19.15 0.10 0.10 15.85 0.10 0.10 

0.1 0.5 2 1.1 0.1 0.5 0.5 15.00 0.10 0.10 11.04 0.10 0.12 8.68 0.10 0.13 24.61 0.10 0.10 

0.1 1 1.2 2 1 0.5 0.5 14.54 0.10 0.10 19.20 0.10 0.10 18.63 0.10 0.10 16.54 0.10 0.10 

0.1 1 1.5 1.1 0.5 1 0.8 15.00 0.10 0.10 7.83 0.10 0.13 9.37 0.10 0.13 21.18 0.10 0.10 

0.1 1 2 1.5 1 0.1 0.1 15.53 0.10 0.10 17.85 0.10 0.10 15.85 0.10 0.10 8.00 0.10 0.10 

0.5 0.5 1.5 1.5 1 1 0.5 17.07 0.10 0.10 21.02 0.10 0.10 17.18 0.10 0.10 13.64 0.10 0.10 

0.5 0.5 2 2 0.1 0.1 0.8 21.15 0.10 0.10 25.00 0.10 0.10 20.83 0.10 0.10 17.27 0.10 0.10 

0.5 0.5 1.2 1.1 0.5 0.5 0.1 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 22.73 0.10 0.10 

0.5 1 1.5 2 0.1 0.5 0.1 16.42 0.10 0.10 25.00 0.10 0.10 22.27 0.10 0.10 18.56 0.10 0.10 

0.5 1 2 1.1 0.5 1 0.5 19.14 0.10 0.10 7.50 0.10 0.10 8.27 0.10 0.10 14.49 0.10 0.10 

0.5 1 1.2 1.5 1 0.1 0.8 17.35 0.10 0.10 19.63 0.10 0.10 17.24 0.10 0.10 14.00 0.10 0.10 

0.5 0.1 1.5 1.1 0.5 0.1 0.8 8.00 0.10 0.10 9.74 0.10 0.14 25.00 0.10 0.10 21.14 0.10 0.10 

0.5 0.1 2 1.5 1 0.5 0.1 18.74 0.10 0.10 19.18 0.10 0.10 14.83 0.10 0.10 8.00 0.10 0.10 

0.5 0.1 1.2 2 0.1 1 0.5 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 

1 1 2 2 0.5 0.5 0.8 8.00 0.10 0.10 8.00 0.10 0.10 8.00 0.10 0.10 8.00 0.10 0.10 

1 1 1.2 1.1 1 1 0.1 12.74 0.10 0.10 16.00 0.10 0.10 13.11 0.10 0.10 8.00 0.10 0.10 

1 1 1.5 1.5 0.1 0.1 0.5 19.22 0.10 0.10 23.38 0.10 0.10 19.19 0.10 0.10 15.46 0.10 0.10 

1 0.1 2 1.1 1 0.1 0.5 16.47 0.10 0.10 14.88 0.10 0.10 8.00 0.10 0.10 8.00 0.10 0.10 

1 0.1 1.2 1.5 0.1 0.5 0.8 25.00 0.10 0.10 25.00 0.10 0.10 25.00 0.10 0.10 21.67 0.10 0.10 

1 0.1 1.5 2 0.5 1 0.1 16.94 0.10 0.10 20.98 0.10 0.10 16.83 0.10 0.10 12.97 0.10 0.10 

1 0.5 2 1.5 0.1 1 0.1 17.41 0.10 0.10 25.00 0.10 0.10 19.63 0.10 0.10 14.72 0.10 0.10 

1 0.5 1.2 2 0.5 0.1 0.5 19.49 0.10 0.10 21.42 0.10 0.10 17.37 0.10 0.10 13.67 0.10 0.10 

1 0.5 1.5 1.1 1 0.5 0.8 17.32 0.10 0.10 17.72 0.10 0.10 13.47 0.10 0.10 8.00 0.10 0.10 
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Figure 12.  Response Graph for n
*
-bar with 1.00 =ρ

 
Based on Table 14 
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Table 15.  The Optimal (n
*
, h

*
, ATS1

*
) for BL Chart Given 5.00 =ρ

 
and 0027.0=α  

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  
2δ  

3δ  
4δ  

5δ  
6δ  

1ρ  n* h* Opt.ATS1
* n* h* Opt.ATS1

* n* h* Opt.ATS1
* n* h* Opt.ATS1

* 

0.1 0.1 1.2 1.1 0.1 0.1 0.1 25.00 0.1 0.10 25.00 0.1 0.11 25.00 0.1 0.10 25.00 0.1 0.10 

0.1 0.1 1.5 1.5 0.5 0.5 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.1 0.1 2 2 1 1 0.8 17.76 0.1 0.10 20.29 0.1 0.10 18.17 0.1 0.10 15.06 0.1 0.10 

0.1 0.5 1.2 1.5 0.5 1 0.8 22.64 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.1 0.5 1.5 2 1 0.1 0.1 18.53 0.1 0.10 20.83 0.1 0.10 18.38 0.1 0.10 15.76 0.1 0.10 

0.1 0.5 2 1.1 0.1 0.5 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 24.22 0.1 0.10 

0.1 1 1.2 2 1 0.5 0.5 13.64 0.1 0.10 17.67 0.1 0.10 17.76 0.1 0.10 16.08 0.1 0.10 

0.1 1 1.5 1.1 0.5 1 0.8 19.50 0.1 0.10 23.00 0.1 0.10 23.00 0.1 0.10 20.10 0.1 0.10 

0.1 1 2 1.5 1 0.1 0.1 15.01 0.1 0.10 17.06 0.1 0.10 15.55 0.1 0.10 8.00 0.1 0.10 

0.5 0.5 1.5 1.5 1 1 0.5 15.59 0.1 0.10 18.51 0.1 0.10 16.59 0.1 0.10 13.55 0.1 0.10 

0.5 0.5 2 2 0.1 0.1 0.8 19.78 0.1 0.10 22.59 0.1 0.10 20.20 0.1 0.10 16.83 0.1 0.10 

0.5 0.5 1.2 1.1 0.5 0.5 0.1 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 22.61 0.1 0.10 

0.5 1 1.5 2 0.1 0.5 0.1 15.11 0.1 0.10 21.38 0.1 0.10 21.17 0.1 0.10 18.43 0.1 0.10 

0.5 1 2 1.1 0.5 1 0.5 15.31 0.1 0.10 22.48 0.1 0.10 18.79 0.1 0.10 14.30 0.1 0.10 

0.5 1 1.2 1.5 1 0.1 0.8 16.42 0.1 0.10 18.71 0.1 0.10 16.59 0.1 0.10 13.93 0.1 0.10 

0.5 0.1 1.5 1.1 0.5 0.1 0.8 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 21.00 0.1 0.10 

0.5 0.1 2 1.5 1 0.5 0.1 17.43 0.1 0.10 17.59 0.1 0.10 14.52 0.1 0.10 8.00 0.1 0.10 

0.5 0.1 1.2 2 0.1 1 0.5 22.91 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

1 1 2 2 0.5 0.5 0.8 8.00 0.1 0.10 12.89 0.1 0.10 8.00 0.1 0.10 8.00 0.1 0.10 

1 1 1.2 1.1 1 1 0.1 11.34 0.1 0.10 14.04 0.1 0.10 12.43 0.1 0.10 8.00 0.1 0.10 

1 1 1.5 1.5 0.1 0.1 0.5 17.53 0.1 0.10 20.82 0.1 0.10 18.20 0.1 0.10 15.38 0.1 0.10 

1 0.1 2 1.1 1 0.1 0.5 15.66 0.1 0.10 13.75 0.1 0.10 8.00 0.1 0.10 8.00 0.1 0.10 

1 0.1 1.2 1.5 0.1 0.5 0.8 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 21.54 0.1 0.10 

1 0.1 1.5 2 0.5 1 0.1 15.54 0.1 0.10 18.30 0.1 0.10 15.90 0.1 0.10 12.90 0.1 0.10 

1 0.5 2 1.5 0.1 1 0.1 15.54 0.1 0.10 20.83 0.1 0.10 18.41 0.1 0.10 14.58 0.1 0.10 

1 0.5 1.2 2 0.5 0.1 0.5 18.15 0.1 0.10 19.78 0.1 0.10 17.03 0.1 0.10 13.64 0.1 0.10 

1 0.5 1.5 1.1 1 0.5 0.8 16.16 0.1 0.10 16.55 0.1 0.10 13.23 0.1 0.10 8.00 0.1 0.10 
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Figure 13.  Response Graph for n
*
-bar with 5.00 =ρ

 
Based on Table 15 
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Table 16.  The Optimal (n
*
, h

*
, ATS1

*
) for BL Chart Given 8.00 =ρ

 
and 0027.0=α  

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  
2δ  

3δ  
4δ  

5δ  
6δ  

1ρ  n* h* Opt.ATS1
* n* h* Opt.ATS1

* n* h* Opt.ATS1
* n* h* Opt.ATS1

* 

0.1 0.1 1.2 1.1 0.1 0.1 0.1 25.00 0.1 0.10 25.00 0.1 0.11 25.00 0.1 0.10 23.00 0.1 0.10 

0.1 0.1 1.5 1.5 0.5 0.5 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.1 0.1 2 2 1 1 0.8 16.97 0.1 0.10 19.61 0.1 0.10 17.89 0.1 0.10 14.98 0.1 0.10 

0.1 0.5 1.2 1.5 0.5 1 0.8 21.60 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 24.89 0.1 0.10 

0.1 0.5 1.5 2 1 0.1 0.1 18.27 0.1 0.10 20.02 0.1 0.10 18.20 0.1 0.10 15.44 0.1 0.10 

0.1 0.5 2 1.1 0.1 0.5 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 24.14 0.1 0.10 

0.1 1 1.2 2 1 0.5 0.5 13.45 0.1 0.10 17.17 0.1 0.10 17.52 0.1 0.10 16.01 0.1 0.10 

0.1 1 1.5 1.1 0.5 1 0.8 18.46 0.1 0.10 24.38 0.1 0.10 23.91 0.1 0.10 19.91 0.1 0.10 

0.1 1 2 1.5 1 0.1 0.1 14.49 0.1 0.10 16.42 0.1 0.10 15.41 0.1 0.10 8.00 0.1 0.10 

0.5 0.5 1.5 1.5 1 1 0.5 14.94 0.1 0.10 17.82 0.1 0.10 15.99 0.1 0.10 13.49 0.1 0.10 

0.5 0.5 2 2 0.1 0.1 0.8 18.97 0.1 0.10 21.89 0.1 0.10 19.92 0.1 0.10 16.79 0.1 0.10 

0.5 0.5 1.2 1.1 0.5 0.5 0.1 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 22.56 0.1 0.10 

0.5 1 1.5 2 0.1 0.5 0.1 14.48 0.1 0.10 20.34 0.1 0.10 20.73 0.1 0.10 18.35 0.1 0.10 

0.5 1 2 1.1 0.5 1 0.5 14.65 0.1 0.10 18.96 0.1 0.10 17.52 0.1 0.10 14.21 0.1 0.10 

0.5 1 1.2 1.5 1 0.1 0.8 16.22 0.1 0.10 17.92 0.1 0.10 16.44 0.1 0.10 13.89 0.1 0.10 

0.5 0.1 1.5 1.1 0.5 0.1 0.8 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 20.94 0.1 0.10 

0.5 0.1 2 1.5 1 0.5 0.1 16.76 0.1 0.10 17.14 0.1 0.10 14.37 0.1 0.10 8.00 0.1 0.10 

0.5 0.1 1.2 2 0.1 1 0.5 21.80 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

1 1 2 2 0.5 0.5 0.8 8.00 0.1 0.10 8.00 0.1 0.10 8.00 0.1 0.10 8.00 0.1 0.10 

1 1 1.2 1.1 1 1 0.1 8.00 0.1 0.10 13.28 0.1 0.10 12.03 0.1 0.10 8.00 0.1 0.10 

1 1 1.5 1.5 0.1 0.1 0.5 17.16 0.1 0.10 19.64 0.1 0.10 17.92 0.1 0.10 15.01 0.1 0.10 

1 0.1 2 1.1 1 0.1 0.5 15.43 0.1 0.10 13.56 0.1 0.10 8.00 0.1 0.10 8.00 0.1 0.10 

1 0.1 1.2 1.5 0.1 0.5 0.8 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 21.46 0.1 0.10 

1 0.1 1.5 2 0.5 1 0.1 14.91 0.1 0.10 17.58 0.1 0.10 15.62 0.1 0.10 12.86 0.1 0.10 

1 0.5 2 1.5 0.1 1 0.1 14.85 0.1 0.10 19.28 0.1 0.10 17.55 0.1 0.10 14.50 0.1 0.10 

1 0.5 1.2 2 0.5 0.1 0.5 17.85 0.1 0.10 19.28 0.1 0.10 16.53 0.1 0.10 13.62 0.1 0.10 

1 0.5 1.5 1.1 1 0.5 0.8 15.88 0.1 0.10 15.83 0.1 0.10 12.85 0.1 0.10 8.00 0.1 0.10 
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Figure 14.  Response Graph for n
*
-bar with 8.00 =ρ

 
Based on Table 16 

 

From Tables 14 – 16, we could see that n
*
 changes and h

*
 is fixed at 0.1. Also, we 

found that the ratio of K11/K22 does not affect the performance too much, and whether 

1.00 =ρ , 0.5 or 0.8, ATS1 is near 0.1. We could say that the optimal BL chart is 

insensitive to these combinations of all process shifts.  

From Figures 12 – 14, we observed that the response of n*-bar under 1.00 =ρ
 

is different from that of 5.00 =ρ
 
and 0.8. Under 1.00 =ρ , there is no fixed pattern 

when K11/K22 = 1. But for 5.00 =ρ
 

and 0.8, the effects of all shifts on n*-bar have a 

fixed pattern. When 54321 ,,,, δδδδδ
 

increase, n*-bar decreases. Under K11/K22 = 4, 

the optimal BL chart takes smaller samples to detect process shifts. While K11/K22 = 1, 

the optimal BL chart needs more samples.  
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Figure 15.  Response Graph for Comparing n*-bar under 8.0,5.0,1.00 =ρ  

 

 From Figure 15, we could see that the significant difference of responses of 

n
*
-bar between 0ρ  = 0.1, 0ρ  = 0.5 and 0.8. Also, the pattern is more stable under 

K11/K22 = 4. 

  

 We also investigated the performance of optimal BL chart of smaller shift (See 

Appendix B, Table 52 and Figure 21). Only n
*
 changes and the ATS1

*
 is near 0.1. 

When the process has smaller shifts, the optimal solution for n
*
 is quite large. Most of 

n
*
 are over 15. The performance is very good, but it requires more samples to detect 

process shifts. The response graph for n*-bar shows that the optimal BL chart needs 

less samples to detect the shift, except for K11/K22 = 1.  
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2.10 ATS1 Comparison of the Specified Bivariate Loss Chart and the Optimal 

Bivariate Loss Chart 

(1). To compare the performance between two charts, we use ‘time saved%’ to 

measure. Define Saved%= %100
.

..

1

11 ×
−

ATSSpe

ATSOptATSSpe
, where Opt. ATS1 is the 

ATS1 of the optimal BL chart and Spe.ATS1 is a ATS1 of the specified BL chart. The 

Saved% shows how much time the optimal BL chart had saved in detecting the 

process shifts with an out-of-control process when comparing with the specified BL 

chart.  

