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Abstract

In this thesis, we provide a classification scheme for nonoscillatory solu-

tions of a class of two-dimensional dynamical systems in terms of their

asymptotic values. In addition, we find the sufficient and necessary

conditions for the existence of these solutions.
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中中中文文文摘摘摘要要要

在此篇論文中，我們提供二維非線性動態系統之非振盪解的一個分類法，此

分類法是依據解的漸近值作分類，同時我們也得到具有此漸近值之非振盪解

的存在性的充分必要條件。
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1 Introduction

The study of dynamic equations on time scales has received a lot of attentions

since it not only can unify the calculation of difference and differential equations but

also has various applications. Recently, some researchers have focused on the estab-

lishment of the oscillation and nonoscillation criteria for two-dimensional dynamic

systems; see, for example, [2], [3], [6].

Based on the above works, in this thesis, we will provide classification schemes

for nonosicllatory solutions of the two-dimensional nonlinear dynamic system

x∆(t) = p(t)f(y(t)), ∀t ∈ T, (1.1a)

y∆(t) = −q(t)g(x(t)),∀t ∈ T, (1.1b)

where T is an arbitrary time scale (i.e., nonempty closed subset of R) which is

unbounded above. Here we assume that p, q : T → R are right-dense continuous

with p > 0 and q ≥ 0 on [t0,∞)T, and q is not eventually zero. Moreover, we

assume that f, g : T→ R are nondecreasing continuous functions satisfying

sf(s) > 0, sg(s) > 0, for s 6= 0. (1.2)

This thesis is organized as follows. Firstly, we review some basic definitions and

theorems on the theory of time scales in Section 2. Then, in Section 3, we present

several useful lemmas. Finally, we provide classification schemes for nonoscillatory

solutions of (1.1) in Section 4.

1
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2 The Fundamental Theory of Time Scales

For completeness, we state some fundamental definitions and results concerning

dynamic equations on time scales that will be used in the sequel. More details can

be found in [1]. Throughout this thesis, we assume that t0, t1 ∈ T and t0 < t1. For

convenience, we define the time-scale interval [t0, t1]T := {t ∈ T : t0 ≤ t ≤ t1}.

Definition 2.1 Let T be a time scale. For t ∈ T, we define the forward jump

operator σ : T→ T by

σ(t) := inf{s ∈ T : s > t},

while the backward jump operator ρ : T→ T is defined by

ρ(t) := sup{s ∈ T : s < t}.

If t < supT and σ(t) = t, then t is called right-dense, and if t > inf T and ρ(t) = t,

then t is called left-dense. If σ(t) > t, we say that t is right-scattered, while if

ρ(t) < t we say that t is left-scattered.

Definition 2.2 We define the set Tκ which is derived from the time scale T as

follows: If T has a left-scattered maximum m, then Tκ = T − {m}. Otherwise,

Tκ = T. In summary,

Tκ =

T �(ρ(supT), supT] if supT <∞

T if supT =∞.

Definition 2.3 Assume that h : T → R is a function and t ∈ Tκ, then we define

h∆(t) to be a number (provided it exists) with the property that given any ε > 0,

there exists a neighborhood U of t (i.e. U = (t − δ, t + δ)T for some δ > 0), such

that

|[h(σ(t))− h(s)]− h∆(t)[σ(t)− s]| ≤ ε|σ(t)− s|, for all s ∈ U .

2
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We call h∆(t) the delta (or Hilger) derivative of h at t.

Moreover, we say that h is delta (or Hilger) differentiable on Tκ provided h∆(t)

exists for all t ∈ Tκ. The function h∆ : Tκ → R is called the (delta) derivative of h

on Tκ.

Theorem 2.4 Assume h : T → R is a function and let t ∈ Tκ, then we have the

following:

(i) If h is differentiable at t, then h is continuous at t.

(ii) If h is continuous and t is right-scattered, then h is differentiable at t with

h∆(t) =
h(σ(t))− h(t)

µ(t)
.

