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Abstract

In this thesis, we use the number of vertices with degree greater than
or equal to 3 as a criterion for trees being opposition graphs. Finally,
we prove some families of graphs such as P,, C,, with n > 3 and n =
4k, k € N are opposition graphs and some families of graphs such as T,,

C, with n > 3 and n # 4k, k € N are not opposition graphs.

keywords: Opposition Graphs.
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1 Introduction

From the book [1], they introduce many containment relationships between
classes of graphs. In Figure 1, we can see the relations between opposition graphs
and threshold graphs, and the relations between opposition graphs and perfect
graphs. For example, P, is an opposition graph but not a threshold graph; Cj is
a perfect graph but not an opposition graph. Now we put our attention on the

opposition graphs, we want to know what kind of graphs are opposition graphs.

By [2] and [3], we define a graph G(V, E), where V = V(G) is the vertex set
and £ = E(G) is the edge set. Therefore, in chapter 2, we introduce some basic
definitions and theorems. In chapter 3, we give a set R which is the set of vertices
with degrees greater than or equal to 3. In section 3.1, we discuss the case when
R is empty, then we create some ways to give an orientation to a path. In section
3.2, we discuss the case that there is only one vertex in R, then we create a way
to give an orientation to a rooted tree. In section 3.3, we discuss the case that
there are two vertices in R. In section 3.4, we discuss that there are more than
two vertices in R, and find out the minimum obstruction for the class of opposition
graphs. In chapter 4, we prove some families of graphs such as P,, C,, with n > 3
and n = 4k, k € N are opposition graphs and some families of graphs such as T,
C, with n > 3 and n # 4k, k € N are not opposition graphs. Finally, we bring up

some open problems and further directions of research.
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2 Definitions

In this chapter, we mention some basic definitions about graphs and trees.

For most of them, we follow [2] and [3]. A graph G is a triple consisting of a
vertex set V(G), an edge set E(G), and a relation that associates with each edge
two vertices. Sometimes the edge are ordered pairs of vertices, called directed edges,

the ordered pairs of vertices is called a direction.

A directed graph or digraph G is a triple consisting of a vertex set V(G), an
edge set F(G), and a function assigning each edge an ordered pair of vertices. The
first vertex of the ordered pair is the tail of the edge, and the second is the head;
together, they are the endpoints. We say that an edge is an edge from its tail to its
head.An orientation of a graph G is a digraph D obtained from G by choosing an

orientation (u — v or v — u) for each edge uv € G.

The degree of vertex v is the number of incident edges.

A subgraph of a graph G is a graph H such that V(H) C V(G) and E(H) C
E(G) and the assignment of end points to edges in H is the same as in G. An induced
subgraph is a subgraph obtained by deleting a set of vertices. The complement G of

a simple graph G is the simple graph with vertex set V(G) defined by uwv € E(G)
if and only if uv & E(G).

A path P is a simple graph whose vertices can be ordered so that two vertices
are adjacent if and only if they are consecutive in the list. A path with n vertices
is call P,. A cycle C is a graph with an equal number of vertices and edges whose
vertices can be placed around a circle so that two vertices are adjacent if and only
if they appear consecutively along the circle. A cycle with n vertices is call C,,. A
graph with no cycle is acyclic. If G is a u,v-path, then the distance from u to v,
written d(u,v), is the least length of u,v-path. A graph G is connected if it has a
u, v-path whenever u,v € V(G).

A tree is a connected acyclic graph. One can define a tree as a graph with a
designated vertex called a root such that there is a unique path from the root to
any other vertex in the tree. If a tree is unoriented, then any vertex can be the

root.



A leaf is a vertex of degree 1. The level number of a vertex z in a tree T is the
length from the root u to x. The height of a tree is the length of the longest path

form root, equivalently, the largest level number of any vertex.

Figure 2: A tree

For any vertex x in a tree T', except the root, the parent of xz is the vertex y
with an edge from y to x, the children of x is the vertex z with an edge from x to

z. The parent-children relationship extends to ancestors and descendants.

Figure 3: y is the parent of x; z are the children of x; y is an ancestor of z; z are

the descendants of y.



Note the difference between “maximal” and “maximum”. As adjectives, max-
imum means “maximum-sized”, and maximal means “no larger one contains this

2

one .

Example 2.1. In Figure 4, the path v; — v9 — v3 — v4 is a maximum path and a

maximal path. The path v; — vy — v5 is a maximal path but not a maximum path.