 

(2). Set sampling interval for the specified BL chart as 1, we could calculate 

Spe.ATS1 based on Tables 11 – 13. Also, we calculate Saved% based on Tables 11 – 

13 and Tables 14 – 16. The results are shown in Tables 17 – 19. 
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Table 17.  Saved% of Optimal BL Chart and Specified BL Chart for Small Shifts with 

1.00 =ρ  

No. 
0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1.ATSSpe  
1.ATSOpt %Saved  1.ATSSpe  

1.ATSOpt  %Saved  1. ATSSpe  
1.ATSOpt  %Saved  1.ATSSpe  

1.ATSOpt  %Saved  

1 59.31 0.10 99.83% 47.16 0.16 99.65% 40.06 0.10 99.75% 3.36 0.10 97.02% 

2 2.70 0.10 96.29% 2.81 0.10 96.45% 2.84 0.10 96.48% 1.35 0.10 92.58% 

3 1.12 0.10 91.05% 1.19 0.10 91.56% 1.12 0.10 91.04% 1.02 0.10 90.16% 

4 1.83 0.10 94.54% 2.38 0.10 95.80% 4.02 0.10 97.51% 1.79 0.10 94.42% 

5 1.18 0.10 91.52% 1.43 0.10 93.02% 1.14 0.10 91.20% 1.02 0.10 90.22% 

6 2.00 0.10 95.01% 1.82 0.12 93.39% 1.85 0.13 92.84% 1.25 0.10 92.00% 

7 1.03 0.10 90.31% 1.23 0.10 91.86% 1.17 0.10 91.48% 1.05 0.10 90.44% 

8 1.45 0.10 93.13% 1.61 0.13 92.04% 2.09 0.13 93.57% 1.28 0.10 92.16% 

9 1.05 0.10 90.48% 1.12 0.10 91.10% 1.03 0.10 90.31% 1.00 0.10 90.04% 

10 1.15 0.10 91.30% 1.27 0.10 92.13% 1.15 0.10 91.30% 1.01 0.10 90.13% 

11 1.09 0.10 90.84% 1.10 0.10 90.89% 1.15 0.10 91.34% 1.03 0.10 90.32% 

12 3.61 0.10 97.23% 3.78 0.10 97.35% 3.63 0.10 97.25% 1.35 0.10 92.58% 

13 1.03 0.10 90.26% 1.08 0.10 90.74% 1.26 0.10 92.04% 1.12 0.10 91.05% 

14 1.09 0.10 90.85% 1.09 0.10 90.59% 1.12 0.10 90.97% 1.02 0.10 90.20% 

15 1.10 0.10 90.89% 1.30 0.10 92.29% 1.10 0.10 90.88% 1.01 0.10 90.13% 

16 2.42 0.10 95.86% 2.15 0.14 93.50% 1.61 0.10 93.79% 1.10 0.10 90.89% 

17 1.15 0.10 91.32% 1.16 0.10 91.37% 1.02 0.10 90.24% 1.00 0.10 90.01% 

18 1.37 0.10 92.71% 1.58 0.10 93.66% 2.15 0.10 95.35% 1.85 0.10 94.61% 

19 1.00 0.10 90.02% 1.00 0.10 90.02% 1.00 0.10 90.03% 1.00 0.10 90.00% 

20 1.05 0.10 90.45% 1.12 0.10 91.09% 1.06 0.10 90.54% 1.00 0.10 90.02% 

21 1.09 0.10 90.79% 1.10 0.10 90.91% 1.17 0.10 91.42% 1.02 0.10 90.24% 

22 1.05 0.10 90.45% 1.02 0.10 90.23% 1.00 0.10 90.01% 1.00 0.10 90.00% 

23 1.71 0.10 94.15% 1.70 0.10 94.10% 1.93 0.10 94.83% 1.26 0.10 92.06% 

24 1.10 0.10 90.91% 1.09 0.10 90.81% 1.11 0.10 90.99% 1.01 0.10 90.11% 

25 1.05 0.10 90.52% 1.05 0.10 90.45% 1.05 0.10 90.52% 1.02 0.10 90.22% 

26 1.14 0.10 91.22% 1.16 0.10 91.39% 1.12 0.10 91.05% 1.01 0.10 90.12% 

27 1.10 0.10 90.89% 1.13 0.10 91.11% 1.02 0.10 90.16% 1.00 0.10 90.00% 
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Table 18.  Saved% of Optimal BL Chart and Specified BL Chart for Small Shifts with 

5.00 =ρ  

No. 
0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1.ATSSpe  
1.ATSOpt %Saved  

1.ATSSpe  
1.ATSOpt  %Saved  

1. ATSSpe  
1.ATSOpt  %Saved  

1.ATSSpe  
1.ATSOpt  %Saved  

1 82.37 0.10 99.88% 195.36 0.11 99.94% 30.62 0.10 99.67% 3.20 0.10 96.88% 

2 15.63 0.10 99.36% 76.42 0.10 99.87% 18.14 0.10 99.45% 2.94 0.10 96.60% 

3 4.58 0.10 97.82% 23.02 0.10 99.57% 5.99 0.10 98.33% 1.74 0.10 94.25% 

4 1.62 0.10 93.82% 3.47 0.10 97.12% 3.98 0.10 97.49% 1.73 0.10 94.21% 

5 1.89 0.10 94.71% 3.79 0.10 97.36% 2.31 0.10 95.67% 1.28 0.10 92.19% 

6 1.18 0.10 91.53% 1.88 0.10 94.66% 1.38 0.10 92.75% 1.07 0.10 90.65% 

7 1.02 0.10 90.17% 1.17 0.10 91.48% 1.13 0.10 91.19% 1.04 0.10 90.40% 

8 1.02 0.10 90.20% 1.11 0.10 90.99% 1.09 0.10 90.83% 1.03 0.10 90.29% 

9 1.00 0.10 90.00% 1.03 0.10 90.29% 1.02 0.10 90.20% 1.00 0.10 90.00% 

10 1.48 0.10 93.24% 1.71 0.10 94.15% 1.87 0.10 94.65% 1.21 0.10 91.74% 

11 1.16 0.10 91.38% 1.43 0.10 93.01% 1.40 0.10 92.86% 1.09 0.10 90.83% 

12 3.85 0.10 97.40% 9.61 0.10 98.96% 3.42 0.10 97.08% 1.36 0.10 92.66% 

13 2.32 0.10 95.69% 2.06 0.10 95.15% 1.71 0.10 94.15% 1.13 0.10 91.15% 

14 1.31 0.10 92.37% 1.48 0.10 93.24% 2.40 0.10 95.83% 1.04 0.10 90.38% 

15 1.06 0.10 90.60% 1.20 0.10 91.65% 1.08 0.10 90.72% 1.01 0.10 90.12% 

16 1.32 0.10 92.42% 1.80 0.10 94.44% 2.64 0.10 96.21% 1.49 0.10 93.29% 

17 1.08 0.10 90.74% 1.69 0.10 94.08% 2.01 0.10 95.02% 1.23 0.10 91.87% 

18 1.52 0.10 93.43% 2.01 0.10 95.01% 2.79 0.10 96.41% 1.76 0.10 94.32% 

19 1.20 0.10 91.67% 1.17 0.10 91.45% 1.13 0.10 91.15% 1.03 0.10 90.29% 

20 1.02 0.10 90.23% 1.23 0.10 91.86% 1.04 0.10 90.41% 1.00 0.10 90.02% 

21 1.02 0.10 90.20% 1.02 0.10 90.20% 1.00 0.10 90.00% 1.00 0.10 90.00% 

22 1.09 0.10 90.83% 1.22 0.10 91.80% 1.46 0.10 93.15% 1.20 0.10 91.67% 

23 2.05 0.10 95.13% 2.34 0.10 95.73% 2.32 0.10 95.68% 1.24 0.10 91.93% 

24 1.03 0.10 90.29% 1.12 0.10 91.07% 1.03 0.10 90.29% 1.00 0.10 90.00% 

25 1.20 0.10 91.67% 1.25 0.10 92.00% 1.29 0.10 92.25% 1.07 0.10 90.65% 

26 1.11 0.10 90.95% 1.27 0.10 92.13% 1.09 0.10 90.85% 1.01 0.10 90.11% 

27 1.01 0.10 90.10% 1.04 0.10 90.38% 1.00 0.10 90.00% 1.00 0.10 90.00% 
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Table 19.  Saved% of Optimal BL Chart and Specified BL Chart for Small Shifts with 

8.00 =ρ  

No. 
0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1.ATSSpe  
1.ATSOpt %Saved  

1.ATSSpe  
1.ATSOpt  %Saved  

1. ATSSpe  
1.ATSOpt  %Saved  

1.ATSSpe  
1.ATSOpt  %Saved  

1 52.50 0.10 99.81% 254.84 0.10 99.96% 24.46 0.10 99.59% 3.11 0.10 96.76% 

2 11.87 0.10 99.16% 71.89 0.10 99.86% 15.11 0.10 99.34% 2.87 0.10 96.52% 

3 3.65 0.10 97.26% 14.64 0.10 99.32% 5.09 0.10 98.04% 1.70 0.10 94.12% 

4 1.47 0.10 93.22% 4.30 0.10 97.67% 3.48 0.10 97.12% 1.69 0.10 94.08% 

5 1.72 0.10 94.19% 3.70 0.10 97.30% 2.15 0.10 95.35% 1.27 0.10 92.13% 

6 1.13 0.10 91.15% 1.64 0.10 93.90% 1.32 0.10 92.42% 1.07 0.10 90.65% 

7 1.01 0.10 90.13% 1.13 0.10 91.16% 1.12 0.10 91.05% 1.04 0.10 90.38% 

8 1.02 0.10 90.20% 1.11 0.10 90.99% 1.08 0.10 90.74% 1.02 0.10 90.20% 

9 1.00 0.10 90.00% 1.02 0.10 90.20% 1.02 0.10 90.20% 1.00 0.10 90.00% 

10 1.38 0.10 92.75% 2.08 0.10 95.19% 1.78 0.10 94.38% 1.20 0.10 91.67% 

11 1.12 0.10 91.07% 1.54 0.10 93.51% 1.34 0.10 92.54% 1.08 0.10 90.74% 

12 3.19 0.10 96.87% 9.25 0.10 98.92% 3.08 0.10 96.75% 1.35 0.10 92.58% 

13 2.05 0.10 95.12% 2.59 0.10 96.14% 1.63 0.10 93.87% 1.12 0.10 91.07% 

14 1.23 0.10 91.87% 1.79 0.10 94.41% 1.30 0.10 92.31% 1.04 0.10 90.38% 

15 1.05 0.10 90.50% 1.16 0.10 91.38% 1.07 0.10 90.65% 1.01 0.10 90.11% 

16 1.24 0.10 91.94% 2.30 0.10 95.65% 2.43 0.10 95.88% 1.46 0.10 93.15% 

17 1.06 0.10 90.57% 1.97 0.10 94.92% 1.82 0.10 94.51% 1.21 0.10 91.74% 

18 1.40 0.10 92.88% 2.49 0.10 95.99% 3.36 0.10 97.02% 1.71 0.10 94.14% 

19 1.16 0.10 91.38% 1.24 0.10 91.94% 1.17 0.10 91.45% 1.03 0.10 90.29% 

20 1.01 0.10 90.13% 1.14 0.10 91.21% 1.03 0.10 90.30% 1.00 0.10 90.01% 

21 1.01 0.10 90.10% 1.01 0.10 90.10% 1.00 0.10 90.00% 1.00 0.10 90.00% 

22 1.06 0.10 90.57% 1.34 0.10 92.54% 1.61 0.10 93.79% 1.18 0.10 91.53% 

23 1.84 0.10 94.58% 3.11 0.10 96.78% 2.17 0.10 95.39% 1.23 0.10 91.84% 

24 1.02 0.10 90.20% 1.08 0.10 90.74% 1.02 0.10 90.20% 1.00 0.10 90.00% 

25 1.14 0.10 91.23% 1.42 0.10 92.96% 1.40 0.10 92.86% 1.07 0.10 90.65% 

26 1.08 0.10 90.78% 1.22 0.10 91.80% 1.08 0.10 90.75% 1.01 0.10 90.10% 

27 1.01 0.10 90.10% 1.03 0.10 90.29% 1.00 0.10 90.00% 1.00 0.10 90.00% 
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Tables 17 – 19 showed that the optimal BL chart gave ATS1 saved% a minimum 

of 90% to detect process signal. But, the optimal BL chart requires more samples to 

monitor the process. The same result of detecting smaller shifts (See Appendix B, 

Table 53). In practice, we suggest using specified BL chart since it requires less 

samples to detect process signal and it is easy to implement. 
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Chapter 3.  The VSSI Bivaraite Loss Control Chart 

3.1 Design of the VSSI Bivariate Loss Chart 

To detect signals quickly and improve the sensitivity in detecting the process 

small shifted, we add two warning limits. Thus, the control chart is divided into three 

main regions: the region between the warning limits is called central region, the 

region between the warning limit and upper control limit or the warning limit and 

lower control limit is warning region, and the region above upper control limit or 

below the lower control limit is called action region. We take different sampling rules 

of monitoring the process for each region. We have two types of sample size and 

sampling interval, i.e. (n1, h1) and (n2, h2), where 102 nnn >>  and 201 hhh >> , 0n  

and 0h  are sample size and sampling interval for the fixed parameters (FP) BL chart. 

Note that at the first sampling we take sample of size n1. 

To monitor the process, we follow the rules below (see Figure 16): 

(i) When a point falls within the central region, next time, adopt the long sampling 

interval and small sample size, ),( 11 nh . 

(ii) When a point falls within warning region, next time, adopt the short sampling 

interval and large sample size, ),( 22 nh . 

(iii)When a point falls in the action region we will stop the process and look for any 

special causes and rectify them. 
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Figure 16.  The VSSI BL chart 

 

Note that the control limits depend on the variable sample size ( qn , q = 1, 2) 

That is, we may express the UCL and LCL as )( qnUCL  and )( qnLCL .
  

 

3.2 The Approximate Distribution of BL  

 

When process is in-control, 
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3.3 The Control Limits of the VSSI BL Chart 

 

Let false alarm rate of the VSSI BL chart is α   

              2/1))(()( α−=qnQ nUCLF
q

                         (13) 

               2/))(()( α=qnQ nLCLF
q

                           (14) 

              2,1)),(()( )(

* == qnCLFnp qnQq q
                      (15) 

The control limits of the VSSI BL chart are: 

)2/1()( 1

)( α−= −
•

qnQq FnUCL  

))(()( *1

)( qnQq npFnCL
q

−
•

=  

)2/()( 1

)( α−
•

=
qnQq FnLCL  

 

To calculate the warning limits, we assume that the probabilities (p0) that a point 

falls on the central region for these two charts are equal when the process is in-control. 

That is,  

))(~),()()()((0 qqqquql nQBLnUCLBLnLCLnwBLnwPp
•

<<<<= , q = 1,2    (16) 

From equation (16), we get  

                   
α−

−
=

1

))(())(( )()(

0

qlnQqunQ nwFnwF
p

qq

                (17) 

Let  

))(~)()((2))(~)()(( qqqlqquql nQBLnCLBLnwPnQBLnwBLnwP
••

<<=<<    (18) 

Hence, from equation (16) and equation (18),  

)1()))(()((2 0)(

* α−=− pnwFnp qlnQq q
,            

and we get )( ql nw in (19) 
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                    ))1(
2

1
)(()( 0
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To get )( qu nw , let 
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From equation (16) and (19), 
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3.4 The Out-of-control Approximate Distribution of BL 

 

When process is out-of-control, 
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3.5 Performance Measurement of the VSSI BL Chart 

 

In order to compare performance with the FP BL chart, we let them have same 

average sample size and sampling interval under in-control process. 

02010 )1( nnpnp =−+                            (23) 

02010 )1( hhphp =−+                            (24) 

From equation (23) and (24), we have 
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And given (n0, n1, n2, h0, h2), put 
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=  in equation (24) 
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We use ATS1 as our performance measurement. When the process is 

out-of-control, we apply Markov chain method to find ATS1. Assume that the process 

is out-of-control at the beginning, we observe the possible process states at the end of 

the sampling interval. 

State 1: If statistic BL falls within central region, next time, we choose ),( 11 nh . 

State2: If statistic BL falls warning region, next time, we choose ),( 22 nh . 