(iii) If t is right-dense, then h is differentiable at t if and only if

lim
s→t

h(t)− h(s)

t− s

exists. In this case,

h∆(t) = lim
s→t

h(t)− h(s)

t− s
.

(iv) If h is differentiable at t, then h(σ(t)) = h(t)+µ(t)h∆(t), where µ(t) = σ(t)−t

is the forward graininess function.

Definition 2.5 A function h : T → R is called right-dense continuous provided it

is continuous at all right-dense points in T and its left-sided limits exist (finite) at

all left-dense points in T. The set of all right-dense continuous functions from T to

R will be denote by

Crd = Crd(T) = Crd(T,R).

Definition 2.6 A function H : T → R is called an antiderivative of a function

h : T → R if H∆(t) = h(t), and we define

∫ s

r

h(t)∆t = H(s) − H(r). Note that

every right-dense continuous function has an antiderivative.

3
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Theorem 2.7 If h ∈ Crd and t ∈ Tκ, then∫ σ(t)

t

h(r)∆r = µ(t)h(t).

Theorem 2.8 If h ∈ Crd and h∆ ≥ 0, then h is nondecreasing.

Theorem 2.9 If h(t) ≥ 0 for all a ≤ t ≤ b, then

∫ b

a

h(t)∆t ≥ 0.

Theorem 2.10 Let a, b ∈ T and h, h∗ ∈ Crd. If |h(t)| ≤ h∗(t) on [a, b), then∣∣∣∣∫ b

a

h(t)∆t

∣∣∣∣ ≤ ∫ b

a

h∗(t)∆t.

Definition 2.11 If a ∈ T, supT =∞, and h is right-dense continuous on [a,∞),

then we define the improper integral by∫ ∞
a

h(t)∆t := lim
b→∞

∫ b

a

h(t)∆t. (2.1)

If the limit on the right-hand side of (2.1) exists, then we say that the improper

integral

∫ ∞
a

h(t)∆t converges. Otherwise, we say that it diverges.

4
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3 Preparatory Lemmas

In this section, we will introduce some useful lemmas for proving the main

theorems.

Definition 3.1

(i) A solution (x(t), y(t)) of (1.1) is said to be oscillatory if both component func-

tions x(t) and y(t) are oscillatory (i.e., neither eventually positive nor even-

tually negative); otherwise it is called nonoscillatory.

(ii) We say that the nonlinear system (1.1) is oscillatory if all its solutions are

oscillatory.

Lemma 3.2 The component functions x(t) and y(t) of a nonoscillatory solution

(x(t), y(t)) of (1.1) are nonoscillatory.

Proof . For contradiction, we assume that x(t) is oscillatory but y(t) is eventually

positive. Then, we have x∆(t) = p(t)f(y(t)) > 0 eventually, which holds according

to p(t) > 0 and (1.2). Hence x(t) > 0 or x(t) < 0 for all large t ∈ T, which is

a contradiction. The proof for the other case where y(t) is eventually negative is

similar. Likewise, we assume that y(t) is oscillatory while x(t) is eventually positive

or eventually negative leads to comparable contradictions. q

Lemma 3.3 Suppose that

∫ ∞
t0

p(r)∆r < ∞ and (x(t), y(t)) is a nonoscillatory

solution of (1.1), then lim
t→∞

x(t) exists.

Proof . Applying Lemma 3.2, we know that x(t) is nonoscillatory. Without loss of

generality, we may assume that x(t) > 0 for all t ≥ t0. Using (1.2) and assumption

q ≥ 0, we deduce from (1.1b) that y∆(t) = −q(t)g(x(t)) ≤ 0 on [t0,∞)T, which

5



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

implies that y(t) is nonincreasing for t ∈ [t0,∞)T. By Lemma 3.2, we know that

y(t) is nonoscillatory, which implies that y(t) is eventually one sign. Hence, there

exists t1 ≥ t0 such that

y(t) < 0 on [t1,∞)T (3.1)

or

y(t) > 0 on [t1,∞)T. (3.2)

Suppose that (3.1) holds. Using (3.1) and (1.2), we have

f(y(t)) < 0 on [t1,∞)T, (3.3)

which, together with the assumption p > 0, gives that

x∆(t) = p(t)f(y(t)) ≤ 0 on [t1,∞)T. (3.4)

This implies x(t) is nonincreasing on [t1,∞)T. Since x(t) is nonincreasing and

x(t) > 0 on [t1,∞)T, it follows that lim
t→∞

x(t) exists.