Us
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Figure 4:

Definition 2.2. A graph G is called an opposition graph if we can give an orienta-
tion of its edge such that in every induced Py, the two end edges both either point

inwards or outwards.

We know that if GG is an opposition graph, then every induced P, must be shown

as Figure 5

Figure 5: An orientation



Example 2.3. The graph Cy is an opposition graph shown as Figure 6.

Figure 6: The graph Cy is an opposition graph.

Example 2.4. In the graph C5, we can give an orientation for C5. If the direction
for the edge vivs is v; — vy, we must have the following directions: vy — v3, vs —
v1, U3 — Vs, then there are no direction for the edge vy4vs. Similar for the direction
for the edge vyvs is v3 — v;. Hence, the graph C5 is not an opposition graph shown

as Figure 7.

V2

V4 U3

Figure 7: The graph C5 is not an opposition graph.

Definition 2.5. A graph G is called a threshold graph if it does not contain a P,
C4, and C, as induced subgraphs.

Proposition 2.6. If a graph G is a threshold graph, then G is an opposition graph.

Proof. If G is a threshold graph, then G has no induced P;. Hence, G is an oppo-
sition graph. [



3 Some Opposition Graphs

In this chapter, we will discuss relations between opposition graphs and trees.
Let T be a tree. Let R(T) = {x € v(T) | deg(x) > 3}, we have the following four

cases :
Case 1 R(T) = 0.
Case 2 There is only one vertex u in R(T).
Case 3 There are two vertices u,v in R(T).
Case 4 There are more than two vertices in R(T").
For a tree T, we will show that T is an opposition graph if and only if any two

vertices in R(T') have even distance. We also find the minimal obstruction for trees

as opposition graphs.



3.1 R(T)=0

In this section, we discuss the case R(T) = (). Every vertex in the tree T has

only degree 1 or 2, so 1" is a path P,.

Theorem 3.1. The path P, is an opposition graph.

Proof. Let vy,vs,..., v, be the vertices of P,. We can give an orientation of P, as

follows :

v; — v for all i = 4k, 4k + 1, where k € N and 7 < n.

vir1 — v; for all ¢ = 4k + 2,4k + 3, where k € N and ¢ < n.

Then P, is an opposition graph shown as Figure 8. 0
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Figure 8: P, is opposition.

Definition 3.2. Let GG be an opposition graph. The orientation of G which satisfy

the definition of opposition graphs is called the oppositional orientation.

Theorem 3.3. There are only four oppositional orientations of P,:

Proof. Let vq,vs,...,v, be the vertices of P,.

Case 1 If the direction between v; and vy is v; — w9, then we must have the

following directions:

v; — v;yq for all ¢ = 4k + 1, where k € N and ¢ < n.



vir1 — v; for all ¢ = 4k + 3, where k£ € N and ¢ < n.
Then we have two subcases:
subcase 1 The direction between v, and vs is v9 — v3, then we have the

following directions:

v; — v;yq for all ¢ = 4k + 2, where k € N and ¢ < n.

Vi1 — v; for all ¢ = 4k + 4, where k € N and ¢ < n.

subcase 2 The direction between v, and vs is v3 — vy, then we have the

following directions:

v; — v;yq for all 4 = 4k + 4, where k € N and ¢ < n.

Vi1 — v; for all ¢ = 4k + 2, where k € N and ¢ < n.

Case 2 If the direction between v; and vy is v — vy, then we must have the
following directions:
v; — v;4q for all ¢ = 4k + 3, where k € N and @ < n.

vig1 — v; for all ¢ = 4k + 1, where k € N and 7 < n.
Then we have two subcases:

subcase 1 The direction between v, and vs is v3 — vy, then we have the
following directions:
v; — v;yq for all ¢ = 4k + 4, where k € N and ¢ < n.
Vi1 — v; for all ¢ = 4k + 2, where k € N and ¢ < n.
subcase 2 The direction between v, and vs is v — v3, then we have the
following directions:
v; = v for all i = 4k + 2, where k € N and 7 < n.

viy1 — v; for all i« = 4k + 4, where k € N and 7 < n.



Theorem 3.3 told us that there are only four oppositional orientations Dy, Do,

Dsand Dy for a path. We can choose any one of these four oppositional orientations

to give an orientation for a path.