State3: If statistic BL falls in the action region, then the true alarm occurred and the 

process is adjusted.  

 

Define transient matrix *P  
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Denote ),(' 21

* πππ =  with initial probabilities for state 1 and 2, where '
*π could be 

obtained by solving the equation 
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Hence, the 1ATS
 is obtained by (27) 

                   hQIATS
1**

1 )('
−−= π ,                        (27) 

where h = (h1, h2). 

 

3.6 Example for the VSSI Bivariate Loss Chart 

Continue with the example of the BL chart, with out-of-control data (19, 21, 22, 

23, 24, 25 subgroups) (See Table 2.), we could get 1δ = -1.28, 2δ = -1.47, 3δ = 

0.85, 4δ = 1.02, 5δ = 0.57, 6δ = -0.79, 1ρ = -0.3. Then, we find the optimal (n1, 

n2, h1, h2, p (n1), p (n2)) under specified  1δ
 2δ,  3δ,  4δ,  5δ,  6δ,  1ρ,   and 
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calculate control limits for the VSSI BL chart. The construction procedure is as 

follows: 

Step 1:  Give 







=








19

19

2

1

T

T
, 1,5.0 221211 === KKK , n = 4 , 0027.0=α , 

1,4 00 == hn and c4 = 0.9213. 

Step  2:   Use 







=

38.18

45.19
Y

 

to estimate
0µ . Use 








=

62.004.0

04.062.0
S

 

to estimate
0∑ . 

And 0600 .=
∧

ρ . 

Step 3:  Give 28.11 −=δ  47.1, 2 −=δ  85.0, 3 =δ  02.1, 4 =δ  57.0, 6 =δ  

79.0, 7 −=δ  and 3.01 −=ρ . 

Find optimal (n1, n2, h1, h2, p (n1), p (n2)) by 

1ATSMinimize  
..ts  

252 201 ≤<<≤ nnn  

40 102 ≤<<< hhh
 

2,1),()()( =<< qnCLnwnLCL qqlq  

2,1),()()( =<< qnUCLnwnCL qquq

 

Step  4:  The optimal solutions of (n1, n2, h1, h2, p (n1), p (n2)) are: 

445.0)( 1 =np  , 445.0)( 2 =np , 21 =n , 202 =n , 1125.11 =h , 1.02 =h . 

And we have ATS1 = 0.1. 

Step  5:  The optimal control limits are determined: 

5.2511 =)n(UCL         135.2)( 2 =nUCL  

1672)( 1 .nwu =           50312 .)n(wu =  

907.0)( 1 =nCL          127.1)( 2 =nCL  

069.0)( 1 =nwl           606.0)( 2 =nwl  

038.0)( 1 =nLCL         543.0)( 2 =nLCL  
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The sampling action in shown in Figure 17 below: 

 

Figure 17.  The Optimal VSSI BL Chart  

 

Step 6:  We have 76 data after having deleted all out-of-control data from 100 

original data. Suppose we first take sample of size two. We calculate BL and plot it on 

the control chart based on sample size (n1) two.  
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Figure 18.  The Optimal VSSI BL Chart of Phase I 
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The first point on the left chart in Figure 18 falls between wu (n1) and UCL (n1), 

thus, next time we should take  sample of size 20 and the sampling interval is 0.1. Plot 

the second point on the right chart. Following the same step, we found all points fall 

between control limits. Thus, we could now use these charts to track the following 

process.  
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Figure 19.  The optimal VSSI BL chart of Phase II 

 

Figure 19 shows that the process is out-of-control (See sample 11.). We have to 

stop the process and investigate the unusual cause. 

 From this example, we could calculate the ATS1 of the optimal VSSI BL chart is 

0.1 and the ATS1 of the specified BL chart is 1.22. Note that we set sampling interval for 

the specified BL chart is 1. The optimal VSSI BL chart could save 92.8% time to detect 

signals. 
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CHAPTER 4.  ATS1 Analysis of the VSSI Bivariate Loss Chart and ATS1           

Comparison between the BL Chart and the VSSI BL Chart 

To compare the performance with the BL chart, we set ,1,5 00 == hn 0027.0=α , 

12212 == KK  and 5.00 =ρ  and let 
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4.1 The Specified ( )(,, qqq nphn ) VSSI Bivariate Loss Chart 

To investigate the performance of the specified VSSI BL chart in detecting 

smaller shifts and the impact of K11/K22 on ATS1, we calculate ATS1 under the 

combinations of ( 1654321 ,,,,,, ρδδδδδδ ) with specified ( )(,, qqq nphn ) and K11/K22, 

where K11/K22 = 0.5, 1, 2, 4. Also, we compare the performance with the BL chart by 

‘ARL1 saved%’ with the specified VSSI BL chart to detect signal. 

 

Table 20.  Variuos levels of ( 1654321 ,,,,,, ρδδδδδδ ) and Specified (h2, n1, n2) 

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  2h  ),( 21 nn  

0.01 0.01 1.2 1.1 0.01 0.01 0.1 0.1 (2,25) 

0.1 0.1 1.5 1.5 0.1 0.1 0.3 0.5 (3,15) 

0.5 0.5 2 2 1 1 0.5 0.9 (4,10) 

    Note that we set )( qnp = 0.5, q = 1, 2. 
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Table 21.  27 Combinations of 1654321 ,,,,,, ρδδδδδδ , ( 21,hh ) and ),( 21 nn  

No. 1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  1h  2h  ),( 21 nn  

1 0.01 0.01 1.2 1.1 0.01 0.01 0.1 1.135 0.1 (2,25) 

2 0.01 0.01 1.5 1.5 0.1 0.1 0.3 1.18 0.1 (3,15) 

3 0.01 0.01 2 2 1 1 0.5 1.18 0.1 (4,10) 

4 0.01 0.1 1.2 1.5 0.1 1 0.5 1.1 0.5 (4,10) 

5 0.01 0.1 1.5 2 1 0.01 0.1 1.075 0.5 (2,25) 

6 0.01 0.1 2 1.1 0.01 0.1 0.3 1.1 0.5 (3,15) 

7 0.01 0.5 1.2 2 1 0.1 0.3 1.02 0.9 (3,15) 

8 0.01 0.5 1.5 1.1 0.1 1 0.5 1.02 0.9 (4,10) 

9 0.01 0.5 2 1.5 1 0.01 0.1 1.015 0.9 (2,25) 

10 0.1 0.1 1.5 1.5 1 1 0.3 1.18 0.1 (4,10) 

11 0.1 0.1 2 2 0.01 0.01 0.5 1.135 0.1 (2,25) 

12 0.1 0.1 1.2 1.1 0.1 0.1 0.1 1.18 0.1 (3,15) 

13 0.1 0.5 1.5 2 0.01 0.1 0.1 1.1 0.5 (3,15) 

14 0.1 0.5 2 1.1 0.1 1 0.3 1.1 0.5 (4,10) 

15 0.1 0.5 1.2 1.5 1 0.01 0.5 1.075 0.5 (2,25) 

16 0.1 0.01 1.5 1.1 0.1 0.01 0.5 1.015 0.9 (2,25) 

17 0.1 0.01 2 1.5 1 0.1 0.1 1.02 0.9 (3,15) 

18 0.1 0.01 1.2 2 0.01 1 0.3 1.02 0.9 (4,10) 

19 0.5 0.5 2 2 0.1 0.1 0.5 1.18 0.1 (3,15) 

20 0.5 0.5 1.2 1.1 1 1 0.1 1.18 0.1 (4,10) 

21 0.5 0.5 1.5 1.5 0.01 0.01 0.3 1.135 0.1 (2,25) 

22 0.5 0.01 2 1.1 1 0.01 0.3 1.075 0.5 (2,25) 

23 0.5 0.01 1.2 1.5 0.01 0.1 0.5 1.1 0.5 (3,15) 

24 0.5 0.01 1.5 2 0.1 1 0.1 1.1 0.5 (4,10) 

25 0.5 0.1 2 1.5 0.01 1 0.1 1.02 0.9 (4,10) 

26 0.5 0.1 1.2 2 0.1 0.01 0.3 1.015 0.9 (2,25) 

27 0.5 0.1 1.5 1.1 1 0.1 0.1 1.02 0.9 (3,15) 
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Table 22.  ATS1 for Specified VSSI BL Chart with K11/ K22 = 0.5, 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α , 5.0)( =qnp , 2,1=q
 
(Based on Table 21.) 

No. )( 1nLCL  )( 1nwl  )( 1nwu  )( 1nUCL  )( 2nLCL  )( 2nwl  )( 2nwu  )( 2nUCL  
1.ATSVSSI  

1.ATSSpe  %Saved  

1 0.046 0.370 4.676 10.521 0.942 1.219 1.287 1.289 7.07 115.00 93.85% 

2 0.125 0.622 3.952 8.374 0.740 1.289 1.967 1.974 1.96 4.37 55.06% 

3 0.725 2.022 7.621 10.031 1.581 2.816 4.384 4.401 0.90 1.11 18.77% 

4 0.429 1.318 5.386 10.023 1.014 1.884 4.307 4.427 2.28 5.54 58.87% 

5 0.060 0.460 5.917 11.752 1.111 1.200 1.256 1.258 1.77 1.37 -29.32% 

6 0.124 0.618 3.922 8.347 0.736 1.281 1.974 1.982 2.41 5.61 57.00% 

7 0.166 0.796 5.117 8.084 0.949 1.650 1.874 1.878 1.41 1.21 -16.56% 

8 0.429 1.318 5.386 10.023 1.014 1.884 4.307 4.427 2.69 6.29 57.31% 

9 0.060 0.460 5.917 11.752 1.111 1.200 1.256 1.258 1.72 1.22 -40.77% 

10 0.725 2.022 7.621 10.031 1.581 2.816 4.384 4.401 1.30 1.57 17.27% 

11 0.046 0.370 4.676 10.521 0.942 1.219 1.287 1.289 1.05 1.37 23.66% 

12 0.125 0.622 3.952 8.374 0.740 1.289 1.967 1.974 9.83 82.37 88.06% 

13 0.124 0.618 3.922 8.347 0.736 1.281 1.974 1.982 1.31 1.67 21.79% 

14 0.429 1.318 5.386 10.023 1.014 1.884 4.307 4.427 1.60 3.67 56.30% 

15 0.060 0.460 5.917 11.752 1.111 1.200 1.256 1.258 2.06 1.64 -26.06% 

16 0.046 0.371 4.691 10.559 0.945 1.218 1.286 1.287 4.00 9.28 56.95% 

17 0.166 0.796 5.117 8.084 0.949 1.650 1.874 1.878 1.61 1.39 -15.97% 

18 0.414 1.276 5.222 9.831 0.981 1.825 4.292 4.474 1.50 2.38 36.71% 

19 0.125 0.622 3.952 8.374 0.740 1.289 1.967 1.974 0.81 1.14 28.58% 

20 0.725 2.022 7.621 10.031 1.581 2.816 4.384 4.401 1.31 1.69 22.72% 

21 0.046 0.370 4.676 10.521 0.942 1.219 1.287 1.289 1.57 2.31 32.10% 

22 0.060 0.460 5.917 11.752 1.111 1.200 1.256 1.258 1.56 1.25 -24.45% 

23 0.124 0.618 3.922 8.347 0.736 1.281 1.974 1.982 2.13 4.22 49.62% 

24 0.429 1.318 5.386 10.023 1.014 1.884 4.307 4.427 1.04 1.62 35.51% 

25 0.414 1.276 5.222 9.831 0.981 1.825 4.292 4.474 1.44 2.15 33.08% 

26 0.046 0.371 4.691 10.559 0.945 1.218 1.286 1.287 1.90 1.92 0.74% 

27 0.166 0.796 5.117 8.084 0.949 1.650 1.874 1.878 1.86 1.65 -12.96% 

Note that ATS1 Saved% = [( Spe.ATS1 - VSSI.ATS1 ) / Spe.ATS1]•100%. 
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Table 23.  ATS1 for Specified VSSI BL Chart with K11/ K22 = 1 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α , 5.0)( =qnp , 2,1=q  
 
(Based on Table 21.) 

NO. )( 1nLCL  )( 1nwl  )( 1nwu  )( 1nUCL  )( 2nLCL  )( 2nwl  )( 2nwu  )( 2nUCL  
1ATS  

1ATSFP  %Saved  

1 0.061 0.485 5.717 12.544 1.209 1.750 2.162 2.166 7.92 259.07 96.94% 

2 0.164 0.809 4.848 10.200 0.956 1.639 3.313 3.382 1.91 7.45 74.31% 

3 0.921 2.535 9.190 16.317 1.988 3.496 7.297 7.456 0.77 1.35 43.30% 

4 0.511 1.574 6.155 11.276 1.211 2.231 5.198 7.877 5.19 10.35 49.82% 

5 0.099 0.701 8.045 17.566 1.698 1.928 2.022 2.024 1.76 1.71 -2.73% 

6 0.163 0.804 4.808 10.105 0.950 1.628 3.327 3.405 0.18 4.69 96.06% 

7 0.259 1.174 6.910 12.941 1.380 2.345 3.043 3.051 1.67 1.64 -1.75% 

8 0.511 1.574 6.155 11.276 1.211 2.231 5.198 7.877 5.37 7.60 29.35% 

9 0.099 0.701 8.045 17.566 1.698 1.928 2.022 2.024 1.63 1.29 -26.58% 

10 0.921 2.535 9.190 16.317 1.988 3.496 7.297 7.456 1.22 3.07 60.41% 

11 0.061 0.485 5.717 12.544 1.209 1.750 2.162 2.166 1.15 1.59 27.57% 

12 0.164 0.809 4.848 10.200 0.956 1.639 3.313 3.382 19.87 195.36 89.83% 

13 0.163 0.804 4.808 10.105 0.950 1.628 3.327 3.405 1.32 2.60 49.28% 

14 0.511 1.574 6.155 11.276 1.211 2.231 5.198 7.883 1.22 3.07 60.40% 

15 0.099 0.701 8.045 17.566 1.698 1.928 2.022 2.024 2.25 2.49 9.92% 

16 0.061 0.486 5.744 12.613 1.213 1.757 2.155 2.158 4.83 13.07 63.04% 

17 0.259 1.174 6.910 12.941 1.380 2.345 3.043 3.051 1.50 1.39 -7.68% 

18 0.496 1.531 5.981 10.928 1.177 2.171 5.051 7.648 2.00 3.60 44.47% 

19 0.164 0.809 4.848 10.200 0.956 1.639 3.313 3.382 0.74 1.24 39.97% 

20 0.921 2.535 9.190 16.317 1.988 3.496 7.297 7.456 1.16 4.33 73.19% 

21 0.061 0.485 5.717 12.544 1.209 1.750 2.162 2.166 1.70 3.33 48.82% 

22 0.099 0.701 8.045 17.566 1.698 1.928 2.022 2.024 1.27 1.19 -6.82% 

23 0.163 0.804 4.808 10.105 0.950 1.628 3.327 3.405 2.27 8.30 72.64% 

24 0.511 1.574 6.155 11.276 1.211 2.231 5.198 7.877 0.73 1.97 62.85% 

25 0.496 1.531 5.981 10.928 1.177 2.171 5.051 7.648 1.22 1.96 37.98% 

26 0.061 0.486 5.744 12.613 1.213 1.757 2.155 2.158 2.11 3.15 33.01% 

27 0.259 1.174 6.910 12.941 1.380 2.345 3.043 3.051 1.68 1.66 -1.41% 

Note that ATS1 Saved %= [( Spe.ATS1 - VSSI.ATS1 ) / Spe.ATS1]•100%. 
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Table 24.  ATS1 for Specified VSSI BL Chart with K11/ K22 = 2 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α , 5.0)( =qnp , 2,1=q  
 
(Based on Table 21.) 