Suppose that (3.2) holds. Using (1.2), (3.2), and assumption p > 0, we get

x∆(t) = p(t)f(y(t)) > 0 on [t1,∞)T. (3.5)

On the other hand, since y(t) is nonincreasing, it follows that

0 < y(t) ≤ y(t1) on [t1,∞)T. (3.6)

Then, using (1.1a), (3.6) and the assumption that f is nondecreasing, we obtain

x∆(t) = p(t)f(y(t)) ≤ p(t)f(y(t1)). (3.7)

Integrating (3.7) from t1 to t, we get

x(t) ≤ x(t1) + f(y(t1))

∫ t

t1

p(r)∆r

≤ x(t1) + f(y(t1))

∫ ∞
t1

p(r)∆r

<∞,

(3.8)

6
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where we have used f(y(t1)) > 0 and the assumption

∫ ∞
t1

p(r)∆r <∞. Therefore,

using (3.5) and (3.8), we obtain lim
t→∞

x(t) exists.

q

Theorem 3.4 If

∫ ∞
t0

p(r)∆r = ∞ and

∫ ∞
t0

q(r)∆r = ∞, then each solution of

(1.1) is oscillatory.

Proof . For contradiction, we assume that (x(t), y(t)) is a nonoscillatory solution

of (1.1). Without loss of generality, we assume that x(t) > 0 on [t∗,∞)T, for some

t∗ ≥ t0. Then, using (1.2) and the assumption that q ≥ 0, we have

y∆(t) = −q(t)g(x(t)) ≤ 0, ∀t ∈ [t∗,∞)T,

which implies that y is nonincreasing on [t∗,∞)T. By lemma 3.2, we know that y(t)

is nonoscillatory. This implies that there exists t1 ≥ t∗ such that

y(t) < 0 on [t1,∞)T (3.9)

or

y(t) > 0 on [t1,∞)T. (3.10)

Suppose that (3.9) holds. Since y is nonincreasing, it follows that y(t) ≤ y(t1)

for all t ∈ [t1,∞)T. Then the monotonicity of f gives that

f(y(t)) ≤ f(y(t1)) < 0, ∀t ∈ [t,∞)T (3.11)

where we used (1.2). Together with the assumption that p > 0, we get

x∆(t) = p(t)f(y(t)) < 0, (3.12)

for all t ∈ [t1,∞)T. Integrating (3.12) from t1 to t, we have

x(t) = x(t1) +

∫ t

t1

p(s)f(y(s))∆s. (3.13)

7
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Taking limits on both sides of (3.13), using (3.11), and the assumption that

∫ ∞
t0

p(r)∆r =

∞, we obtain that

lim
t→∞

x(t) = x(t1) +

∫ ∞
t1

p(s)f(y(s))∆s

≤ x(t1) + f(y(t1))

∫ ∞
t1

p(s)∆s

= −∞,

which contradicts the fact that x(t) > 0.

For the case (3.10), since y(t) > 0 on [t1,∞)T, (1.2) implies that f(y(t)) > 0

on [t1,∞)T. Together with the assumption that p(t) > 0, we deduce from (1.1a)

that x∆(t) > 0 for all t ∈ [t1,∞)T, which implies that x(t) is increasing. Hence

x(t) > x(t1) > 0 for t ∈ [t1,∞)T. Together with (1.2) and the fact that g is

nondecreasing, we have

g(x(t)) ≥ g(x(t1)) > 0,∀t ∈ [t1,∞)T. (3.14)

Integrating (1.1b) from t1 to t and rearranging the resulting equation, we obtain

y(t1) = y(t) +

∫ t

t1

q(s)g(x(s))∆s

≥ y(t) + g(x(t1))

