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Numerical Methods for Solving Fuzzy System of Linear Equations
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Abstract
In this report, we propose a parallel iterative method for finding the solution of
fuzzy systems of linear equations (FSLE). Conditions for the convergence of the
parallel iterative method are derived and the convergence rate for the iterative
sequence is also presented. The numerical results indicate that the proposed

iterative method is accurate and efficient.

Key words: iterative methods, fuzzy system of linear equations, parallel methods,
fuzzy number
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1. Introduction

The problem of system modeling and identification has attracted considerable
attention during the past twenty years mostly because of a large number of attentions
in diverse fields like portfolio selection, biomedical system, socioeconomic system,
transportation, electric power systems, hydrology, and aeronautics. In each of the
cases, a model consists with a series of mathematical equations which can be used for
understanding the behavior of the system, and whenever possible, for prediction and
control.

Many papers have been presented on the study of parameter estimation and



model identification. Nonetheless, we would like to point out that in dealing with
parameter estimation, we should take the vague case as they belong to two or more
classes simultaneously into account. Because many patterns of grouping in
parameter estimation really are ambiguous, those phenomena should not be assigned
to certain specific classes inflexibly. Hence, the linear systems of equations are not
crisp and may be solved by using a fuzzy arithmetic.

This paper investigates the solution of nxn fuzzy systems of linear equations
(FSLE) whose coefficient matrix is crisp and the right hand side is an arbitrary fuzzy
vector. To find the solution of FSLE, Friendman et al. (1998) transform the FSLE
into a 2nx2n crisp linear system utilizing the embedding approach. So far, a
number of papers have been proposed for finding the numerical solution of this kind
of crisp linear system. For example, the numerical algorithms for solving FSLE
based on the Jacobi iterative method and the Gauss-Seidel iterative method have been
proposed by Allahviranloo (2004) as well as Allahviranloo et al. (2006); the numerical
algorithm based on the block SOR iterative method is adapted by Miao et al. (2008);
and other iterative methods are developed by Dehghan and Hashemi (2006) as well as
Liu et al. (2008).

In this paper, we will propose a parallel iterative method for finding the
numerical solution of the crisp linear system and investigate the convergence
condition of the proposed method. Moreover, we also derive the convergence rate
for the iterative sequence produced by the proposed iterative method.

To compare with the other method, we consider the examples which are cited in
Allahviranloo et al. (2006). After 2 iterations, the absolute error of the numerical
solution produced by our parallel iterative method is less than 107*; after 10

iterations, the absolute error is less than 1074, This indicates that the proposed
method is very efficient and accuracy for finding the numerical solution of FSLE.

The rest of the paper is organized as follows. Basic definitions on the fuzzy set
theory and some results about the FSLE are introduced in Section 2. The parallel
iterative method and the convergence conditions are developed in Section 3. The
numerical results for solving the problems cited from the literatures are illustrated on
the Section 4.  Finally, a concise conclusion is provided in Section 5.

2. Fuzzy Linear Systems

A fuzzy number (Cong-Xin and Ming, 1991) is an ordered paired of functions



(u(r),u(r)), 0<r<1, which satisfies the following requirements:

(1) u(r) isabounded left continuous nondecreasing function over [0,1].

(2) u(r) isabounded left continuous nonincreasing function over [0,1].
(3) u(r)<u(r), 0<r<1,

The arithmetic operations of arbitrary fuzzy numbers x=(x(r),X(r)), y=

(y(r), ¥(r)), 0<r<1,andreal number k isgiven as

D) x+y=x(r)+y(r), x(r)+y(r)).

2 ke d (XD KX if k20
@ _{(kY(F),ké(r)) if k<0’

Moreover, we say x=y if x(r)=y(r) and X(r)=y(r), 0<r<1.

Following Friendman et al. (1998), the definitions of fuzzy linear system of
equation and their solutions are as follows:

Definition 2.1: The nxn linear system
X tappXy + o+ d Xy =Y,
821X + 8 Xp +++8on Xy = Y2 )

AniX1 T @paXy + -+ @pp Xy = Yp
is called a fuzzy linear system of equations, where the coefficient matrix A= (a;),

1<i, j<n isacrisp nxn matrixand y=(y;), i=12,---,n isa fuzzy vector.

The solution X = (X, X9, -+-, xn)T for the FLSE (1) is given as follows.