NO. )( 1nLCL  )( 1nwl )( 1nwu )( 1nUCL  )( 2nLCL  )( 2nwl  )( 2nwu  )( 2nUCL  
1ATS  

1ATSFP  %Saved  

1 0.080 0.647 8.183 18.411 1.649 2.133 2.252 2.255 5.39 38.14 85.88% 

2 0.218 1.087 6.908 14.648 1.295 2.254 3.444 3.457 1.83 3.86 52.54% 

3 1.178 3.333 12.764 17.526 2.600 4.665 7.613 7.647 0.89 1.14 21.74% 

4 0.629 1.967 7.981 14.962 1.509 2.813 6.720 8.501 5.25 16.26 67.73% 

5 0.158 1.076 12.765 20.286 2.091 2.229 2.328 2.330 1.98 1.24 -59.74% 

6 0.217 1.080 6.846 14.587 1.286 2.237 3.459 3.472 1.82 3.11 41.57% 

7 0.399 1.784 10.835 13.982 2.108 3.179 3.365 3.371 1.76 1.34 -31.79% 

8 0.629 1.967 7.981 14.962 1.509 2.813 6.720 8.501 22.20 7.21 -207.86% 

9 0.158 1.076 12.765 20.286 2.091 2.229 2.328 2.330 1.58 1.08 -45.99% 

10 1.178 3.333 12.764 17.526 2.600 4.665 7.613 7.647 1.30 1.67 22.33% 

11 0.080 0.647 8.183 18.411 1.649 2.133 2.252 2.255 1.05 1.37 23.59% 

12 0.218 1.087 6.908 14.648 1.295 2.254 3.444 3.457 5.97 30.62 80.51% 

13 0.217 1.080 6.846 14.587 1.286 2.237 3.459 3.472 1.51 2.23 32.51% 

14 0.629 1.967 7.981 14.962 1.509 2.813 6.720 10.349 1.28 2.63 51.24% 

15 0.158 1.076 12.765 20.286 2.091 2.229 2.328 2.330 2.83 1.58 -79.40% 

16 0.081 0.650 8.237 18.545 1.658 2.129 2.247 2.250 3.25 7.20 54.87% 

17 0.399 1.784 10.835 13.982 2.108 3.179 3.365 3.371 1.25 1.08 -15.54% 

18 0.616 1.926 7.777 14.531 1.477 2.751 6.551 8.713 2.60 6.10 57.36% 

19 0.218 1.087 6.908 14.648 1.295 2.254 3.444 3.457 0.82 1.15 28.32% 

20 1.178 3.333 12.764 17.526 2.600 4.665 7.613 7.647 1.25 1.73 27.66% 

21 0.080 0.647 8.183 18.411 1.649 2.133 2.252 2.255 1.55 2.26 31.44% 

22 0.158 1.076 12.765 20.286 2.091 2.229 2.328 2.330 1.16 1.02 -14.03% 

23 0.217 1.080 6.846 14.587 1.286 2.237 3.459 3.472 2.30 5.11 55.05% 

24 0.629 1.967 7.981 14.962 1.509 2.813 6.720 8.501 0.89 2.24 60.43% 

25 0.616 1.926 7.777 14.531 1.477 2.751 6.551 8.713 1.14 1.77 35.39% 

26 0.081 0.650 8.237 18.545 1.658 2.129 2.247 2.250 2.18 2.54 13.92% 

27 0.399 1.784 10.835 13.982 2.108 3.179 3.365 3.371 1.35 1.12 -20.53% 

Note that ATS1 Saved% = [( Spe.ATS1 - VSSI.ATS1 ) / Spe.ATS1]•100%. 
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Table 25.  ATS1 for Specified VSSI BL Chart with K11/ K22 = 4 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α , 5.0)( =qnp , 2,1=q  
 
(Based on Table 21.) 

 

NO. )( 1nLCL  )( 1nwl )( 1nwu )( 1nUCL  )( 2nLCL  )( 2nwl  )( 2nwu  )( 2nUCL  
1ATS  

1ATSFP  %Saved  

1 0.110 0.906 13.425 20.620 1.984 2.119 2.215 2.218 5.51 3.46 -59.15% 

2 0.300 1.553 11.243 14.076 1.887 3.056 3.247 3.253 1.85 1.52 -21.45% 

3 1.589 4.751 15.994 16.197 3.663 6.600 7.151 7.165 1.17 1.02 -14.85% 

4 0.821 2.644 11.878 17.050 2.015 3.876 7.145 7.184 3.25 4.53 28.11% 

5 0.248 1.701 19.404 19.877 2.318 2.461 2.564 2.567 2.14 1.04 -105.92% 

6 0.299 1.543 11.137 14.108 1.874 3.057 3.252 3.258 1.49 1.24 -19.87% 

7 0.616 2.860 13.552 13.706 3.079 3.349 3.501 3.507 1.60 1.09 -47.23% 

8 0.821 2.644 11.878 17.050 2.015 3.876 7.145 7.184 2.08 2.40 13.32% 

9 0.248 1.701 19.404 19.877 2.318 2.461 2.564 2.567 1.49 1.01 -47.41% 

10 1.589 4.751 15.994 16.197 3.663 6.600 7.151 7.165 1.39 1.12 -24.07% 

11 0.110 0.906 13.425 20.620 1.984 2.119 2.215 2.218 1.30 1.09 -19.27% 

12 0.300 1.553 11.243 14.076 1.887 3.056 3.247 3.253 3.66 3.20 -14.12% 

13 0.299 1.543 11.137 14.108 1.874 3.057 3.252 3.258 1.56 1.29 -20.61% 

14 0.821 2.644 11.878 17.050 2.015 3.876 7.145 7.184 1.21 1.52 20.48% 

15 0.248 1.701 19.404 19.877 2.318 2.461 2.564 2.567 3.01 1.13 -167.40% 

16 0.111 0.910 13.534 20.582 1.983 2.118 2.214 2.216 3.07 1.66 -84.70% 

17 0.616 2.860 13.552 13.706 3.079 3.349 3.501 3.507 1.15 1.01 -13.50% 

18 0.809 2.603 11.623 17.208 1.985 3.810 7.206 7.250 2.42 3.18 23.94% 

19 0.300 1.553 11.243 14.076 1.887 3.056 3.247 3.253 0.90 1.03 12.67% 

20 1.589 4.751 15.994 16.197 3.663 6.600 7.151 7.165 1.38 1.08 -27.68% 

21 0.110 0.906 13.425 20.620 1.984 2.119 2.215 2.218 1.88 1.26 -49.06% 

22 0.248 1.701 19.404 19.877 2.318 2.461 2.564 2.567 1.25 1.00 -25.26% 

23 0.299 1.543 11.137 14.108 1.874 3.057 3.252 3.258 2.28 1.75 -30.28% 

24 0.821 2.644 11.878 17.050 2.015 3.876 7.145 7.184 1.23 1.42 13.30% 

25 0.809 2.603 11.623 17.208 1.985 3.810 7.206 7.250 1.23 1.24 0.89% 

26 0.111 0.910 13.534 20.582 1.983 2.118 2.214 2.216 2.58 1.36 -90.11% 

27 0.616 2.860 13.552 13.706 3.079 3.349 3.501 3.507 1.17 1.01 -15.60% 

Note that ATS1 Saved %= [(Spe.ATS1 - VSSI.ATS1 ) / Spe.ATS1]•100%. 
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From Table 22 to Table 25, we found that the VSSI BL chart performs poorer 

than the BL chart under some combinations from the value of ‘ARL1 Saved%’.  We 

note that the VSSI BL chart performs poorly most of the time when h2 is larger (h2 = 

0.5 or 0.9) and the difference of  n1 and n2 is larger ((2, 25), (3, 15)). This shows that 

our decision on sample sizes and sampling intervals are important. On the other hand, 

some specified )( qnp may cause the poorer performance. We should consider the 

combination of ( )(,, qqq nphn ) carefully. Comparing different K11/K22, we found that 

when K11/K22 = 4, the VSSI BL chart has the worst performance. This is quite 

different from the BL chart. 

 

4.2 The VSSI Bivariate Loss Chart With Optimal ( )( qnp ) 

In terms of the results of the specified ( )(,, qqq nphn ) VSSI BL chart, next, we 

try to find optimal )( qnp to minimize ATS1 with specified ( qq hn , ). We set 

50 =n ,1, 0 =h 5.00 =ρ 0027.0, =α . Based on the following four cases, we could find 

the optimal solution for )(*

qnp  and ATS1
*
. We use PORT routine in R-program to 

find the optimal solution. 

Case 1:  Let 9.0,5.0,1.0),10,4(),15,3(),25,2(),(,1,5 22100 ==== hnnhn   

and 0027.0=α 5.0/, 2211 =KK  

 

1ATSMinimize

 

ts.  

1)(0 << qnp  

)()()( qquq nUCLnwnCL <<  
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)()()( qqlq nCLnwnLCL <<  

2,1)),()(())()(( =<<=<< qnCLBLnwPnwBLnCLP qqlquq  

 

 

Case 2:  Let 9.0,5.0,1.0),10,4(),15,3(),25,2(),(,1,5 22100 ==== hnnhn   

and 0027.0=α 1/, 2211 =KK  

 

1ATSMinimize

 

ts.  

1)(0 << qnp  

)()()( qquq nUCLnwnCL <<  

)()()( qqlq nCLnwnLCL <<  

2,1)),()(())()(( =<<=<< qnCLBLnwPnwBLnCLP qqlquq  

 

 

Case 3:  Let 9.0,5.0,1.0),10,4(),15,3(),25,2(),(,1,5 22100 ==== hnnhn   

and 0027.0=α 2/, 2211 =KK  

 

1ATSMinimize

 

ts.  

1)(0 << qnp  

)()()( qquq nUCLnwnCL <<  

)()()( qqlq nCLnwnLCL <<  

2,1)),()(())()(( =<<=<< qnCLBLnwPnwBLnCLP qqlquq  
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Case 4:  Let 9.0,5.0,1.0),10,4(),15,3(),25,2(),(,1,5 22100 ==== hnnhn   

and 0027.0=α 4/, 2211 =KK  

 

1ATSMinimize

 

ts.  

1)(0 << qnp  

)()()( qquq nUCLnwnCL <<  

)()()( qqlq nCLnwnLCL <<  

2,1)),()(())()(( =<<=<< qnCLBLnwPnwBLnCLP qqlquq  
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Table 26.  ATS1 for VSSI BL Chart with Optimal )( qnp , K11/K22 = 0.5 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  (Based on Table 21.) 

)( 1np
 

)( 2np
 

)( 1nLCL
 

)( 1nwl
 

)( 1nwu
 

)( 1nUCL  )( 2nLCL  )( 2nwl
 

)( 2nwu  )( 2nUCL
 

1

)(.

ATSVSSI

npOpt q

 
1.ATSSpe  

1.

%

ATspe

for

Saved  

1.ATSVSSI  

VSSISpe

for

Saved

..

%  

0.565 0.565 0.046 0.563 10.476 10.521 0.942 1.238 1.289 1.289 6.57 115.00  94.29% 7.07 7.08% 

0.417 0.583 0.125 0.128 3.145 8.374 0.740 1.468 1.974 1.974 1.41 4.37  67.64% 1.96 28.00% 

0.417 0.583 0.725 0.737 6.417 10.031 1.581 3.223 4.401 4.401 0.77 1.11  30.31% 0.90 14.22% 

0.417 0.417 0.429 0.437 4.491 10.023 1.014 1.023 4.013 4.427 1.82 5.54  67.13% 2.28 20.08% 

0.435 0.565 0.060 0.061 4.605 11.752 1.111 1.214 1.258 1.258 1.34 1.37  1.87% 1.77 24.12% 

0.417 0.417 0.321 0.329 5.238 12.494 1.485 1.496 4.331 6.745 1.38 5.61  75.36% 2.41 42.70% 

0.417 0.583 0.157 0.161 3.914 8.022 0.909 1.736 1.855 1.855 1.28  1.21  -6.16% 1.41 8.92% 

0.417 0.417 0.429 0.437 4.491 10.023 1.014 1.023 4.013 4.427 2.09 6.29  66.79% 2.69 22.22% 

0.435 0.565 0.060 0.061 4.605 11.752 1.111 1.214 1.258 1.258 1.47 1.22  -20.80% 1.72 14.19% 

0.417 0.583 0.725 0.737 6.417 10.031 1.581 3.223 4.401 4.401 0.99 1.57  36.77% 1.30 23.57% 

0.435 0.565 0.046 0.047 3.649 10.521 0.942 1.238 1.289 1.289 0.79 1.37  42.16% 1.05 24.24% 

0.417 0.583 0.125 0.128 3.145 8.374 0.740 1.468 1.974 1.974 10.26  82.37  87.55% 9.83 -4.33% 

0.417 0.417 0.124 0.128 3.122 8.347 0.736 0.743 1.965 1.982 1.15 1.67  31.27% 1.31 12.11% 

0.417 0.417 0.429 0.437 4.491 10.023 1.014 1.023 4.013 4.427 1.18 3.67  67.86% 1.60 26.46% 

0.435 0.565 0.060 0.061 4.605 11.752 1.111 1.214 1.258 1.258 1.60 1.64  2.20% 2.06 22.42% 

0.435 0.565 0.046 0.047 3.661 10.559 0.945 1.237 1.287 1.287 3.15 9.28  66.09% 4.00 21.23% 

0.417 0.583 0.166 0.170 4.066 8.084 0.949 1.771 1.878 1.878 1.33 1.39  4.51% 1.61 17.66% 

0.417 0.417 0.414 0.421 4.354 9.831 0.981 0.990 3.896 4.474 1.30 2.38  45.44% 1.50 13.80% 

0.417 0.417 0.125 0.128 3.145 8.374 0.740 0.747 1.958 1.974 0.73 1.14  36.40% 0.81 10.94% 

0.417 0.417 0.725 0.737 6.417 10.031 1.581 1.595 4.364 4.401 1.02 1.69  39.68% 1.31 21.95% 

0.435 0.565 0.046 0.047 3.649 10.521 0.942 1.238 1.289 1.289 1.07 2.31  53.55% 1.57 31.59% 

0.435 0.565 0.060 0.061 4.605 11.752 1.111 1.214 1.258 1.258 1.28  1.25  -2.54% 1.56 17.61% 

0.417 0.583 0.124 0.128 3.122 8.347 0.736 1.459 1.982 1.982 1.76 4.22  58.32% 2.13 17.27% 

0.417 0.417 0.429 0.437 4.491 10.023 1.014 1.023 4.013 4.427 0.85 1.62  47.34% 1.04 18.35% 

0.417 0.417 0.414 0.421 4.354 9.831 0.981 0.990 3.896 4.474 1.23 2.15  42.80% 1.44 14.53% 

0.435 0.565 0.046 0.047 3.661 10.559 0.945 1.237 1.287 1.287 1.62 1.92  15.78% 1.90 15.15% 

0.417 0.583 0.166 0.170 4.066 8.084 0.949 1.771 1.878 1.878 1.45 1.65  11.99% 1.86 22.09% 
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Table 27.  ATS1 for VSSI BL Chart with Optimal )( qnp , K11/K22 = 1 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  (Based on Table 21.) 

)( 1np
 

)( 2np
 

)( 1nLCL
 

)( 1nwl
 

)( 1nwu
 

)( 1nUCL  )( 2nLCL  )( 2nwl
 

)( 2nwu  )( 2nUCL
 

1

)(.

ATSVSSI

npOpt q

 
1.ATSSpe  

1.

%

ATspe

for

Saved  

1.ATSVSSI  

VSSISpe

for

Saved

..