∫ t

t1

q(s)∆s

≥ g(x(t1))

∫ t

t1

q(s)∆s

(3.15)

where we have used (3.14) and y(t) > 0. Taking limits on both sides of (3.15) and

noting that g(x(t1)) > 0, we get

g(x(t1))

∫ ∞
t1

q(s)∆s ≤ y(t1) <∞,

which contradicts the assumption

∫ ∞
t1

q(s)∆s =∞. q

8



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

4 The Main Results

For a, b ∈ [−∞,∞], we denote the collection of all nonoscillatory solution

(x(t), y(t)) of (1.1) such that

lim
t→∞

x(t) = a and lim
t→∞

y(t) = b

by C∗(a, b).

Later, we will apply the Knaster’s fixed-point theorem [4] to prove our main

result. For readers’ convenience, we state this theorem in the following.

Lemma 4.1 (Knaster’s fixed-point theorem) Let X be a partially ordered Ba-

nach space with ordering ≤. Let M be a subset of X with the following properties:

The infimum and supermum of M belong to X, as well as every nonempty subset

of M has the infimum and supermum which belong to M . Let T : M → M be an

increasing mapping. i.e., x ≤ y implies Tx ≤ Ty. Then T has a fixed point in M .

4.1 The Case

∫ ∞
t0

p(r)∆r =∞

Theorem 4.2 Suppose that∫ ∞
t0

p(r)∆r =∞ and

∫ ∞
t0

q(r)∆r <∞.

Then (1.1) has a nonoscillatory solution (x(t), y(t)) which belongs to C∗(∞,m) for

some m > 0 if and only if∫ ∞
t0

q(s)g

(
c

∫ s

t0

p(r)∆r)

)
∆s <∞,

for some c > 0.

Proof . Suppose (x(t), y(t)) is a nonoscillatory solution of (1.1) such that

lim
t→∞

x(t) =∞ and lim
t→∞

y(t) = m > 0.

9
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Then there exist a positive constant c1 and t1 ≥ t0 such that

x(t) ≥ c1 on [t1,∞)T, (4.1)

which, together with (1.2) and the assumption that f is nondecreasing, follows that

f(x(t)) ≥ f(c1) > 0, ∀t ∈ [t1,∞)T. (4.2)

Integrating (1.1a) from t1 to t and using (4.2), we have

x(t) = x(t1) +

∫ t

t1

p(s)f(x(s))∆s ≥ x(t1) +

∫ t

t1

p(s)f(c1)∆s, ∀t ∈ [t1,∞)T. (4.3)

On the other hand, integrating the equation (1.1b) from t1 to ∞, and using (4.2),

(4.3), y(∞) = m, and the assumption that g is nondecreasing, we obtain

y(t1)−m =

∫ ∞
t1

q(s)g(x(s))∆s

≥
∫ ∞
t1

q(s)g

(
x(t1) +

∫ s

t1

p(r)f(c1)∆r

)
∆s

≥
∫ ∞
t1

q(s)g

(
c

∫ s

t1

p(r)∆r

)
∆s,

where c = f(c1). Hence,∫ ∞
t0

q(s)g

(
c

∫ s

t0

p(r)∆r

)
∆s <∞.

Conversely, suppose∫ ∞
t0

q(s)g

(
c

∫ s

t0

p(r)∆r

)
∆s <∞, (4.4)

for some c > 0. Pick t1 ≥ t0 such that∫ ∞
t

q(s)g

(
c

∫ s

t1

p(r)∆r

)
∆s < m∗, ∀t ≥ t1, (4.5)

where m∗ = f−1(c)/2. Let B = Crd (T,R) be a Banach space of all right-dense

continuous functions on T with the norm

‖x‖ = sup
t≥t1
|x(t)|

10
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and the usual pointwise ordering ”≤”. Define a subset Ω of B as follows:

Ω = {x ∈ B | f(m∗)

∫ t

t1

p(r)∆r ≤ x(t) ≤ f(2m∗)

∫ t

t1

p(r)∆r , ∀t ∈ [t1,∞)T}.