D,

Figure 9: the orientation of P,.
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3.2 There Are Only One Vertex u in R

If there is only one vertex v in R(7T'), then T" must be the tree shown as Figure 10,

we call it sunshine graph. We will discuss whether 7" is an opposition graph.

0

Figure 10: Sunshine graph.

Theorem 3.4. If T is a sunshine graph, then T is an opposition graph.

Proof. Let u € R(T) be the root of T. We can give an orientation for the edges of

T as follows :

Level © — level i 4+ 1 for all ¢ = 4k, 4k 4+ 1, where kK € N and i < [, [ is the height
of T.

Level © +1 — level i for all ¢ = 4k + 2, 4k 4+ 3, where k € N and ¢ < [, [ is the
height of T

Then T is an opposition graph shown as Figure 11. [

11



Figure 11: Sunshine graph is an opposition graph.

Theorem 3.5. For a sunshine graph T. Let u be the root of T. If there are at
least two vertices in level 2, then there are only two oppositional orientations for a

sunshine graph T'.

Proof. Let T be a sunshine graph. Let u € R(T") be the root of the tree T". There
are n paths from u to leaves @)y, )s,...,Q0,,. By Theorem 3.3, there are only four

oppositional orientations for a path.

case 1 If the orientation of ()1 is Dy, then the orientation of Q)s,...,Q0,, must be D;.
Hence, the orientation of T is level i — level i + 1 for all i = 4k, 4k + 1 and
level i +1 — level ¢ for all ¢ = 4k + 2, 4k + 3, where k € N and 7 < [, [ is the
height of T'.

case 2 If the orientation of (); is Ds, then the orientation of ()s,...,(0,, must be Ds.
Hence, the orientation of T is level 1 + 1 — level ¢ for all ¢ = 4k, 4k + 1, and

12



level 1 — level ¢ + 1 for all ¢ = 4k + 2, 4k + 3, where k € N and 7 < [, [ is the
height of T'.

Suppose the vertices of level 1 in @)1, QQ2, Q3 are vy1, v12, v13, and suppose the

vertices of level 2 in ()1, ()2, are voq, vVgs.

case 3 If the orientation of ) is D3, then the directions of T must be v — u,
V1g — V9o, V13 — u. Hence, the orientation of the path wvizuvisv99 gives us a

contradiction.

case 4 If the orientation of () is Dy, then the directions of T" must be u — v1o,
Voo — V12, U — v13. Hence, the orientation of the path viguviavy gives us a

contradiction.

So there are only two oppositional orientations for a sunshine graph 7. [

By Theorem 3.5, we can give another orientation of edges of T" as follows :

Level ¢ < level @ 4+ 1 for all ¢ = 4k, 4k 4+ 1, where kK € N and @ < [, [ is the height
of T.
Level ¢ + 1 < level i for all ¢ = 4k + 2, 4k + 3, where k € N and ¢ < [, [ is the
height of T.
Then T is an opposition graph shown as Figure 12.
Corollary 3.6. For a sunshine graph T. Let u be the root of T. If there are at

least two vertices in level 2, then the orientation of T must be given as follows:

Level v — level i + 1 for all v = 4k, 4k + 1, where k € N and 1 < I, [ is the height
of T.

Level i +1 — level © for all i = 4k + 2, 4k + 3, where k € N and i < [, | is the
height of T.

Proof. By Theorem 3.5, there are two orientations for 7', these two orientations are

symmetric, so we can use casel to give the orientation for 7. [

13



Figure 12: An sunshine graph is an opposition graph.

Theorem 3.7. For a tree T'. Let u be the root of T'. If there are at least two vertices

in level two and T is opposition, then the orientation of T must be given as follows:

Level i — level 1 + 1 for all i@ = 4k, 4k + 1, where k € N and ¢ < 1, | is the height
of T.

Level i +1 — level v for all i« = 4k + 2, 4k + 3, where k € N and i < [, | is the
height of T

Proof. Let T be a tree. Suppose R(T) = {u,uy,us...u,}. There is a maximal
subtree T containing u which is a sunshine graph. Then 7" can be decomposed into
Ty and some paths @1, Q2, ..., Q with one of endpoints in R(T).

Because 77 is a sunshine graph, the orientation is given by Corollary 3.6. Now we
add all paths @; into T}. Suppose u; is an endpoint of ;. Then wu; union @); is
a path, the orientation of this path is given by case 1 of Theorem 3.3. Hence, the

orientation of 7" must be given as follows:

Level © — level i 4+ 1 for all ¢ = 4k, 4k 4+ 1, where kK € N and i < [, [ is the height
of T.