%  

0.435 0.565 0.061 0.062 4.507 12.544 1.209 1.912 2.166 2.166 6.07  259.07  97.66% 7.92 23.34% 

0.417 0.417 0.164 0.169 3.893 10.200 0.956 0.964 3.167 3.382 1.26 7.45  83.03% 1.91 33.92% 

0.417 0.417 0.921 0.936 7.780 16.317 1.988 2.006 6.948 7.456 0.59 1.35  56.57% 0.77 23.41% 

0.417 0.417 0.511 0.521 5.178 11.276 1.211 1.223 4.637 7.877 3.95  10.35  61.84% 5.19 23.95% 

0.435 0.565 0.099 0.100 6.331 17.566 1.698 1.953 2.024 2.024 1.34 1.71  21.78% 1.76 23.86% 

0.417 0.417 0.321 0.329 5.238 12.494 1.485 1.496 4.331 6.745 1.38  4.69  70.53% 0.18 -648.60% 

0.417 0.583 0.247 0.254 5.402 12.791 1.335 2.577 3.008 3.008 1.55 1.64  5.21% 1.67 6.84% 

0.417 0.417 0.511 0.521 5.178 11.276 1.211 1.223 4.637 7.877 4.77 7.60  37.22% 5.37 11.15% 

0.435 0.565 0.099 0.100 6.331 17.566 1.698 1.953 2.024 2.024 1.43  1.29  -11.04% 1.63 12.28% 

0.417 0.417 0.921 0.936 7.780 16.317 1.988 2.006 6.948 7.456 0.86 3.07  71.93% 1.22 29.12% 

0.435 0.435 0.061 0.062 4.507 12.544 1.209 1.212 2.158 2.166 0.96 1.59  39.79% 1.15 16.87% 

0.417 0.583 0.164 0.169 3.893 10.200 0.956 1.859 3.381 3.382 15.67  195.36  91.98% 19.87 21.13% 

0.417 0.417 0.163 0.168 3.863 10.105 0.950 0.958 3.153 3.405 1.01 2.60  61.22% 1.32 23.54% 

0.417 0.417 0.511 0.521 5.178 11.276 1.211 1.223 4.637 7.883 0.99 3.07  67.63% 1.22 18.26% 

0.435 0.565 0.099 0.100 6.331 17.566 1.698 1.953 2.024 2.024 1.76 2.49  29.60% 2.25 21.84% 

0.435 0.435 0.061 0.062 4.528 12.613 1.213 1.216 2.150 2.158 3.83 13.07  70.71% 4.83 20.76% 

0.417 0.583 0.259 0.266 5.549 12.941 1.380 2.654 3.051 3.051 1.36 1.39  2.30% 1.50 9.26% 

0.417 0.417 0.496 0.505 5.034 10.928 1.177 1.189 4.508 7.648 1.80  3.60  49.85% 2.00 9.68% 

0.417 0.417 0.164 0.169 3.893 10.200 0.956 0.964 3.167 3.382 0.53 1.24  57.46% 0.74 29.14% 

0.417 0.417 0.921 0.936 7.780 16.317 1.988 2.006 6.948 7.456 0.90 4.33  79.25% 1.16 22.61% 

0.435 0.435 0.061 0.062 4.507 12.544 1.209 1.212 2.158 2.166 1.30 3.33  61.06% 1.70 23.92% 

0.435 0.565 0.099 0.100 6.331 17.566 1.698 1.953 2.024 2.024 1.13 1.19  4.99% 1.27 11.06% 

0.417 0.417 0.163 0.168 3.863 10.105 0.950 0.958 3.153 3.405 1.86 8.30  77.52% 2.27 17.85% 

0.417 0.417 0.511 0.521 5.178 11.276 1.211 1.223 4.637 7.877 0.65 1.97  66.91% 0.73 10.92% 

0.417 0.417 0.496 0.505 5.034 10.928 1.177 1.189 4.508 7.648 1.15 1.96  41.39% 1.22 5.49% 

0.435 0.565 0.061 0.062 4.528 12.613 1.213 1.918 2.158 2.158 1.86 3.15  41.07% 2.11 12.03% 

0.417 0.583 0.259 0.266 5.549 12.941 1.380 2.654 3.051 3.051 1.47 1.66  11.16% 1.68 12.39% 
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Table 28.  ATS1 for VSSI BL Chart with Optimal )( qnp , K11/K22 = 2 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  (Based on Table 21.) 

)( 1np
 

)( 2np
 

)( 1nLCL
 

)( 1nwl
 

)( 1nwu
 

)( 1nUCL  )( 2nLCL  )( 2nwl
 

)( 2nwu  )( 2nUCL
 

1

)(.

ATSVSSI

npOpt q

 
1.ATSSpe  

1.

%

ATspe

for

Saved  

1.ATSVSSI  

VSSISpe

for

Saved

..

%  

0.435 0.565 0.080 0.082 6.386 18.411 1.649 2.167 2.255 2.255 5.28 38.14  86.16% 5.39 1.95% 

0.417 0.417 0.218 0.224 5.497 14.648 1.295 1.306 3.428 3.457 1.35 3.86  65.09% 1.83 26.45% 

0.417 0.417 1.178 1.198 10.726 17.526 2.600 2.623 7.572 7.647 0.77 1.14  32.88% 0.89 14.24% 

0.417 0.417 0.629 0.641 6.671 14.962 1.509 1.524 5.971 8.501 5.63 16.26  65.39% 5.25 -7.26% 

0.435 0.565 0.158 0.160 10.015 20.286 2.091 2.254 2.330 2.330 1.45  1.24  -16.69% 1.98 26.95% 

0.417  0.583  0.398 0.407 6.768 16.670 1.871 3.412 8.800 8.844 1.70  3.11  45.31% 1.82 6.40% 

0.417  0.583  0.386 0.396 8.529 13.813 2.061 3.192 3.321 3.321 1.39  1.34  -4.01% 1.76 21.08% 

0.583 0.583 0.629 2.512 14.838 14.962 1.509 3.246 8.499 8.501 9.51 7.21  -31.91% 22.20 57.15% 

0.435 0.565 0.158 0.160 10.015 20.286 2.091 2.254 2.330 2.330 1.38 1.08  -27.84% 1.58 12.43% 

0.417 0.417 1.178 1.198 10.726 17.526 2.600 2.623 7.572 7.647 1.00 1.67  39.94% 1.30 22.67% 

0.435 0.565 0.080 0.082 6.386 18.411 1.649 2.167 2.255 2.255 0.79 1.37  42.13% 1.05 24.26% 

0.417 0.583 0.218 0.224 5.497 14.648 1.295 2.567 3.457 3.457 4.25  30.62  86.13% 5.97 28.85% 

0.417 0.417 0.217 0.223 5.450 14.587 1.286 1.297 3.442 3.472 1.27 2.23  43.02% 1.51 15.58% 

0.417 0.417 0.629 0.641 6.671 14.962 1.509 1.524 5.971 10.349 0.85 2.63  67.78% 1.28 33.92% 

0.435  0.565  0.158 0.160 10.015 20.286 2.091 2.254 2.330 2.330 1.90  1.58  -20.38% 2.83 32.90% 

0.435 0.435 0.081 0.082 6.426 18.545 1.658 1.662 2.244 2.250 2.63 7.20  63.49% 3.25 19.11% 

0.417 0.583 0.399 0.409 8.673 13.982 2.108 3.240 3.371 3.371 1.12  1.08  -3.77% 1.25 10.19% 

0.417 0.417 0.616 0.628 6.507 14.531 1.477 1.492 5.824 8.713 2.14 6.10  64.84% 2.60 17.53% 

0.417 0.417 0.218 0.224 5.497 14.648 1.295 1.306 3.428 3.457 0.73 1.15  36.37% 0.82 11.23% 

0.417 0.417 1.178 1.198 10.726 17.526 2.600 2.623 7.572 7.647 1.06 1.73  38.50% 1.25 14.98% 

0.435 0.565 0.080 0.082 6.386 18.411 1.649 2.167 2.255 2.255 1.07 2.26  52.87% 1.55 31.25% 

0.435 0.553 0.158 0.160 10.015 20.286 2.091 2.250 2.330 2.330 1.04  1.02  -1.76% 1.16 10.76% 

0.417 0.417 0.217 0.223 5.450 14.587 1.286 1.297 3.442 3.472 2.00 5.11  60.88% 2.30 12.97% 

0.417 0.417 0.629 0.641 6.671 14.962 1.509 1.524 5.971 8.501 0.70 2.24  68.80% 0.89 21.16% 

0.417 0.417 0.616 0.628 6.507 14.531 1.477 1.492 5.824 8.713 1.05 1.77  40.62% 1.14 8.10% 

0.435 0.565 0.081 0.082 6.426 18.545 1.658 2.162 2.250 2.250 1.83 2.54  27.86% 2.18 16.19% 

0.417 0.583 0.399 0.409 8.673 13.982 2.108 3.240 3.371 3.371 1.18  1.12  -5.19% 1.35 12.72% 
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Table 29.  ATS1 for VSSI BL Chart with Optimal )( qnp , K11/K22 = 4 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  (Based on Table 21.) 

)( 1np
 

)( 2np
 

)( 1nLCL
 

)( 1nwl
 

)( 1nwu
 

)( 1nUCL  )( 2nLCL  )( 2nwl
 

)( 2nwu  )( 2nUCL
 

1

)(.

ATSVSSI

npOpt q

 
1.ATSSpe  

1.

%

ATspe

for

Saved  

1.ATSVSSI  

VSSISpe

for

Saved

..

%  

0.435 0.565 0.110 0.112 10.310 20.620 1.984 2.144 2.218 2.218 4.11  3.46  -18.85% 5.51 25.32% 

0.417 0.583 0.300 0.309 8.813 14.076 1.887 3.122 3.253 3.253 1.04 1.52  31.89% 1.85 43.92% 

0.417 0.583 1.589 1.617 15.621 16.197 3.663 6.831 7.165 7.165 1.02 1.02  0.39% 1.17 13.27% 

0.417 0.583 0.821 0.837 9.772 17.050 2.015 4.517 7.184 7.184 3.13 4.53  30.82% 3.25 3.77% 

0.435 0.565 0.248 0.252 17.549 19.877 2.318 2.487 2.567 2.567 1.82 1.04  -75.24% 2.14 14.90% 

0.417 0.417 0.519 0.532 9.948 22.639 2.540 2.561 5.034 5.057 1.48 1.24  -19.25% 1.49 0.52% 

0.417 0.583 0.604 0.619 13.138 13.548 3.038 3.348 3.461 3.461 1.59 1.09  -46.02% 1.60 0.83% 

0.417 0.583 0.821 0.837 9.772 17.050 2.015 4.517 7.184 7.184 1.77 2.40  26.33% 2.08 15.01% 

0.435 0.565 0.248 0.252 17.549 19.877 2.318 2.487 2.567 2.567 1.38 1.01  -37.05% 1.49 7.03% 

0.417 0.583 1.589 1.617 15.621 16.197 3.663 6.831 7.165 7.165 1.23 1.12  -9.76% 1.39 11.54% 

0.435 0.565 0.110 0.112 10.310 20.620 1.984 2.144 2.218 2.218 0.93 1.09  14.70% 1.30 28.48% 

0.417 0.583 0.300 0.309 8.813 14.076 1.887 3.122 3.253 3.253 3.02 3.20  5.75% 3.66 17.41% 

0.417 0.583 0.299 0.307 8.732 14.108 1.874 3.125 3.258 3.258 1.08 1.29  16.61% 1.56 30.85% 

0.417 0.417 0.821 0.837 9.772 17.050 2.015 2.036 7.096 7.184 1.02 1.52  32.73% 1.21 15.41% 

0.435 0.565 0.248 0.252 17.549 19.877 2.318 2.487 2.567 2.567 2.56 1.13  -127.22% 3.01 15.03% 

0.435 0.438 0.111 0.112 10.391 20.582 1.983 2.020 2.211 2.216 2.49 1.66  -49.96% 3.07 18.81% 

0.417 0.583 0.616 0.632 13.288 13.706 3.079 3.392 3.507 3.507 1.13 1.01  -12.17% 1.15 1.17% 

0.417 0.417 0.809 0.825 9.571 17.208 1.985 2.005 7.149 7.250 2.31 3.18  27.41% 2.42 4.57% 

0.417 0.583 0.300 0.309 8.813 14.076 1.887 3.122 3.253 3.253 0.60 1.03  41.37% 0.90 32.86% 

0.417 0.583 1.589 1.617 15.621 16.197 3.663 6.831 7.165 7.165 1.19  1.08  -10.10% 1.38 13.76% 

0.435 0.565 0.110 0.112 10.310 20.620 1.984 2.144 2.218 2.218 1.26 1.26  0.36% 1.88 33.16% 

0.435 0.435 0.248 0.252 17.549 19.877 2.318 2.319 2.561 2.567 1.13  1.00  -13.45% 1.25 9.43% 

0.417 0.583 0.299 0.307 8.732 14.108 1.874 3.125 3.258 3.258 1.65 1.75  6.02% 2.28 27.86% 

0.417 0.417 0.821 0.837 9.772 17.050 2.015 2.036 7.096 7.184 1.08 1.42  24.26% 1.23 12.65% 

0.417 0.417 0.809 0.825 9.571 17.208 1.985 2.005 7.149 7.250 1.17 1.24  5.38% 1.23 4.53% 

0.435  0.565  0.111 0.112 10.391 20.582 1.983 2.143 2.216 2.216 1.91 1.36  -40.48% 2.58 26.11% 

0.417  0.583  0.616 0.632 13.288 13.706 3.079 3.392 3.507 3.507 1.15 1.01  -13.73% 1.17 1.62% 
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From the results of Table 26 to Table 29, we found that through finding 

optimal )( qnp , the performance of the VSSI BL chart is better than BL chart with 

specified VSSIs ( )(,, qqq nphn ). But, we still could find that the VSSI BL chart with 

optimal )( qnp  has worse performance in some combinations than the BL chart, 

especially when K11/K22 = 4. The combinations of K11/K22 and ( )(,, qqq nphn ) affect 

ATS1 a lot. 

 

4.3 The OptimalVSSI Bivariate Loss Chart 

To investigate the performance of the optimal VSSI BL chart, we give 

combinations of 1654321 ,,,,,, ρδδδδδδ  (See Table 21) and find optimal 

)(,, qqq nphn  to minimize ATS1 with specified K11/K22 and 0ρ . Based on the 

following four Case with specified K11/K22 = 0.5, 1, 2, 4 and 5.00 =ρ , we may find 

optimal solutions using PORT routine in R – program. 

Case 1: Let 0027.0,1,5 00 === αhn . 

1ATSMinimize  

t.s  

,nnn 252 201 ≤<<≤  

 

,hhh. 410 102 <<<≤  

 

2110 ,q,)n(p q =<<  

)n(UCL)n(w)n(CL qquq <<  

)n(CL)n(w)n(LCL qqlq <<  

21,q)),n(CLBL)n(w(P))n(wBL)n(CL(P qqlquq =<<=<<  
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Table 30.  ATS1 for Optimal VSSI BL Chart with K11/K22 = 0.5 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  

 

 
Note that ATS1 Saved % = [(Spe.ATS1 - Opt.ATS1

*
) / Spe.ATS1]•100%.
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Table 31.  ATS1 for Optimal VSSI BL Chart with K11/K22 = 1 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  

 

 

Note that ATS1 Saved % = [(Spe.ATS1 - Opt.ATS1
*
) / Spe.ATS1]•100%.
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Table 32.  ATS1 for Optimal VSSI BL Chart with K11/K22 =2 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  

 

 

Note that ATS1 Saved% = [(Spe.ATS1 - Opt.ATS1
*
) / Spe.ATS1]•100%.
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Table 33.  ATS1 for Optimal VSSI BL Chart with K11/K22 = 4 and 

50 =n , 10 =h , 5.00 =ρ , 0027.0=α  

 

 

Note that ATS1 Saved% = [(Spe.ATS1 - Opt.ATS1
*
) / Spe.ATS1]•100%.
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From Table 30 to Table 33, we could see that the performance of the optimal 

VSSI BL chart is better than the BL chart in detecting small process shifts. Also, we 

found the same result as previous method, the optimal VSSI BL chart has better 

performance with K11/K22 = 4. 
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Chapter 5.  Performance Comparison With Some Existing Methods 

 

5.1 ARL1 Comparison of the BL Chart and Khoo’s Max Bivariate Control Chart
 

  

To compare ARL1 of the BL chart with Khoo’s Max Bivariate chart. The 

following is the approach of Max Bivariate chart. 