It is easy to see that inf Ω ∈ B and sup Ω ∈ B. Moreover, for any subset Q of Ω,

we have inf Q ∈ Ω and supQ ∈ Ω. Define an operator L : Ω→ B by

(Lx)(t) =

∫ t

t1

p(s)f

(
m∗ +

∫ ∞
s

q(r)g(x(r))∆r

)
∆s, ∀t ∈ [t1,∞)T.

We claim that LΩ ⊆ Ω. Let x ∈ Ω. Since f, g are nondecreasing and p > 0,

q ≥ 0, we have

(Lx)(t) =

∫ t

t1

p(s)f

(
m∗ +

∫ ∞
s

q(r)g(x(r))∆r

)
∆s

≥
∫ t

t1

p(s)f(m∗)∆s

= f(m∗)

∫ t

t1

p(s)∆s

for all t ∈ [t1,∞)T. Here we have used (1.2). On the other hand, using (4.5), we

obtain

(Lx)(t) =

∫ t

t1

p(s)f

(
m∗ +

∫ ∞
s

q(r)g(x(r))∆r

)
∆s

≤
∫ t

t1

p(s)f

(
m∗ +

∫ ∞
s

q(r)g

(
f(2m∗)

∫ r

t1

p(u)∆u

)
∆r

)
∆s

=

∫ t

t1

p(s)f

(
m∗ +

∫ ∞
s

q(r)g

(
c

∫ r

t1

p(u)∆u

)
∆r

)
∆s

≤
∫ t

t1

p(s)f(2m∗)∆s

= f(2m∗)

∫ t

t1

p(s)∆s,

for all t ∈ [t1,∞)T. Hence LΩ ⊆ Ω.

Furthermore, L is increasing since if x, x̃ ∈ Ω with x̃ ≥ x, then

(Lx)(t) =

∫ t

t1

p(s)f

(
m∗ +

∫ ∞
s

q(r)g(x(r))∆r

)
∆s

≤
∫ t

t1

p(s)f

(
m∗ +

∫ ∞
s

q(r)g(x̃(r))∆r

)
∆s

= (Lx̃)(t).

11
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Here we have used the assumption that f and g are nondecreasing. By Lemme 4.1,

we can conclude that there exists x̂ ∈ Ω such that x̂ = Lx̂.

Now we set

ŷ(t) = m∗ +

∫ ∞
t

q(r)g(x̂(r))∆r, (4.6)

for all t ∈ [t1,∞)T, then we have

ŷ∆(t) = −q(t)g(x̂(t))

and

x̂∆(t) = (Lx̂)∆(t) = p(t)f

(
m∗ +

∫ ∞
t

q(r)g(x̂(r))∆r

)
= p(t)f(ŷ(t)).

Taking limits on both sides of the equation x̂ = Lx̂, we get

lim
t→∞

x̂(t) = lim
t→∞

∫ t

t1

p(r)f

(
m∗ +

∫ ∞
s

q(r)g(x̂(r))∆r

)
∆s

=

∫ ∞
t1

p(r)f

(
m∗ +

∫ ∞
s

q(r)g(x̂(r))∆r

)
∆s

≥ f(m∗)

∫ ∞
t1

p(r)∆r

=∞,

for all t ∈ [t1,∞)T, where we have used the assumption

∫ ∞
t0

p(r)∆r =∞. Therefore,

lim
t→∞

x̂(t) =∞. Since x̂ ∈ Ω, it follows that

x̂(t) ≤ c

∫ t

t1

p(r)∆r, ∀t ∈ [t1,∞)T.

Together with the monotonicity of g and the assumption (4.4), we get∫ ∞
t

q(r)g(x̂(r))∆r ≤
∫ ∞
t

q(r)g

(
c

∫ r

t1

p(s)∆s

)
∆r <∞, ∀t ∈ [t1,∞)T. (4.7)

Taking limits on both sides of (4.6) and using (4.7), we get

lim
t→∞

ŷ(t) = lim
t→∞

(
m∗ +

∫ ∞
t

q(r)g(x̂(r))∆r

)
= m∗.

