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Abstract

The progression of chronic diseases plays an important role on their research. Through related
studies, researchers can frequently extract information to design better clinic protocols to extend or
improve patients’ lives. According to statistics, there are more than 3 million carriers of hepatitis B
virus infection in Taiwan. Its adverse sequelae could be liver cirrhosis or hepatocellular carcinoma
(HCC). This greatly threatens people’s lives and also leads to significant burden to national health
insurance. Therefore, the study on progression of chronic HBV infection is of fundamental
importance to Taiwanese society.

In the literature, several disease progression models on HBV have been proposed. However,
due to over-simplification such as non -age-dependence, these models can lead to significant errors



in related applications. In this project, data from life table is embedded into the models to provide a
better approximation to the realistic progression of HBV. Furthermore, numerical tools are
developed to estimate the probability that patients will reach some critical medical statuses. This
provides patients and the health administrations essential information for the management of
chronic HBV infection.

Keywords: Markov Models, Chronic Hepatitis B Virus Infection, Survival Analysis.
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2.1 Background

The progression of chronic diseases is usually described as occurrence of successive discrete
events. Studying the underlying dynamics, which specify the order of occurrence of these events
and their interrelations, is of fundamental importance since it can provide a better understanding to
the development of these diseases. Frequently, researchers can benefit from the dynamics-related
information to design better clinic protocols to extend or improve patients’ lives.

One serious chronic disease is hepatitis B virus (HBV) infection. It leads to the risk of hepatic
decompensation, cirrhosis and hepatocellular carcinoma (HCC) [1]. In Taiwan, chronic liver disease
is one of the leading causes of death [2]. Moreover, HCC, one of potential adverse sequelae of
chronic HBV infection, was the most common cancer in 1997 [2]. Based on the statistics of Liver
Disease Prevention and Treatment Research Foundation, it costs more than 3 million US dollars
annually and is one of the major medical expenditure in Taiwan [3].

Based on these facts, our goal of this project is to develop a more realistic mathematical model
on the natural history of chronic HBV infection. Numerical tools for subsequent analysis such as the
probability of the occurrence of critical medical events and survival functions are developed. This
provides patients and the health administrations essential information for the management of
chronic HBV.

R ALY T

3.1 Mathematical Model Development

A recent survey paper in [1] provides one progression model on the natural history of chronic
HBV infection (see Figure 1.) From medical viewpoints, this is a very good reference for medical
practitioners. However, it is not a mathematically valid Markov model. In addition, based on this
model, chronic HBV patients can possess longer expected life span than disease-free people.
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Figure 1. Amodel on HBV infection from Liaw and Chu [1]

To correct these disadvantages of the original model, we improve it with the following two
steps. First, based on the understanding to HBV progression, the model is transformed into a valid
Markov model. Secondly, data from life table is incorporated into this model to provide adjustments
and offers a more realistic approximation to disease progression on HBV [5][6].

To facilitate our presentation on how data in life table is incorporated into the model, we
illustrate by focusing on one specific transition in Figure 1 (i.e. state “HBeAg(+) hepatitis and
HBV-DNA>2x10*° 1U/mL” to state “Liver cirrhosis.”) Such a transition is only possible under
the condition that the patient survives up to the following year. Therefore, data from life table can
be embedded based on conditional probability. For instance, suppose that one 18-year-old patient is

with the state “HBeAg(+) hepatitis and HBV-DNA>2x10*° IU/mL.” Denote p* the probability

in life table that a 18-year-old person will survive up to the following year. Transitions from this
initial state and age in Figure 1 and their associated probabilities can be summarized as follows.

(1) With probability 1- p*®, the patient will die in the following year.

(2) With probability 0.04p*, the next state of this patient will be “Liver cirrhosis.
(38) With probability 0.005p*, the next state will be “Decomposition.”

(4) With probability 0.008p*, the next state will be “HCC.”