 

For in-control process, 

TBNY =Σ µµ ),,(~ 00  

Define 

2

2

12
~)()'( χµµ −Σ−= −

YYTi , 

2

42

2/1

0

2/1
~/)1(2 −∑− niSn χ  

Let 

…,2,1)],([ 2

2

1 =Φ= − iTHU ii
                

Here )(⋅Φ  denotes the standard normal distribution function while )(2 ⋅H  represents 

the chi-square distribution function with two degree of freedom. 

…,2,1}],/)1(2{[
2/1

0

2/1

42

1 =∑−Φ= −

−
iSnHV ini  

)1,0(~),1,0(~ NVNU ii  

Statistics: },max{ iii VUC =
 

The control limits are as below: 

)
2

11
(1 α−+

Φ= −
UCL  

0=LCL  
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Case 1: Refer to Khoo (2005) 

Let 005.0,10 == αn , 1,0,1 221211 === KKK  and T=µ . 

For in-control process, 

)
10

01
,

0

0
(~ 00 








=Σ








=µBNY  

For out-of-control process, 

)
10

0
,

0
(~

2

11 









=Σ








=

b
BNY

δ
µ

 

where δ  is the mean shift and b is the covariance matrix shift. 

 



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

86 

 

 

Table 34.  Compare ARL1 for the BL Chart and Max Bivariate
 
Chart

  
(See Khoo (2005) Case 1)  

 0=δ  4.0=δ  8.0=δ  9.0=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax−  BL  BiMax−  

1 200.00 200.55 131.57 279.02 25.73 207.87 16.45 123.23 

1.05 155.49 171.04 80.84 213.99 15.62 137.47 10.34 85.18 

1.1 103.61 135.28 48.81 152.97 10.16 91.18 6.98 59.93 

1.15 65.23 101.95 30.35 107.68 7.04 63.78 5.02 43.78 

1.2 41.25 74.12 19.74 75.54 5.15 45.30 3.80 32.44 

1.25 26.92 54.47 13.48 53.77 3.96 32.85 3.02 25.07 

1.3 18.28 40.35 9.63 39.72 3.17 25.30 2.49 19.61 

1.5 5.70 15.24 3.65 14.62 1.76 10.43 1.52 8.91 

2 1.61 3.61 1.38 3.46 1.10 2.98 1.06 2.82 

2.5 1.16 1.89 1.10 1.84 1.02 1.72 1.01 1.67 

3 1.08 1.39 1.06 1.37 1.01 1.32 1.00 1.30 

 

Table 34. Continues 

 1=δ  1.1=δ  75.1=δ  2=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax−  BL  BiMax−  

1 10.74 65.69 7.22 34.20 1.38 1.92 1.10 1.28 

1.05 7.03 44.80 4.93 26.82 1.23 1.92 1.06 1.29 

1.1 4.94 37.02 3.60 21.84 1.14 1.92 1.03 1.31 

1.15 3.68 28.38 2.79 18.05 1.09 1.91 1.02 1.32 

1.2 2.89 22.03 2.27 15.11 1.05 1.90 1.01 1.34 

1.25 2.37 17.89 1.92 12.54 1.03 1.89 1.00 1.34 

1.3 2.01 14.90 1.68 10.67 1.02 1.88 1.00 1.35 

1.5 1.35 7.34 1.22 6.14 1.00 1.80 1.00 1.37 

2 1.03 2.66 1.02 2.48 1.00 1.50 1.00 1.31 

2.5 1.00 1.63 1.00 1.58 1.00 1.29 1.00 1.20 

3 1.00 1.29 1.00 1.27 1.00 1.16 1.00 1.13 
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Case 2: Refer to Khoo (2005) 

Let 005.0,10 == αn , 1,0,1 221211 === KKK and T=µ . 

For in-control process, 

)
10

01
,

0

0
(~ 00 








=Σ








=µBNY  

For out-of-control process, 

)
0

0
,

0
(~

2

2

11 









=Σ








=

b

b
BNY

δ
µ

 

whereδ is the mean shift and b is the covariance matrix shift. 
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Table 35.  Compare ARL1 for the BL Chart and Max Bivariate
 
Chart  

(See Khoo (2005) Case 2) 

 0=δ  4.0=δ  8.0=δ  9.0=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax−  BL  BiMax−  

1 200.00 200.55 131.57 279.02 25.73 207.87 16.45 123.23 

1.05 109.27 132.53 56.10 152.93 12.40 101.34 8.50 68.66 

1.1 48.10 69.65 25.47 71.15 6.96 49.19 5.08 37.22 

1.15 23.00 35.91 13.23 35.78 4.42 26.63 3.40 21.72 

1.2 12.45 19.98 7.77 19.50 3.10 15.17 2.50 13.13 

1.25 7.54 11.91 5.06 11.53 2.35 9.43 1.98 8.35 

1.3 5.01 7.72 3.59 7.45 1.90 6.34 1.65 5.75 

1.5 1.87 2.51 1.60 2.47 1.21 2.26 1.15 2.18 

2 1.05 1.12 1.03 1.11 1.01 1.10 1.00 1.09 

2.5 1.00 1.01 1.00 1.01 1.00 1.01 1.00 1.01 

3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

 

Table 35. Continues 

 1=δ  1.1=δ  75.1=δ  2=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax−  BL  BiMax−  

1 10.74 65.69 7.22 34.20 1.38 1.92 1.10 1.28 

1.05 5.96 42.04 4.30 24.27 1.20 1.90 1.05 1.29 

1.1 3.79 26.00 2.90 17.30 1.11 1.87 1.02 1.30 

1.15 2.68 16.52 2.16 12.17 1.06 1.83 1.01 1.30 

1.2 2.06 10.71 1.73 8.39 1.03 1.77 1.00 1.29 

1.25 1.69 7.25 1.47 6.08 1.02 1.69 1.00 1.27 

1.3 1.46 5.15 1.31 4.48 1.01 1.60 1.00 1.25 

1.5 1.10 2.11 1.06 2.01 1.00 1.31 1.00 1.16 

2 1.00 1.09 1.00 1.08 1.00 1.04 1.00 1.03 

2.5 1.00 1.01 1.00 1.01 1.00 1.00 1.00 1.00 

3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
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Case 3: Refer to Case 3 of Khoo (2005) 

Let 005.0,10 == αn , 1,0,1 221211 === KKK  and T=µ . 

For in-control process, 

)
10

01
,

0

0
(~ 00 








=Σ








=µBNY  

For out-of-control process, 

)
10

0
,(~

2

11 









=Σ








=

b
BNY

δ

δ
µ

 

whereδ is the mean shift and b is the covariance matrix shift. 
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Table 36.  Compare ARL1 for the BL Chart and Max Bivariate
 
Chart  

(See Khoo (2005) Case 3) 

 0=δ  4.0=δ  6.0=δ  7.0=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax−  BL  BiMax−  

1 200.00 200.55 73.82 326.60 20.74 164.40 11.20 71.14 

1.05 155.49 171.04 46.67 229.01 14.21 119.09 8.10 55.85 

1.1 103.61 135.28 30.00 152.75 10.06 86.06 6.05 44.59 

1.15 65.23 101.95 19.94 104.97 7.38 61.70 4.67 34.51 

1.2 41.25 74.12 13.77 71.54 5.61 44.56 3.73 27.18 

1.25 26.92 54.47 9.90 50.63 4.41 33.14 3.06 21.65 

1.3 18.28 40.35 7.39 36.92 3.58 25.39 2.58 17.42 

1.5 5.70 15.24 3.15 13.62 1.98 10.32 1.62 8.19 

2 1.61 3.61 1.32 3.28 1.15 2.89 1.09 2.66 

2.5 1.16 1.89 1.07 1.77 1.03 1.65 1.02 1.59 

3 1.08 1.39 1.02 1.34 1.01 1.29 1.00 1.26 

 

Table 36. Continues 

 8.0=δ  9.0=δ  1=δ  1.1=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax−  BL  BiMax−  

1 6.40 27.91 3.94 12.13 2.62 6.05 1.89 3.47 

1.05 4.88 21.14 3.16 11.07 2.20 5.73 1.66 3.36 

1.1 3.84 20.65 2.61 10.08 1.90 5.41 1.50 3.26 

1.15 3.12 17.72 2.21 9.26 1.69 5.13 1.37 3.17 

1.2 2.60 15.22 1.93 8.37 1.52 4.84 1.28 3.09 

1.25 2.23 12.91 1.71 7.50 1.40 4.59 1.21 2.98 

1.3 1.95 10.97 1.55 6.79 1.31 4.30 1.16 2.89 

1.5 1.38 6.26 1.21 4.61 1.11 3.32 1.05 2.49 

2 1.05 2.42 1.02 2.14 1.01 1.88 1.00 1.65 

2.5 1.01 1.51 1.00 1.43 1.00 1.37 1.00 1.29 

3 1.00 1.22 1.00 1.19 1.00 1.16 1.00 1.13 
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Case 4: Refer to Case 4 of Khoo (2005)  

Let 005.0,10 == αn , 1,0,1 221211 === KKK  and T=µ . 

For in-control process, 

)
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01
,

0

0
(~ 00 








=Σ








=µBNY  

For out-of-control process, 

)
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0
,(~
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=

b

b
BNY

δ

δ
µ

 

where δ  is the mean shift and b is the covariance matrix shift. 
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Table 37.  Compare ARL1 for the BL Chart and Max Bivariate
 
Chart  

(See Khoo (2005) Case 4) 

 0=δ  4.0=δ  6.0=δ  7.0=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax−  BL  BiMax−  

1 200 200.55 73.82 326.6 20.74 164.4 11.2 71.14 

1.05 109.27 132.53 32.79 152.15 11.11 85.76 6.67 44.91 

1.1 48.1 69.65 16.5 67.13 6.71 44.45 4.41 27.54 

1.15 23 35.91 9.4 33.36 4.47 24.67 3.17 17.03 

1.2 12.45 19.98 5.95 18.08 3.23 14.3 2.44 10.9 

1.25 7.54 11.91 4.11 10.96 2.49 9.03 1.98 7.37 

1.3 5.01 7.72 3.05 7.21 2.03 6.09 1.69 5.25 

1.5 1.87 2.51 1.51 2.41 1.27 2.23 1.18 2.1 

2 1.05 1.12 1.03 1.11 1.01 1.1 1.01 1.09 

2.5 1 1.01 1 1.01 1 1.01 1 1.01 

3 1 1 1 1 1 1 1 1 

 

Table 37. Continues 

 8.0=δ  9.0=δ  1=δ  1.1=δ  

b BL  BiMax−  BL  BiMax−  BL  BiMax− BL  BiMax−

1 6.4 27.91 3.94 12.13 2.62 6.05 1.89 3.47 

1.05 4.22 20.68 2.84 10.03 2.05 5.46 1.59 3.27 

1.1 3.03 15.2 2.2 8.33 1.7 4.82 1.39 3.09 

1.15 2.34 10.78 1.81 6.67 1.47 4.24 1.27 2.88 

1.2 1.91 7.8 1.55 5.35 1.33 3.68 1.18 2.64 

1.25 1.63 5.77 1.39 4.32 1.23 3.16 1.12 3.16 

1.3 1.44 4.32 1.27 3.46 1.16 2.7 1.08 2.16 

1.5 1.11 1.96 1.07 1.8 1.04 1.63 1.02 1.49 

2 1 1.08 1 1.07 1 1.06 1 1.05 

2.5 1 1.01 1 1.01 1 1 1 1 

3 1 1 1 1 1 1 1 1 
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From the results of Table 34 to Table 37, we found that the BL chart has 

smaller ARL1 than Max Bivariate
 
chart. Also, we found BL chart and Max Bivariate 

chart have similar performance when process had large shifts ( 25.1≥b  or 75.1≥δ ). 

We set K11/K22 = 1 for the BL chart for 4 cases based on our data analysis which 

indicates that when two quality characteristics are independent, the BL chart performs 

better with K11/K22 = 1. 

 

5.2 ARL1 Comparison for the BL Chart, MSE Chart,  Max-CUSUM Chart and   

Max- MEWMA Chart 

To compare ARL1 of the BL chart with other existing charts: MSE chart (Spiring 

and Cheng (1998).), Max-CUSUM chart (Cheng and Thaga (2005).) and 

Max-MEWMA chart (Xie et. al (1999).), (what are they and refer to which papers!! 

You are lazy!!), we have the following: 

for in-control process, 
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where 11 ≤≤− ρ ; 

for out-of-control process, 
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where δ  is the mean shift and b is the covariance matrix shift. 
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Table 38. ARL comparison for both BL Chart and Max-CUSUM Chart with 

250,1.0,4/,2 02211 ==== ARLKKn ρ  

 0=δ  25.0=δ  50.0=δ  00.1=δ  5.1=δ  00.2=δ  50.2=δ  

b CMax  BL CMax  BL CMax  BL CMax  BL CMax  BL CMax  BL CMax  BL 

1.00 250.13 250.00  16.72 79.56  6.89 39.50  2.77 9.30  1.68 2.99  1.34 1.46  1.14 1.08  

1.25 9.43 19.23  13.01 15.60  5.71 9.76  2.6 3.56  1.65 1.69  1.29 1.14  1.1 1.02  

1.50 7.48 7.27  11.53 6.30  5.39 4.52  2.66 2.18  1.61 1.31  1.24 1.05  1.1 1.00  

2.00 5.46 2.74  9 2.55  4.69 2.12  2.51 1.40  1.6 1.09  1.2 1.01  1.39 1.00  

2.50 4.47 1.76  7.38 1.69  4.21 1.52  2.48 1.18  1.58 1.03  1.17 1.00  1.09 1.00  

3.00 3.9 1.40  6.26 1.37  3.85 1.28  2.44 1.09  1.55 1.01  1.15 1.00  1.05 1.00  

4.00 4.88 1.15  4.88 1.14  3.34 1.10  2.35 1.03  1.5 1.00  1.15 1.00  1.05 1.00  

 

Table 39.  ARL comparison for BL Chart and Max-CUSUM Chart with 

200,6.0,4/,2 02211 ==== ARLKKn ρ  

 0=δ  50.0=δ  00.1=δ  5.1=δ  00.2=δ  50.2=δ  00.3=δ  

b CMax  BL CMax  BL CMax  BL CMax  BL CMax  BL CMax  BL CMax  BL 

1.00 200.2 200.00  6.2 26.10  3.6 7.49  2.6 2.73  2 1.43  1.7 1.08  1.4 1.01  

1.50 11.3 5.61  3.7 3.82  3.4 2.04  2.6 1.30  2.1 1.06  1.8 1.01  1.4 1.00  

2.00 7.5 2.40  4.1 1.95  3.2 1.37  2.6 1.09  2.2 1.01  1.8 1.00  1.6 1.00  

2.50 5.8 1.63  3.7 1.45  3.1 1.17  2.6 1.03  2 1.00  1.9 1.00  1.3 1.00  

3.00 4.9 1.34  3.4 1.24  2.9 1.09  2.5 1.01  2 1.00  1.5 1.00  1.2 1.00  

 

From Table 38, the BL chart with 1.0=ρ  has smaller ARL1 when 5.1≥b  and 

5.1≥δ . From previous analysis, using the BL chart needs more samples (n = 5) to 

detect process. Thus, in this case, the BL chart is insensitive to small shift of the mean 

vector and the covariance matrix when we set n = 2. From Table 39, the BL chart with 

6.0=ρ  has better performance than the Max-CUSUM chart, except the case that 

only the mean vector shifted. 
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Table 40.  ARL for BL Chart, Max-CUSUM Chart, the Max-MEWMA Chart and  