Hence (x̂(t), ŷ(t)) is a nonoscillatory solution of (1.1) which belongs to C∗(∞,m∗).

q

12
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4.2 The Case

∫ ∞
t0

p(r)∆r <∞

Theorem 4.3 (1.1) has a nonoscillatory solution (x(t), y(t)) which belongs to C∗(`, k)

for some 0 < `, k <∞ if and only if∫ ∞
t0

p(r)∆r <∞ and

∫ ∞
t0

q(r)∆r <∞. (4.8)

Proof . Suppose (x(t), y(t)) is a nonoscillatory solution of (1.1) such that

lim
t→∞

x(t) = ` and lim
t→∞

y(t) = k, for some 0 < `, k <∞.

Then there exist four positive constants µ1, µ2, ν1, ν2, and t1 ≥ t0 such that

µ1 ≤ x(t) ≤ µ2 (4.9)

and

ν1 ≤ y(t) ≤ ν2 (4.10)

for all t ≥ t1.

Integrating (1.1a) from t1 to ∞, using (4.10), (1.2), x(∞) = ` and the mono-

tonicity of f , we have

` = x(t1) +

∫ ∞
t1

p(r)f(y(r))∆r ≥ x(t1) + f(ν1)

∫ ∞
t1

p(r)∆r,

which implies that

∫ ∞
t1

p(r)∆r < ∞. Similarly, integrating (1.1b) from t1 to ∞,

using (4.9), (1.2), y(∞) = k and the monotonicity of g and rearranging the resulting

equation, we obtain

y(t1) = k +

∫ ∞
t1

q(r)g(x(r))∆r ≥ k + g(µ1)

∫ ∞
t1

q(r)∆r,

which follows that

∫ ∞
t1

q(r)∆r <∞. Hence (4.8) holds.

Conversely, suppose (4.8) holds. Then, for given positive constants `∗, k∗, we

set

M = f

(
k∗ + g(2`∗)

∫ ∞
t0

q(s)∆s

)
,

13
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which is a finite number since

∫ ∞
t0

q(r)∆r < ∞. Note that

∫ ∞
t0

p(r)∆r < ∞. It

follows that there exists t1 ≥ t0 such that

∫ ∞
t

p(r)∆r < `∗/M , ∀t ≥ t1, which

together with the monotonicity of f , gives that∫ ∞
t

p(r)f

(
k∗ + g(2`∗)

∫ ∞
r

q(s)∆s

)
∆r

≤
∫ ∞
t

p(r)f

(
k∗ + g(2`∗)

∫ ∞
t0

q(s)∆s

)
∆r

= M

∫ ∞
t

p(r)∆r

< `∗,

(4.11)

for all t ≥ t1. Let B be given as in the proof of Theorem 4.2. Define a subset Ω of

B as follows:

Ω = {x ∈ B | `∗ ≤ x(t) ≤ 2`∗ , ∀t ∈ [t1,∞)T } .

It is easy to see that inf Ω ∈ B and sup Ω ∈ B. Moreover, for any subset Q of Ω,

we have inf Q ∈ Ω and supQ ∈ Ω. Define an operator L : Ω→ B given by

(Lx)(t) = `∗ +

∫ t

t1

p(r)f

(
k∗ +

∫ ∞
r

q(s)g(x(s))∆s

)
∆r, ∀t ∈ [t1,∞)T.

We claim that LΩ ⊆ Ω. Let x ∈ Ω. Since f, g are nondecreasing and p > 0,

q ≥ 0, we have

(Lx)(t) = `∗ +

∫ t

t1

p(r)f

(
k∗ +

∫ ∞
r

q(s)g(x(s))∆s

)
∆r ≥ `∗

for all t ∈ [t1,∞)T. On the other hand, using (4.11), we obtain

(Lx)(t) = `∗ +

∫ t

t1

p(r)f

(
k∗ +

∫ ∞
r

q(s)g(x(s))∆s

)
∆r

≤ `∗ +

∫ t

t1

p(r)f

(
k∗ +

∫ ∞
r

q(s)g(2`∗)∆s

)
∆r

= `∗ +

∫ t

t1

p(r)f

(
k∗ + g(2`∗)