Definition 2.2: A fuzzy number vector (X, X5, -, xn)T given by

X = (x(r), % (r)), i=42,---,n, 0<r<1
is called a solution of the FLSE if

n n
DX =D X =Y,
i1 i



n n
23X = D %) =i
i1 i1

Friendman et al. (1998) extend FLSE to the following 2nx2n crisp linear

system as follows:
S; S, || X Y
= s)x ®
2 21

SX =Y

or

where X = (X, Xp, ) X X, X0, X)) 0 Y =(Y, Y,on Y0 Yo V2.0, V) and
S=(sj5), 1<i, j<2n are determined as

Sij = Sitn, j+n = &j » if & >0

Si+n, j = Si, j+n = &jj, if & < 0

and any s;; which is not determined is zero. Hence we have

(3)

Si, j_,_ni‘ if aij <0

_{Sijzj if aij >0
j=
J

Sij Xj +Si, j4nX

3. Main Results

The original nxn fuzzy system of linear equations have been rearranged as an
2nx2n crisp linear system SX =Y . This linear can be uniquely solved for X if

and only if S is nonsingular.

Theorem 3.1. (Friendman et al., 1998) The matrix S is nonsingular if and only if
the matrices A=S;-S, and B=S;+S, are both nonsingular.

Instead of calculating st we develop an iteration process for solving the crisp
linear system SX =Y . Adapting the splitting matrix



[s o
Q{O Sj

QX =(Q-S)X +Y
which suggests an iterative process as follows:

we obtain the equivalent form

QX ™MD = Q-5)XM+Y, m=0,1,2,-- (4)

More precisely, (4) yields the following equations
XM _sls, 0 XM || sy

XM =515, XM 11y (5)

or

X (M) = _g1g, x (M 4 51y (6)
providing that S; is nonsingular. Substituting (6) into (5) yields

XM =5, 15,[-5; 15, X M+, ]+ 57ty
= (5718,)(5715,)X ™ —(517s,5, Y + 57ty 7)

Given the initial vector (L(O),l(l)), (7) can be written as the following two
equations:

X M2 - (5778,)(S778,) X P + f )
and

X @m3) — (s71s,) (5. 1s,) X B 4 ¢ 9)

where f =—(S7%S,S7 )Y + 5.1y .

By using the similarly argument, we obtain the iterative process for X as
follows:

X 2M+2) = (S71S,)(S11S,) X P 4+ g (10)

X @M = (51785)(8115,) X ™Y + g (12)
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where g =—(5{7S,S; )Y + S,V .

Since the iteration procedures in generating two sequences {L(m)} and
{X M1 do not make use the information between them, both sequence {X ™%} and

{X (m)} can be computed simultaneously in difference machines. Therefore, we

have proposed a parallel iterative method for solving the 2nx2n crisp linear
systems numerically.

The following theorems provide the conditions that two sequence {X(2m+1)}

and {X ®™} are converging to the same limit vector, where X ™ =(x (M X (M)

Let p(A) denote the spectral radius of A which will be used in the proof of the
theorem.

Theorem 3.2. The subsequences {5(2””1)} and {L(zm)} obtained by (8) and (9)
converge for any initial starting vectors if and only if p(Gz) <1, where G =sl‘152.
Proof: Assume that (Gz)<1. Then 1-G? is nonsingular. Given any initial

vector L(O) and L(l). From (8) and (9), we can iteratively obtain the following
relations:

X(2m+2) _(I _GZ)—lf :sz(X(O) _(I _GZ)—lf)
X(2m+3) _(I _GZ)—lf :sz+1(x @) _(I _G2)—1f)
Let L(*) =(l —Gz)‘lf , the above equations can be written as follows:

X (2m+2) _ () =sz(x(0) _ X(*))

X @m+3) _x () _g2milx @ _ x ()



It is clear that both sequences converges to X ™) On the other hand, assume both

{x @21 and {X @31 converge to the same vector for any initial starting
vectors. By iteratively substituting (8) and (9), we obtain

x (2m+2) _ y (2m) —G2M™2(f (| _Gz)X(O))
x (2m+3) _ ¢ (2m+1) :G2m+3(f (I _Gz)x(l))
These implies that both G2™2(f —(1 -G?)X @) and G?™3(f -(1-G?)x )

converge to zero. Hence we have proved that p(Gz) <1. a

Remark 3.3: The results in Theorem 3.2 also hold for replacing {L(Z”’),L(ZWD}

with {X @M x @My
By using Theorem 3.2 and Remark 3.3, we have the following theorem.