Multivariate MSE chart under
 

200,6.0,4/,2 02211 ==== ARLKKn ρ
 

 0=δ  50.0=δ  00.1=δ  

b CMax  EMax  MSE  BL CMax EMax MSE  BL CMax EMax  MSE  BL 

1.00 200.2 200.1 200.0 200.00  6.2 18.2 22.3 26.10  3.6 5.3 7.6 7.49  

1.50 11.3 7.5 13.3 5.61  3.7 6.1 7.3 3.82  3.4 4.1 4.7 2.04  

2.00 7.5 3.4 3.1 2.40  4.1 3.2 2.8 1.95  3.2 2.9 2.7 1.37  

2.50 5.8 2.4 2.0 1.63  3.7 2.4 1.6 1.45  3.1 2.2 1.4 1.17  

3.00 4.9 2.0 1.5 1.34  3.4 2.0 1.4 1.24  2.9 1.9 1.2 1.09  

         
 

Table 40. Continues
 

 5.1=δ  00.2=δ  

b CMax  EMax  MSE  BL CMax  EMax MSE  BL 

1.00 2.6 3.2 4.1 2.73  2 2.3 2.1 1.43  

1.50 2.6 3.0 3.3 1.30  2.1 2.3 1.9 1.06  

2.00 2.6 2.4 2.6 1.09  2.2 2.1 1.7 1.01  

2.50 2.6 2.1 1.4 1.03  2 1.9 1.3 1.00  

3.00 2.5 1.8 1.2 1.01  2 1.7 1.0 1.00  

               
 

Table 40. Continues
 

 50.2=δ  00.3=δ  

b CMax  EMax  MSE  BL CMax EMax  MSE  BL 

1.00 1.7 2.0 1.5 1.08  1.4 1.7 1.2 1.01  

1.50 1.8 1.7 1.4 1.01  1.4 1.2 1.2 1.00  

2.00 1.8 1.8 1.3 1.00  1.6 1.6 1.1 1.00  

2.50 1.9 1.7 1.2 1.00  1.3 1.5 1.1 1.00  

3.00 1.5 1.1 1.0 1.00  1.2 1.0 1.0 1.0  

 

From Table 40, we found that the performance of the BL chart in detecting small 

shift is poorer than other charts. But, when process had larger shifts the performance 

of the BL chart is better, especially in detecting both the mean vector and covariance 

matrix shifts. Comparing with MSE chart, Max-CUSUM chart and Max-MEWMA 

chart, if there is only mean shift, the BL chart has smaller ARL1 when 5.1>δ . 
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5.3 ARL1 Comparison for the Bivariate Loss Chart, EWMA V- Chart, EWMA                   

M-Chart, MEWMA Chart and S - Chart 

For the following comparisons, we only discuss the covariance matrix shifts. 

Also, the correlations of two quality characteristics are set at ρ  = -0.2, 0, 0.5, 0.8.  

For each case the sample size n = 4, 8. Note that for below tables 41 to 48, we refer to 

Yeh et al. (2003), except the BL chart. 

(1). Independent Case 

Table 41.  Comparison of ARL for Changes in Variability with n = 4 and 0=ρ  (w = 

0.2, p = 2, ARL0 = 200, K11 / K22 = 2) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BL chart 0/ ΣΣ  

(1.10,1.00,0) 128.42 114.06 12.61 123.60 102.28 1.210 

(1.10,1.10,0) 93.40 64.44 88.93 94.05 87.54 1.464 

(1.25,1.00,0) 72.96 51.73 68.18 80.96 35.04 1.563 

(1.50,1.00,0) 31.80 20.36 32.09 35.09 9.52 2.250 

(1.25,1.25,0) 31.81 17.38 39.22 29.24 22.85 2.441 

(1.50,1.50,0) 12.60 7.03 15.04 8.32 5.84 5.063 

 

Table 42.  Comparison of ARL for Changes in Variability with n = 8 and 0=ρ  (w = 

0.2, p = 2, ARL0 = 200, K11 / K22 = 2) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BL chart 0/ ΣΣ  

(1.10,1.00,0) 125.54 77.29 113.66 114.14 85.13 1.210 

(1.10,1.10,0) 93.19 28.13 86.49 64.20 64.83 1.464 

(1.25,1.00,0) 76.30 21.50 70.53 50.68 22.12 1.563 

(1.50,1.00,0) 32.01 8.24 32.07 15.76 5.16 2.250 

(1.25,1.25,0) 31.25 7.29 39.83 12.85 12.23 2.441 

(1.50,1.50,0) 12.41 3.74 14.84 2.99 2.81 5.063 
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(2). Medium correlation 

Table 43.  Comparison of ARL for Changes in Variability with n = 4 and 5.0=ρ  (w 

= 0.2, p = 2, ARL0 = 200, K11 / K22 = 0.5) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BL chart 0/ ΣΣ  

(1.10,1.00,0.5) 125.67 141.25 83.94 146.53 143.64  0.908 

(1.10,1.10,0.5) 107.29 133.87 65.24 133.60 89.91  1.098 

(1.25,1.00,0.5) 87.96 126.77 53.88 129.65 77.07  1.172 

(1.50,1.00,0.5) 39.33 41.73 28.92 68.85 28.90  1.688 

(1.25,1.25,0.5) 40.16 33.01 33.39 57.74 24.18  1.831 

 

 

Table 44.  Comparison of ARL for Changes in Variability with n = 8 and 5.0=ρ  (w 

= 0.2, p = 2, ARL0 = 200, K11 / K22 = 0.5) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BLchart 0/ ΣΣ  

(1.10,1.00,0.5) 125.57 131.28 83.24 142.61 133.19  0.908 

(1.10,1.10,0.5) 106.07 123.70 65.78 132.41 67.38  1.098 

(1.25,1.00,0.5) 89.37 91.11 52.59 122.66 58.75  1.172 

(1.50,1.00,0.5) 39.82 16.54 28.80 40.21 17.78  1.688 

(1.25,1.25,0.5) 40.99 12.90 32.83 29.52 13.12  1.831 

(1.50,1.50,0.5) 14.75 4.41 14.71 4.68 3.01  3.797 
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(3). Negative Correlation 

Table 45.  Comparison of ARL for Changes in Variability with n = 4 and 2.0−=ρ  (w 

= 0.2, p = 2, ARL0=200, K11 / K22 = 2) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BL chart 0/ ΣΣ  

(1.10,1.00,-0.2) 129.36 126.33 107.15 128.95 65.91 1.162 

(1.10,1.10, -0.2) 96.72 73.58 82.99 98.89 54.78 1.406 

(1.25,1.00, -0.2) 77.57 58.06 66.22 88.19 23.09 1.500 

(1.50,1.00, -0.2) 53.29 22.03 30.89 38.60 7.29 2.160 

(1.25,1.25, -0.2) 33.18 19.23 37.30 32.17 15.60 2.344 

(1.50,1.50, -0.2) 12.70 7.22 15.06 8.74 4.44 4.860 

 

 

Table 46.  Comparison of ARL for Changes in Variability with n = 8 and 2.0−=ρ  (w 

= 0.2, p = 2, ARL0 = 200, K11 / K22 = 2) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BL chart 0/ ΣΣ  

(1.10,1.00,-0.2) 125.55 98.78 107.81 124.76 48.33 1.162 

(1.10,1.10, -0.2) 95.69 32.90 82.65 71.20 36.06 1.406 

(1.25,1.00, -0.2) 78.03 25.27 66.49 57.94 13.66 1.500 

(1.50,1.00, -0.2) 32.83 9.01 31.19 17.57 4.20 2.160 

(1.25,1.25, -0.2) 32.99 7.73 38.74 14.25 8.08 2.344 

(1.50,1.50, -0.2) 12.81 3.81 14.87 3.15 2.28 4.860 
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(4). Higher Correlation 

Table 47.  Comparison of ARL for Changes in Variability with n = 4 and 8.0=ρ  

(w=0.2, p=2, ARL0=200, K11/K22=0.5) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BL chart 0/ ΣΣ  

(1.10,1.00,0.8) 92.32 24.95 60.77 139.17 143.52  0.436 

(1.10,1.10, 0.8) 96.37 39.38 47.79 141.92 91.55  0.527 

(1.25,1.00, 0.8) 90.48 46.63 41.11 145.85 77.51  0.563 

(1.50,1.00, 0.8) 52.14 125.12 24.29 148.43 29.69  0.810 

(1.25,1.25, 0.8) 56.55 138.84 27.16 148.54 25.16  0.879 

(1.50,1.50, 0.8) 21.04 32.57 13.43 57.91 6.39  1.823 

 

 

Table 48.  Comparison of ARL for Changes in Variability with n = 8 and 8.0=ρ  (w 

= 0.2, p = 2, ARL0 = 200, K11 / K22 = 0.5) 

),,( 21 ρσσ  M-chart V-chart MEWMA S -chart BL chart 0/ ΣΣ  

(1.10,1.00,0.8) 93.11 8.57 61.09 58.71 84.89  0.436 

(1.10,1.10, 0.8) 92.61 13.21 48.42 88.59 25.57  0.527 

(1.25,1.00, 0.8) 87.80 15.89 41.06 97.51 42.15  0.563 

(1.50,1.00, 0.8) 51.17 79.57 24.06 140.89 NA  0.810 

(1.25,1.25, 0.8) 55.99 118.50 26.89 145.57 6.85  0.879 

(1.50,1.50, 0.8) 20.73 13.06 13.28 30.13 2.20  1.823 

 

 

 

 



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

100 

 

From the above Tables (41 to 48), we found that for each case, if we take larger 

size samples, ARL1 will decrease for all charts. This is reasonable. Comparing results 

of different ρ , the BL chart outperforms others when correlation is negative 

( 2.0−=ρ ). Basically, the BL chart has better performance than M-chart and S
 

- 

chart. Comparing with  V – chart and MEWMA chart, the BL chart has better 

performance when the process is in the following case. 

1. Only one σ  shifted, σ  should be larger than 1.10. 

2. Two σ  shifted, both σ  should be larger than 1.10 for independent case 

and larger than 1.25 for medium and higher correlation case. 

When only the covariance matrix shifted, the performance of the BL chart is poorer 

than V-chart and MEWMA chart in detecting small shifts, especially only one σ  

shifted. We also found that K11/K22 affects the performance of the BL chart. 
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Chapter 6.  Conclusion and Future Research 

Our proposed control charts are constructed based on the approximate 

distribution of the average bivariate loss, the BL statistics we used could monitor both 

the mean vector and the covariance matrix simultaneously. These are single charts 

which could detect the average loss of products when process is out-of-control, at the 

same time, we could get the process shifted to more loss or less loss. Unlike most 

existed multivariate schemes, our proposed control charts are more flexible. We allow 

more possible situations, for example, the mean vector might shift from target vector 

when process is in-control, or each variable of mean vector (
21,δδ ) and covariance 

matrix ( 43,δδ ) has different shift scale. We also discussed that two quality 

characteristics might have different level of correlation when process is out-of-control. 

From the results of data analyses, our proposed control charts could detect process 

change quickly when both the mean vector and the covariance matrix had shifted, 

especially the small shifts. We found that the ratio of K11/K22 affects the performance 

of our proposed control charts. When K11/K22 = 2 or 4, the performance is better. Thus, 

we suggest that when deciding the quality characteristics, we put more important 

quality characteristic in Y1 and the other in Y2. In comparison studies, the results 

showed that our proposed method performs better than Max Bivariate
 
chart, Max 

CUSUM chart and MEWMA chart when both the mean vector and the covariance 

matrix had shifted. If only the mean vector had shifted, Max CUSUM chart and 

MEWMA chart perform better in detecting small shifts given n = 2. But our proposed 

chart need to take more samples like n = 4 or 5 to detect. If only the covariance matrix 

had shifted, our proposed chart has better performance than S
 

chart, EWMA M- 
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chart. Comparing with EWMA V-chart and MEWMA chart, though our proposed 

chart does not detect quickly in some situations, it still has some advantages. The 

EWMA V-chart mainly monitors the covariance matrix, to monitor both the mean 

vector and the covariance matrix, we need to combine MEWMA chart or EWMA M- 

chart. On the other hand, our proposed BL chart is easy to use and is a single chart to 

do two charts’ work.  

In the future, we could extend two quality characteristics to three or more quality 

characteristics. To improve the power in detecting small shifts, we could construct the 

EWMA BL chart and the CUSUM BL chart. Also, we could discuss more about the 

effect of the ratio K11/K22 on performance. We could define some specific rules about 

the choice of K11/K22 with different correlations of quality characteristics. 
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Appendices 

Appendix A 
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For 12∆ , we separate it into two parts.   
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Appendix B 

 

Table 49.  The ARL1 for BL Chart with Small Shifts Given n = 5 

0027.0=α  and 1.00 =ρ . 

No. 
 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  

6δ  
1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.1 0.1 1.1 1.1 0.1 0.1 0.1 96.43 94.63 105.01 8.73 

2 0.1 0.1 1.5 1.5 0.5 0.5 0.5 22.42 26.72 39.41 4.90 

3 0.1 0.1 2 2  1 1 0.8 16.70 17.54 19.54 2.49 

4 0.1 0.5 1.1 1.5 0.5 1 0.8 1.78 1.96 2.65 1.61 

5 0.1 0.5 1.5 2  1 0.1 0.1 2.16 2.44 3.20 1.52 

6 0.1 0.5 2 1.1 0.1 0.5 0.5 1.54 1.74 1.98 1.16 

7 0.1 1 1.1 2 1 0.5 0.5 1.08 1.12 1.25 1.11 

8 0.1 1 1.5 1.1 0.5 1 0.8 1.03 1.06 1.15 1.05 

9 0.1 1 2 1.5 1 0.1 0.1 1.01 1.03 1.07 1.01 

10 0.5 0.5 1.5 1.5 1 1 0.5 1.32 1.38 1.63 1.41 

11 0.5 0.5 2 2 0.1 0.1 0.8 1.21 1.26 1.41 1.18 

12 0.5 0.5 1.1 1.1 0.5 0.5 0.1 1.44 1.45 1.12 1.01 

13 0.5 1 1.5 2 0.1 0.5 0.1 1.88 1.58 1.52 1.23 

14 0.5 1 2 1.1 0.5 1 0.5 1.41 1.28 1.26 1.08 

15 0.5 1 1.1 1.5 1 0.1 0.8 1.20 1.15 1.03 1.00 

16 0.5 0.1 1.5 1.1 0.5 0.1 0.8 1.20 1.39 2.11 2.03 

17 0.5 0.1 2 1.5 1 0.5 0.1 1.13 1.34 2.03 1.55 

18 0.5 0.1 1.1 2 0.1 1 0.5 1.27 1.62 1.33 1.05 

19 1 1 2 2 0.5 0.5 0.8 1.15 1.10 1.09 1.06 

20 1 1 1.1 1.1 1 1 0.1 1.18 1.07 1.04 1.00 

21 1 1 1.5 1.5 0.1 0.1 0.5 1.06 1.02 1.00 1.00 

22 1 0.1 2 1.1 1 0.1 0.5 1.06 1.11 1.29 1.47 

23 1 0.1 1.1 1.5 0.1 0.5 0.8 1.15 1.20 1.32 1.05 

24 1 0.1 1.5 2 0.5 1 0.1 1.11 1.16 1.11 1.01 

25 1 0.5 2 1.5 0.1 1 0.1 1.12 1.12 1.18 1.18 

26 1 0.5 1.1 2 0.5 0.1 0.5 1.15 1.12 1.12 1.01 

27 1 0.5 1.5 1.1 1 0.5 0.8 1.07 1.05 1.02 1.00 
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Table 50.  The ARL1 for BL Chart with Small Shifts Given n = 5 

0027.0=α  and 8.00 =ρ . 