∫ ∞
r

q(s)∆s

)
∆r

≤ `∗ +

∫ ∞
t1

p(r)f

(
k∗ + g(2`∗)

∫ ∞
r

q(s)∆s

)
∆r

≤ `∗ + `∗ = 2`∗,

14
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for all t ∈ [t1,∞)T. Hence LΩ ⊆ Ω

Furthermore, L is increasing since if x, x̃ ∈ Ω with x̃ ≥ x, then

(Lx)(t) = `∗ +

∫ t

t1

p(r)f

(
k∗ +

∫ ∞
r

q(s)g(x(s))∆s

)
∆r

≤ `∗ +

∫ t

t1

p(r)f

(
k∗ +

∫ ∞
r

q(s)g(x̃(s))∆s

)
∆r

= (Lx̃)(t).

Here we have used the assumption g is nondecreasing. By Lemme 4.1, we can

conclude that there exists an x̂ ∈ Ω such that x̂ = Lx̂. Now we set

ŷ(t) = k∗ +

∫ ∞
t

q(s)g(x̂(s))∆s, (4.12)

for all t ∈ [t1,∞)T, then we have

ŷ∆(t) = −q(t)g(x̂(t))

and

x̂∆(t) = (Lx̂)∆(t) = p(t)f(ŷ(t)).

Since x̂ ∈ Ω, it follows that x̂ ≤ 2`∗. Together with the monotonicity of g and the

assumption

∫ ∞
t0

q(r)∆r <∞, we get

∫ ∞
t

q(s)g(x̂(s))∆s ≤ g(2`∗)

∫ ∞
t

q(s)∆s <∞. (4.13)

Taking limits on both sides of (4.12) and using (4.13), we get

lim
t→∞

ŷ(t) = lim
t→∞

(
k∗ +

∫ ∞
t

q(s)g(x̂(s))∆s

)
= k∗.

In addition, since

∫ ∞
t0

p(r)∆r < ∞, Lemme 3.3 asserts that ` := lim
t→∞

x̂(t) exists

and ` ≥ `∗ > 0. Hence (x̂(t), ŷ(t)) is a nonoscillatory solution of (1.1) which belongs

to C∗(`, k∗).

q

15
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Theorem 4.4 Suppose that∫ ∞
t0

p(r)∆r <∞ and

∫ ∞
t0

q(r)∆r <∞.

Then (1.1) has a nonoscillatory solution (x(t), y(t)) which belongs to C∗(ξ, 0) for

some ξ > 0 if and only if∫ ∞
t0

p(s)f

(∫ ∞
s

q(r)g(ξ∗)∆r

)
∆s <∞ (4.14)

for some ξ∗ > 0.

Proof . Suppose (x(t), y(t)) is a nonoscillatory solution of (1.1) such that

lim
t→∞

x(t) = ξ and lim
t→∞

y(t) = 0, for some ξ > 0.

Then there exist a positive constant σ1 and t1 ≥ t0 such that

x(t) ≥ σ1 on [t1,∞)T,

which, together with the monotonicity of g, gives that

g(x(t)) ≥ g(σ1), ∀t ∈ [t1,∞)T. (4.15)

Integrating the equation (1.1b) from t to∞, and rearranging the resulting equation,

we have

y(t) =

∫ ∞
t

q(s)g(x(s))∆s ≥
∫ ∞
t

q(s)g(σ1)∆s, ∀t ∈ [t1,∞)T, (4.16)

where we have used (4.15) and the assumption that y(∞) = 0. Since f is nonde-

creasing, (4.16) implies that

f(y(t)) ≥ f

(∫ ∞
t

q(s)g(σ1)∆s

)
, ∀t ∈ [t1,∞)T. (4.17)

Proceeding to integrate the equation (1.1a) from t1 to ∞, and using (4.17) , we get

ξ = x(t1) +

∫ ∞
t1

p(s)f(y(s))∆s

≥ x(t1) +

∫ ∞
t1

p(s)f

(∫ ∞
s

q(r)g(σ1)∆r

)
∆s.