14



Level 1 + 1 — level i for all i = 4k + 2, 4k + 3, where k € N and 7 < [, [ is the
height of T'.

]

Now, by Theorem 3.7, when we want to determine if a tree T is an opposition
graph, we can give the orientation by only one way: Let u € R(T) be the root.
Level i — level ¢+ 1 for all ¢ = 4k, 4k +1 and level i +1 — level ¢ for all ¢ = 4k + 2,
4k + 3, where k € N and 7 < [, [ is the height of T. When the orientation is given as
above, if some induced P, doesn’t satisfy the definition of opposition graphs, then

T is not an opposition graph.

15



3.3 There Are Two Vertices u,v in R(T)

If there are exactly two vertices v and v in R(T"), then 7" must be the tree shown

as Figure 13, we call it wing graph. We will discuss whether 7' is an opposition graph.

Figure 13: T is a wing graph.

Now, if we delete all the vertices between u and v, then we can get two subtrees
containing u and v, we call them 77 and 75. Observably, the degrees of v and v
are greater than or equal to 2. The trees 77 and 75 are paths or sunshine graphs

because the degrees of every vertices are less than 3 except u and v.

Theorem 3.8. Let T' be a tree with ezxactly two vertices u, v in R(T'). Let T\ and
T be the subtrees from deleting the vertices between u and v. If at least one of Ty

and Ty does not contain Py, then T is an opposition graph.

Proof. Suppose Ty does not contain P, and v is in T5. Let u be the root of the tree

T. We can give an orientation of edges of T as follows :

16



. '2
T

Figure 14: The graph of Theorem 3.8.

Level i — level i + 1 for all ¢ = 4k, 4k + 1, where k € N and ¢ < [, [ is the height
of T.

Level t +1 — level ¢ for all ¢« = 4k + 2, 4k + 3, k € N and 7 < [, [ is the height of
T.

Then T' is an opposition graph shown as Figure 15. [

DS L

d(u,v) ig 4k or 4k + 1. d(u,v) is 4k + 2 or 4k + 3,

Figure 15: The orientation of Theorem 3.8.
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Theorem 3.9. Let T' be a tree and v € R(T). There are n paths @1, Qa,...,Qn
with endpoint v. Let v € Q1, V12 € Qa,...,v1, € @, be the vertices whose distance
from v is 1. Let vo; € Qq, Voo € Qa,...,09, € @, be some vertices whose distance
from v is 2. If T is an opposition graph, then the directions of the edges uvy; and

v1;09; must be as follows:

Case 1 The directions are v — wvy; for all i = 1,...,n and vy; — vy for all i =

1,...,n.

Case 2 The directions are vi; — v for all i = 1,...,n and vy; — vy; for all i =

1,...,n.

Proof. T is a tree. Let u € R(T') be the root of T. Suppose the path @ is between
u and v. By Theorem 3.7, we give an orientation for T', there are two cases in the

edge between vy and vy;:

Case 1 If we give the direction v;; — v91, then the directions of the edges uvy; and
V109; 1S v — wvy; for all ¢ = 2,...,n, vi; — vy for some ¢ = 2,...,n, and v —

V11-

Case 2 If we give the direction vg; — v11, then the directions of the edges uvy; and
V109; 1s v1; — v for all i = 2, ..., n, vy; — wy; for some i = 2,...,n, and vy; —

V.

So there are only two cases for the directions of the edges uvy; and wvy;vy;. O

Figure 16: The orientation of Theorem 3.9.

18



Theorem 3.9 can give us a way to determine if 7" is an opposition graph. For a
tree T', by Theorem 3.7, we can give an orientation, then the orientation of every
vertex u in R(7T') must satisfy Theorem 3.9. If the orientation of any vertex w in

R(T) doesn’t satisfy Theorem 3.9, then 7' is not an opposition graph.

Then we will discuss that both 77 and 75 contain P;. We have the following

two cases :

Case 1 If dist(u,v) is odd.

Case 2 If dist(u,v) is even.

Theorem 3.10. Let T be a tree with exactly two vertices u, v in R(T'). Let Ty and
Ty be the subtrees from deleting the vertices between w and v. If both T and T,

contain Py and dist(u,v) is odd, then T is not an opposition graph.