 

No. 
 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  

6δ  
1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.1 0.1 1.1 1.1 0.1 0.1 0.1 81.27 430.67 51.21 4.38 

2 0.1 0.1 1.5 1.5 0.5 0.5 0.5 11.87 71.89 15.11 2.87 

3 0.1 0.1 2 2  1 1 0.8 3.65 14.64 5.09 1.70 

4 0.1 0.5 1.1 1.5 0.5 1 0.8 1.75 3.28 2.17 1.33 

5 0.1 0.5 1.5 2  1 0.1 0.1 1.72 3.70 2.15 1.27 

6 0.1 0.5 2 1.1 0.1 0.5 0.5 1.13 1.64 1.32 1.07 

7 0.1 1 1.1 2 1 0.5 0.5 1.08 1.29 1.18 1.05 

8 0.1 1 1.5 1.1 0.5 1 0.8 1.02 1.11 1.08 1.02 

9 0.1 1 2 1.5 1 0.1 0.1 1.00 1.02 1.02 1.00 

10 0.5 0.5 1.5 1.5 1 1 0.5 1.38 2.08 1.78 1.20 

11 0.5 0.5 2 2 0.1 0.1 0.8 1.12 1.54 1.34 1.08 

12 0.5 0.5 1.1 1.1 0.5 0.5 0.1 1.14 1.19 1.04 1.00 

13 0.5 1 1.5 2 0.1 0.5 0.1 2.05 2.59 1.63 1.12 

14 0.5 1 2 1.1 0.5 1 0.5 1.23 1.79 1.30 1.04 

15 0.5 1 1.1 1.5 1 0.1 0.8 1.07 1.06 1.01 1.00 

16 0.5 0.1 1.5 1.1 0.5 0.1 0.8 1.24 2.30 2.43 1.46 

17 0.5 0.1 2 1.5 1 0.5 0.1 1.06 1.97 1.82 1.21 

18 0.5 0.1 1.1 2 0.1 1 0.5 1.07 1.24 1.11 1.02 

19 1 1 2 2 0.5 0.5 0.8 1.16 1.24 1.17 1.03 

20 1 1 1.1 1.1 1 1 0.1 1.11 1.09 1.01 1.00 

21 1 1 1.5 1.5 0.1 0.1 0.5 1.01 1.01 1.00 1.00 

22 1 0.1 2 1.1 1 0.1 0.5 1.06 1.34 1.61 1.18 

23 1 0.1 1.1 1.5 0.1 0.5 0.8 1.09 1.26 1.12 1.02 

24 1 0.1 1.5 2 0.5 1 0.1 1.02 1.08 1.02 1.00 

25 1 0.5 2 1.5 0.1 1 0.1 1.14 1.42 1.40 1.07 

26 1 0.5 1.1 2 0.5 0.1 0.5 1.08 1.17 1.04 1.00 

27 1 0.5 1.5 1.1 1 0.5 0.8 1.01 1.03 1.00 1.00 
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Table 51.  The ARL1 for BL Chart with Smaller Shifts Given n = 5 

0027.0=α  and 5.00 =ρ . 

 

No. 
 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  

6δ  
1ρ  Spe.ARL1 Spe.ARL1 Spe.ARL1 Spe.ARL1 

1 0.01 0.01 1.2 1.1 0.01 0.01 0.1 115.00  259.07  38.14  3.46  

2 0.01 0.01 1.5 1.5 0.1 0.1 0.3 4.37  7.45  3.86  1.52  

3 0.01 0.01 2 2 1 1 0.5 1.11  1.35  1.14  1.02  

4 0.01 0.1 1.2 1.5 0.1 1 0.5 5.54  10.35  16.26  4.53  

5 0.01 0.1 1.5 2 1 0.01 0.1 1.37  1.71  1.24  1.04  

6 0.01 0.1 2 1.1 0.01 0.1 0.3 5.61  4.69  3.11  1.24  

7 0.01 0.5 1.2 2 1 0.1 0.3 1.21  1.64  1.34  1.09  

8 0.01 0.5 1.5 1.1 0.1 1 0.5 6.29  7.60  7.21  2.40  

9 0.01 0.5 2 1.5 1 0.01 0.1 1.22  1.29  1.08  1.01  

10 0.1 0.1 1.5 1.5 1 1 0.3 1.57  3.07  1.67  1.12  

11 0.1 0.1 2 2 0.01 0.01 0.5 1.37  1.59  1.37  1.09  

12 0.1 0.1 1.2 1.1 0.1 0.1 0.1 82.37  195.36  30.62  3.20  

13 0.1 0.5 1.5 2 0.01 0.1 0.1 1.67  2.60  2.23  1.29  

14 0.1 0.5 2 1.1 0.1 1 0.3 3.67  3.07  2.63  1.52  

15 0.1 0.5 1.2 1.5 1 0.01 0.5 1.64  2.49  1.58  1.13  

16 0.1 0.01 1.5 1.1 0.1 0.01 0.5 9.28  13.07  7.20  1.66  

17 0.1 0.01 2 1.5 1 0.1 0.1 1.39  1.39  1.08  1.01  

18 0.1 0.01 1.2 2 0.01 1 0.3 2.38  3.60  6.10  3.18  

19 0.5 0.5 2 2 0.1 0.1 0.5 1.14  1.24  1.15  1.03  

20 0.5 0.5 1.2 1.1 1 1 0.1 1.69  4.33  1.73  1.08  

21 0.5 0.5 1.5 1.5 0.01 0.01 0.3 2.31  3.33  2.26  1.26  

22 0.5 0.01 2 1.1 1 0.01 0.3 1.25  1.19  1.02  1.00  

23 0.5 0.01 1.2 1.5 0.01 0.1 0.5 4.22  8.30  5.11  1.75  

24 0.5 0.01 1.5 2 0.1 1 0.1 1.62  1.97  2.24  1.42  

25 0.5 0.1 2 1.5 0.01 1 0.1 2.15  1.96  1.77  1.24  

26 0.5 0.1 1.2 2 0.1 0.01 0.3 1.92  3.15  2.54  1.36  

27 0.5 0.1 1.5 1.1 1 0.1 0.1 1.65  1.66  1.12  1.01  
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Figure 20.  Response Graph of ARL1-bar with 5.00 =ρ
 
Based on Table 51 
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Table 52.   The Optimal BL Chart with  Smaller Shifts Given  5.00 =ρ
 
and 

0027.0=α  

 0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1δ  2δ  3δ  
4δ  5δ  6δ  

1ρ  n* h* Opt.ATS1
* n* h* Opt.ATS1

* n* h* Opt.ATS1
* n* h* Opt.ATS1

* 

0.01 0.01 1.2 1.1 0.01 0.01 0.1 25.00 0.1 0.10 25.00 0.1 0.11 25.00 0.1 0.10 25.00 0.1 0.10 

0.01 0.01 1.5 1.5 0.1 0.1 0.3 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.01 0.01 2 2 1 1 0.5 18.63 0.1 0.10 21.89 0.1 0.10 19.61 0.1 0.10 16.15 0.1 0.10 

0.01 0.1 1.2 1.5 0.1 1 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.01 0.1 1.5 2 1 0.01 0.1 23.21 0.1 0.10 24.93 0.1 0.10 21.71 0.1 0.10 17.61 0.1 0.10 

0.01 0.1 2 1.1 0.01 0.1 0.3 25.00 0.1 0.10 14.48 0.1 0.16 23.79 0.1 0.10 25.00 0.1 0.10 

0.01 0.5 1.2 2 1 0.1 0.3 21.46 0.1 0.10 24.80 0.1 0.10 23.57 0.1 0.10 20.28 0.1 0.10 

0.01 0.5 1.5 1.1 0.1 1 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.01 0.5 2 1.5 1 0.01 0.1 20.81 0.1 0.10 21.91 0.1 0.10 18.74 0.1 0.10 15.44 0.1 0.10 

0.1 0.1 1.5 1.5 1 1 0.3 23.06 0.1 0.10 25.00 0.1 0.10 24.04 0.1 0.10 19.67 0.1 0.10 

0.1 0.1 2 2 0.01 0.01 0.5 24.19 0.1 0.10 25.00 0.1 0.10 24.17 0.1 0.10 19.99 0.1 0.10 

0.1 0.1 1.2 1.1 0.1 0.1 0.1 24.38 0.1 0.10 25.00 0.1 0.10 20.85 0.1 0.10 17.09 0.1 0.10 

0.1 0.5 1.5 2 0.01 0.1 0.1 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 23.09 0.1 0.10 

0.1 0.5 2 1.1 0.1 1 0.3 25.00 0.1 0.10 7.14 0.1 0.22 10.04 0.1 0.14 25.00 0.1 0.10 

0.1 0.5 1.2 1.5 1 0.01 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 22.36 0.1 0.10 

0.1 0.01 1.5 1.1 0.1 0.01 0.5 25.00 0.1 0.10 8.96 0.1 0.18 25.00 0.1 0.10 25.00 0.1 0.10 

0.1 0.01 2 1.5 1 0.1 0.1 24.30 0.1 0.10 23.69 0.1 0.10 18.97 0.1 0.10 15.27 0.1 0.10 

0.1 0.01 1.2 2 0.01 1 0.3 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.5 0.5 2 2 0.1 0.1 0.5 20.15 0.1 0.10 22.95 0.1 0.10 20.46 0.1 0.10 17.29 0.1 0.10 

0.5 0.5 1.2 1.1 1 1 0.1 19.83 0.1 0.10 24.35 0.1 0.10 21.42 0.1 0.10 17.20 0.1 0.10 

0.5 0.5 1.5 1.5 0.01 0.01 0.3 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 23.60 0.1 0.10 

0.5 0.01 2 1.1 1 0.01 0.3 22.20 0.1 0.10 20.09 0.1 0.10 15.58 0.1 0.10 8.00 0.1 0.10 

0.5 0.01 1.2 1.5 0.01 0.1 0.5 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 

0.5 0.01 1.5 2 0.1 1 0.1 23.08 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 23.16 0.1 0.10 

0.5 0.1 2 1.5 0.01 1 0.1 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 22.78 0.1 0.10 

0.5 0.1 1.2 2 0.1 0.01 0.3 25.00 0.1 0.10 25.00 0.1 0.10 25.00 0.1 0.10 22.65 0.1 0.10 

0.5 0.1 1.5 1.1 1 0.1 0.5 25.00 0.1 0.10 24.85 0.1 0.10 19.50 0.1 0.10 14.84 0.1 0.10 
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Figure 21.   Response Graph for n
*
-bar under 5.00 =ρ  Based on Table 52 
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Table 53.  ATS1 Saved % of Optimal BL Chart and BL Chart for Smaller Shifts with 

5.00 =ρ
 

 

No. 
0.5/KK 2211 =  1/KK 2211 =  2/KK 2211 =  4/KK 2211 =  

1.ATSSpe  
1.ATSOpt %Saved  1.ATSSpe  

1.ATSOpt  %Saved  
1. ATSSpe  

1.ATSOpt  %Saved  
1.ATSSpe  

1.ATSOpt  %Saved  

1 115.00 0.10 99.91% 259.07 0.11 99.96% 38.14 0.10 99.73% 3.46 0.10 97.00% 

2 4.37 0.10 97.71% 7.45 0.10 98.66% 3.86 0.10 97.41% 1.52 0.10 93.00% 

3 1.11 0.10 90.99% 1.35 0.10 92.59% 1.14 0.10 91.23% 1.02 0.10 90.00% 

4 5.54 0.10 98.19% 10.35 0.10 99.02% 16.26 0.10 99.38% 4.53 0.10 98.00% 

5 1.37 0.10 92.70% 1.71 0.10 94.15% 1.24 0.10 91.94% 1.04 0.10 90.00% 

6 5.61 0.10 98.22% 4.69 0.16 96.59% 3.11 0.10 96.68% 1.24 0.10 92.00% 

7 1.21 0.10 91.71% 1.64 0.10 93.90% 1.34 0.10 92.51% 1.09 0.10 91.00% 

8 6.29 0.10 98.41% 7.60 0.10 98.68% 7.21 0.10 98.61% 2.40 0.10 96.00% 

9 1.22 0.10 91.80% 1.29 0.10 92.25% 1.08 0.10 90.74% 1.01 0.10 90.00% 

10 1.57 0.10 93.63% 3.07 0.10 96.74% 1.67 0.10 94.01% 1.12 0.10 91.00% 

11 1.37 0.10 92.70% 1.59 0.10 93.71% 1.37 0.10 92.70% 1.09 0.10 91.00% 

12 82.37 0.10 99.88% 195.36 0.10 99.95% 30.62 0.10 99.67% 3.20 0.10 97.00% 

13 1.67 0.10 94.01% 2.60 0.10 96.15% 2.23 0.10 95.52% 1.29 0.10 92.00% 

14 3.67 0.10 97.28% 3.07 0.22 92.71% 2.63 0.14 94.61% 1.52 0.10 93.00% 

15 1.64 0.10 93.89% 2.49 0.10 95.99% 1.58 0.10 93.66% 1.13 0.10 91.00% 

16 9.28 0.10 98.92% 13.07 0.18 98.64% 7.20 0.10 98.61% 1.66 0.10 94.00% 

17 1.39 0.10 92.81% 1.39 0.10 92.81% 1.08 0.10 90.74% 1.01 0.10 90.00% 

18 2.38 0.10 95.79% 3.60 0.10 97.22% 6.10 0.10 98.36% 3.18 0.10 97.00% 

19 1.14 0.10 91.23% 1.24 0.10 91.94% 1.15 0.10 91.30% 1.03 0.10 90.00% 

20 1.69 0.10 94.08% 4.33 0.10 97.69% 1.73 0.10 94.22% 1.08 0.10 91.00% 

21 2.31 0.10 95.67% 3.33 0.10 97.00% 2.26 0.10 95.58% 1.26 0.10 92.00% 

22 1.25 0.10 92.00% 1.19 0.10 91.60% 1.02 0.10 90.20% 1.00 0.10 90.00% 

23 4.22 0.10 97.63% 8.30 0.10 98.79% 5.11 0.10 98.04% 1.75 0.10 94.00% 

24 1.62 0.10 93.83% 1.97 0.10 94.92% 2.24 0.10 95.54% 1.42 0.10 93.00% 

25 2.15 0.10 95.35% 1.96 0.10 94.90% 1.77 0.10 94.35% 1.24 0.10 92.00% 

26 1.92 0.10 94.79% 3.15 0.10 96.83% 2.54 0.10 96.06% 1.36 0.10 93.00% 

27 1.65 0.10 93.94% 1.66 0.10 93.98% 1.12 0.10 91.07% 1.01 0.10 90.00% 
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Appendix C 

 

Comparing methods of approximating non-central chi-square distribution to central 

chi-square distribution (Patnaik (1949) vs. Pearson (1959)) 

 

Give n = 5, 15, 25 and τ = 3, 5, 10 and we simulated 100,000 times.  

From Figure 22,  

1. when sample size is small, Patnaik’s method is not that good, but still performs 

better than Pearson’s method. Both methods approximate better when 

non-centrality parameter is small. 

2. When sample size is 15, Patnaik’s method approximates better when 

non-centrality parameter is larger. But, Pearson’s method approximates better with 

small non-centrality parameter, even better than Patnaik’s method.  

3. When sample size is 25 (large), Patnaik’s method approximates very well. 

 

The result shows that Patnaik’s method is better than Pearson’s method. When the 

degree of freedom is larger, the approximation is better. Though the Pearson’s method 

is not that good, when the degree of freedom is larger, its performance is better. 

Pearson’s method applies to small non-centrality parameter and also needs more 

samples. 
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Blue line: exact central chi-square density 

Red line: approximate central chi-square density 

 

n = 5 3=τ  5=τ  10=τ  

Patnaik’s 

method 

   

Pearson’s 

method 

   

n = 15 3=τ  5=τ  10=τ  

Patnaik’s 

method 
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Pearson’s 

method 

   

n = 25 3=τ  5=τ  10=τ  

Patnaik’s 

method 

   

Pearson’s 

method 

   

 

Figure 22.  Simulation Results for Patnaik’s Method and Pearson’s Method 
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