16
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Hence (4.14) holds with ξ∗ = σ1.

Conversely, Suppose∫ ∞
t0

p(s)f

(∫ ∞
s

q(r)g(ξ∗)∆r

)
∆s <∞,

for some ξ∗ > 0. Then there exists t1 ≥ t0 such that∫ ∞
t1

p(s)f

(∫ ∞
s

q(r)g(ξ∗)∆r

)
∆s < τ, (4.18)

where τ = ξ∗/2 > 0. Let B be given as in the proof of Theorem 4.2. Define a subset

Ω of B as follows:

Ω = { x ∈ B | τ ≤ x(t) ≤ 2τ, ∀t ∈ [t1,∞)T }.

It is easy to see that inf Ω ∈ B and sup Ω ∈ B. Moreover, for any subset Q of Ω,

we have inf Q ∈ Ω and supQ ∈ Ω. Define an operator L : Ω→ B by

(Lx)(t) = τ +

∫ t

t1

p(s)f

(∫ ∞
s

q(r)g(x(r))∆r

)
∆s, ∀ t ∈ [t1,∞)T.

we claim that LΩ ⊆ Ω. Let x ∈ Ω. Since f, g are nondecreasing and p > 0,

q ≥ 0, we have

(Lx)(t) = τ +

∫ t

t1

p(s)f

(∫ ∞
s

q(r)g(x(r))∆r

)
∆s ≥ τ,

for all t ∈ [t1,∞)T. On the other hand, using (4.18), we obtain

(Lx)(t) = τ +

∫ t

t1

p(s)f

(∫ ∞
s

q(r)g(x(r))∆r

)
∆s

≤ τ +

∫ t

t1

p(s)f

(∫ ∞
s

q(r)g(2τ)∆r

)
∆s

= τ +

∫ t

t1

p(s)f

(∫ ∞
s

q(r)g(ξ∗)∆r

)
∆s

≤ τ + τ = 2τ,

for all t ∈ [t1,∞)T. Hence LΩ ⊆ Ω.
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Furthermore, L is increasing since if x, x̃ ∈ Ω with x̃ > x, then

(Lx)(t) = τ +

∫ r

t1

p(s)f

(∫ ∞
s

q(r)g(x(r))∆r

)
∆s

≤ τ +

∫ r

t1

p(s)f

(∫ ∞
s

q(r)g(x̃(r))∆r

)
∆s

= (Lx̃)(t).

Here we have used the assumption g is nondecreasing. By Lemma 4.1, we can

conclude that there exists x̂ ∈ Ω such that x̂ = Lx̂. Now we set

ŷ(t) =

∫ ∞
t

q(r)g(x̂(r))∆r, (4.19)

for all t ∈ [t1,∞)T, then we have

ŷ∆(t) = −q(t)g(x̂(t)),

and

x̂∆(t) = (Lx̂)∆(t) = p(t)f

(∫ ∞
t

q(r)g(x̂(r))∆r

)
= p(t)f(ŷ(t)).

Since x̂ ∈ Ω, it follows that x̂ ≤ 2τ . Together with the monotonicity of g and the

assumption

∫ ∞
t0

q(r)∆r <∞, we get

∫ ∞
t

q(s)g(x̂(s))∆s ≤
∫ ∞
t

q(s)g(2τ)∆s <∞. (4.20)

Taking limits on both sides of (4.19) and using (4.20), we get

lim
t→∞

ŷ(t) = lim
t→∞

(∫ ∞
t

q(s)g(x̂(s))∆s

)
= 0.

In addition, since

∫ ∞
t0

p(r)∆r < ∞, Lemma 3.3 asserts that ξ := lim
t→∞

x̂(t) exists

and ξ ≥ τ > 0. Hence (x̂(t), ŷ(t) is a nonoscillatory solution of (1.1) which belongs

to C∗(ξ, 0). q
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