Proof. Suppose v is in T; and v is in T5. Let u be the root of the tree T. We can
give an orientation of edges of T' by Corollary 3.7. Then the orientation of T is
shown as Figure 17. The orientation of 75 doesn’t satisfy Theorem 3.9, so T is not

an opposition graph. [

Theorem 3.11. Let T be a tree with exactly two vertices u, v in R(T). Let T\ and
T be the subtrees from deleting the vertices between u and v. If both T and T,

contain Py and dist(u,v) is even, then T is an opposition graph.

Proof. Let u be the root of the tree T. We can give an orientation of edges of
T by Corollary 3.7. Then the orientation of 7" is shown as Figure 18, so 7" is an
opposition graph. [

19



d(u,v) =4k + 3

Figure 17: The orientation of Theorem 3.10.
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Figure 18: The orientation of Theorem 3.11.

21



3.4 There Are More Than Two Vertices in R

Theorem 3.12. Let T be a tree. Let R(T) = {v1,vs,...,v,} be the set of vertices in
T whose degree is greater than or equal to 3. If d(v;, v;41) is even for alli=1,...,n,

then T is an opposition graph.

Proof. We use the induction on R(T) to prove the statement. Let T be a tree and
R(T) = {v1,vs...v,,} be the set of vertices in T" which degree is greater than or equal
to 3.

Basic step Suppose n=2. By Theorem 3.11, 7' is an opposition graph.

Induction step Suppose n > 2. Let v, be the root of the tree T. Suppose
dist(v(i,v1) < dist(vj,vy) for all ¢ < j. Let T, be the subtree of 7" whose
vertex set V(T,) are v, and all of its descendant. Let T" be the subtree of T
whose vertex set V(T") are {v,} UV(T) — V(T,). Now, |R(T")| =n —1, so
T' is an opposition graph by induction hypothesis.

Let v; be the root of T". We can give an orientation to 7T":
Level ¢ — level ¢ 4+ 1 for all ¢ = 4k, 4k + 1, where £ € N and ¢ < [, [ is the
height of T".
Level i +1 — level ¢ for all ¢ = 4k + 2, 4k 4+ 3, where k € N and i < [, [ is
the height of T".

Then we give the orientation for 7;, and add T, to T". Let v, be the root of

T,,. There are two cases in T},:

case 1 If d(vy,v,) = 4k, then level i — level i + 1 for all i = 4k, 4k + 1 and
level i +1 — level ¢ for all 1 = 4k + 2, 4k + 3, where k € N and i < [, [
is the height of T'.

case 2 If d(vy,v,) = 4k + 2, then level i + 1 — level ¢ for all ¢ = 4k, 4k + 1
and level ¢« — level 1+ 1 for all ¢« = 4k + 2, 4k + 3, where k € Nand 1 < [,
[ is the height of T

Hence, T' is an opposition graph for n > 2.

22



Definition 3.13. Let the path ujususus and vivov3vy be two Py. We add an odd
path between us and vs, the graph is called H graph shown as Figure 19.

[ ] [ ]
Uy V1
[ & @ s *———9
Ul X1 X2 Lok | V2
us (OR
Uy Vg

Figure 19: H graph.

Theorem 3.14. IfT be an H graph, then T is a minimal obstruction for the class
of opposition graphs.

Proof. If we remove uq, then there is only one vertex vy which degree is greater
than or equal to 3, by Theorem 3.4, T" is an opposition graph. If we remove uy4, the
path wjusug is a P3, then by Theorem 3.8, T" is an opposition graph. Similar for

the vertices v; and vy. O

23



4 Some Families of Opposition Graphs

Theorem 4.1. If P is an induced P, in G, then P is an induced P, in G.

Proof. If the path abed is an induced Py in G, then cadb is an induced P, in G [

Corollary 4.2. P is an induced Py in G if and only if P is an induced Py in G.

Proof. P is an induced P, in G, by Theorem 4.1, P is an induced P, in G. P is an
induced P, in G, by Lemma 4.1, P is an induced P, in G [

If the path v;v;11v;49v; 13 is an induced Py in P,, then the path v; ov;v; 130,41 is

an induced P, in P,

2 o AN

Vi Uiyl Vi+2 Vi43 Vi Uiyl Vi+2 Vi43

Figure 20:

Theorem 4.3. P, is an opposition graph.
Proof. Let P, be vy , vy ; vs,...,u,. We give an orientation for P, as following :

Upso — v for all k is even.
v; — v; for all ¢ < j.
Then we can check the orientation for all induced P, in P,:

Case 1 If n < 4, then P, has no Py, so P, is an opposition graph.