(5) With probability (1-0.04-0.005-0.08) p*®, the next state will be the original state.
These transitions are summarized as Figure 2.
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Figure 2: An illustrated example.

With such a construction, we obtain an age dependent model. Each element in the transition
probability matrix under a Markov model, denoted as Pi’kj'k“, represents that the annual probability

of a transition from the state i to the state | with initial age k.

3.3 Transitions between Critical Events and Survival Analysis

With the developed model, the probability of a transition between any two pre-specified states
can be analyzed. Moreover, the survival function can be obtained accordingly. We have
implemented numerical procedures to compute the desirable probabilities based on the following

formula. If the transition probability Pif}”” is denoted as F’if;"(t), the following result can be

easily extended from the first passage time in [4].

(n) g - -
(1) [5][6] Let £ be the probability that a person with age t and at the state i reaches the state
j for the first time after n years. That is,
fO) =Pr{Y, =M Yy =lion1rens Yor =ty Yo =1, i 2 m, t<k<t+n-1}

t+1?

Then, we have the first passage time formula:
n-1
P O=RPO-2 AP OPTt+k),
k=1

The survival function can also be obtained and expressed as function of fifj”)(t) [5][6].

3.4 Error Analysis

The difference of the life expectance between the models with and without embedded data
from life table can be analyzed. Let L, and L, denote the life expectance without and with
embedded data from life table, respectively. Suppose that L, is finite. Our derivations arrive the



following conclusions: L, is finite and L, < L,. We also provide exact mathematical formulae of
the upper and lower bounds on L,-L,. From our study, it shows that when the death rate varies
significantly with age, the variation between these two models will increase accordingly. The
detailed results may be referred to our subsequently submitted papers [7].

3.5 Applications

The developed model and tools can be applied to study several related applications. For
instance, it can be used to compute the probability that a patient arrives one specific health status
from a given initial age and initial health state. The following examples demonstrate how our
numerical procedures can provide such information.

Example 1:[5][6]
Suppose that a patient is infected with HBV at aged 25. Our developed tool provides the
information of that he or she will undergo disease progression to critical medical events when he or

she is at age 40. The result is summarized in the Table 1.

In Table 1, each probability on the right column indicates the possibility that the patient will
reach the corresponding events shown on the left column at aged 40.

Critical medical events | Probability
Seroconversion & 25%
Sustained Remission
Decompensation 4%

Liver cirrhosis 16%
HBsAg loss 3%

HCC 7%
Death/Transplantation | 37%

Table 1. Probabilities of critical events.

Example 2.[5][6]

A patient at aged 40 is diagnosed as “liver cirrhosis.” The probabilities that he or she will reach
the listed health states at the age of 60 are summarized in Table. 2



Probability

Decompensation 23%
HBsAg loss 9%
HCC 34%

Death/Transplantation 90%
Table 2. Probabilities of critical events.

3.6 Evaluation on the Outcomes

Our principal goal of this project is to provide a more accurate model on the natural history of
chronic HBV infection. Towards this goal, we have accomplished three major tasks in this project:

(1) Compared with the original model, we provide a more realistic life-table embedded model on
the natural history of chronic HBV infection. In addition, we conduct rigorous mathematical
analysis on the difference of the original and the new model. This offers a clearer picture of
age-dependent property on the progression on chronic HBV.

(2) To answer the questions of the probability and life-years that patients may go through transitions
between critical heath states, we develop numerical procedures to provide such computation.
This offers chronic HBV patients crucial medical information for their follow-up treatment
options and health management.

(3) Through cooperation with Chang Gang Memorial Hospital, we process original paper-based
medical data (with protection on patients’ privacy) and establish an electronic database for these
valuable information. It is worth mentioning that we continuously expand our database and this
will help us further improve the accuracy and applicability of our model.

One Master’s Thesis of NCCU [6] is based on the research of this project. The results have been
reviewed by specialists on chronic HBV infection. Moreover, these results have been prepared as
two journal papers [5][7] and will be submitted after revision.
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