Case 2 If n > 4, by Corollary 4.2, P is a P, in P, if and only if P is a P, in
P,. Suppose the path v;v;11v;19v;13 is an induced P, in P,, then the path

Vi12V;V;3V;11 is an induced Py in P, the orientation is as follows :

24



Vi+2 V; V;j130Vi41 Vi+2 V; V;j130Vi41

(a) ? is odd (b) © is even

Figure 21:

If 2 is odd, then the orientation is v;,o¢—v;—v;13—v; 11, shown as Figure 21
(a).
If i is even, then the orientation is v; 9 —v;—v;3¢v; 11, shown as Figure 21

(b).

So P, is an opposition graph.

Theorem 4.4. T, is not an opposition graph.

Proof. Ty is expressed in Figure 22, there are six Py in 15 : asai0by, asajocy, bobioay,
bobiocy, cacioay, cacioby. By Theorem 4.2, there are six Py in T : a1biag0, aicia20,
biai1bs0, bicibso, craics0, c1bicso. We can suppose the direction of the edge aqb; is
a; — by, then we have the following direction : o — as, a; — ¢1, co — 0, by — ¢y,
by — o, then the P, bjaibso gives us a contradictory. Similar for the direction

by — a1. So Ty is not an opposition graph. O
Corollary 4.5. T,, is not an opposition graph for all n > 1.

Proof. Because T; C Ty for all i < j, so T; C T for all i < j. By Theorem 4.4, Ty

is not an opposition graph, so T, is not an opposition graph for all n > 1. [

Theorem 4.6. The graphs C,, is an opposition graph if and only if n = 4k or

n=3.

25



az

a1

by

by C2

Figure 22: T,

Proof. The graphs C3 and C4 don’t have an induced Py, so C3 and Cy are opposition
graphs. Let vy, v9,vs, ..., v, be the vertices of C,,. Deleting the edge v,v;, the graph

is a path P,. By Theorem 3.3, we can give an orientation as follows :

v; = vy for all i = 4k, 4k 4+ 1, where k € N and i < n.

vir1 — v; for all ¢ = 4k + 2, 4k + 3, where k£ € N and 7+ < n.

case 1 If n = 4k where k € N, then the orientation of the edge v,v; is v; — v,.

Hence, C,, is an opposition graph.

case 2 If n =4k + 1 where k € N, then the path vy,_1v4v4x11v1 is an induced Py,
the orientation of the edge vyxy1v1 is V411 — v1. The induced Py vyp 1010203

gives us a contradictory, so (), is not an opposition graph.

case 3 If n = 4k + 2 where k € N, then the path vygv4 1V 201 is an induced Py,
the orientation of the edge vk iov1 is V412 — v1. The induced Py vy 2110203

gives us a contradictory, so (), is not an opposition graph.

case 4 If n = 4k + 3 where k € N, then the path vy, 10412041301 is an in-
duced P, the orientation of the edge vyxy3v1 is v1 — v4gr3. The induced P,

Uk 2Vt 3U1 02 gives us a contradictory, so C), is not an opposition graph.
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Hence, C,, is an opposition graph if and only if n = 4k or n = 3.

Uik V441
V4k—1 U2 U4k V2
Yap—2 g Yak-1 S 3
n =4k n=4k+1

Figure 23:
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V442
V4l+1 V2
Wk S
n=4k+ 2

V4k+3
V442 V2
Vak+1 U3
n=4k+3



5 Open Problems and Further Directions of Studies

In this article, we prove some graphs are opposition graphs. In a tree 7', R is
the set of vertices with degree greater than or equal to 3, if every distance of any
two vertices is even, then 7' is an opposition graph. In a cycle C,,, if n = 4k for all
k is integer, then (), is an opposition graph. There are still some open problems

for future studies:

1. In Chapter 3, we have known some classes of trees are opposition graphs. Fur-

thermore,
a. We would like to find out the necessary and sufficient conditions of trees
being opposition graphs.
b. We would like to find out the necessary and sufficient conditions of any

graph being an opposition graph.

2. In the Figure 1, we know that P, is an opposition graph but not a threshold
graph; Cy is a perfect graph but not an opposition graph. Furthermore,

a. We would like to find out the relation between opposition graphs and

perfect graphs.

b. We would like to find out the relation between opposition graphs and
the other graphs.
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