Theorem 3.4:  The sequence {X ™, XM} generated either by (8) and (10) or by

(9) and (11) converge to the solution of (1) if and only if p(Gz) <1.

For the sequence {L(zm)}, the convergence rate can be obtained by calculating

the logarithm of the inverse of the spectral radius of the iteration matrix (Saad, 2000).
4. Numerical Results

In order to compare with the other method, we consider the following examples
which are cited from Allahvirbloo (2004).



Example 4.1: Consider the 5x5 fuzzy linear system

OX + Xo +3%3— X4 +6X5=(1+r,3-7)
5% +9Xo + X3+2X4 +3X5 =(6+1,8-Tr)
2Xq +3Xy +9X%g +2X4 +3%5 = (5+1,7—r) (12)
— X+ X9 +3X3+8Xy +3%5 =(3+r,5-7)

X;+2Xy +2X3+ Xq+9X5 =(2+T1,4-7T)

The extended 10x10 matrix is

where
6 1 3 -1 6] [0 0 0 -1 0]
591 2 3 000 0O
S5={ 6 39 2 3|,S,={000 00
-1 13 8 3 -1 00 0O
122 19 0 00 0 O]

The extended linear system becomes SX =Y where
\T v ¥ o\T
X :(i, X) :(Zl!XZ"”’XS’ X1y X9, 000, X5)
and

Y=(,Y) =(16,5323,8,7,5,4)"

The exact solutions are list in Table 1.  Since p(GZ) ~ 0.01, we can apply theorem 2

to find the numerical solution of the fuzzy linear systems (12). The exact and
numerical solutions are compared for r=0, r=0.5, and r=1 shown in Table 2,
Table 3, and Table 4, respectively, with 2, 5, and 10 iterations. By observing Table 2,
3, and 4, we found that the error of the numerical solution is after 2, 5, and 10

iterations is less that 107, 1078, and 10713, respectively. This implies that the
proposed iterative method is very efficient for finding the solution.



Table 1: The exact solution of fuzzy system (12)
5@ %)
X | —0.040903681493213 +0.046214355948870r 0.051525030404525 — 0.046214355948869
X 0.613045564751325 4+ 0.038839724680432 r 0.690725014112190 — 0.038839724680433 r
G 0.319445293003538 + 0.046460176991150 0.412365646985839 — 0.046460176991150#
Xy 0.185413425823663 + 0.067100144542773 ¢ 0.319631714909209 — 0.067109144542773 r
x5 | —0.001054606648909 + 0.079564077351688F 0.158073548054467 — 0.079564077351688 r
Table 2: The exact solution and numerical solution of fuzzy system (12) when »=0
r=0 Exact solution 2 iterations 5 1terations 10 terations
X —-0.040941834095869 | -0.040941834095869 | -0.040903684127214 | —0.040903681493214
o 0.613000741522656 0.613090741522656 0.613045566803353 0.613045564751325
X 0.319464868356041 0.319464868356041 0.319445293554809 0.319445293003538
x, 0.185290454183941 0.185290454183941 0.185413422828470 0.185413425823663
X —0.001051093316163 | —0.001051093316163 | —-0.001054606601954 | —0.001054606648909
T 0.051369508336993 0.051369508336993 0.051525023447644 0.051525030404525
T, 0.690859538171552 0.690859538171552 0.690725019328586 0.690725014112190
%, 0.412408219255036 0.412408219255036 0.412365648289306 0.412365646985839
X, 0.319386041947648 0.319386041947648 0.319631708045801 0.319631714909209
X, 0.158078770540242 0.158078770540242 0.158073548141196 0.158073548054467
Table 3: The exact solution and numerical solution of fuzzy system (12) when »=0.5
r=0.5 Exact solution 2 iterations 5 iterations 10 1terations
X —0.017796503518779 | —0.017863998487653 —-0.017796507233499 | —0.017796503518779
5 0.632465427091541 0.632532940684880 0.632465429934661 0.632465427091541
X 0.342675381499114 0.342700706080790 0.342675382238434 0.342675381499114
X 0.218967998095050 0.218814351124868 0.218967994132803 0.218967998095050
X 0.038727432026935 0.038731372647938 0.038727432083834 0.038727432026935
% 0.028417852430090 0.028291672728778 0.028417846553930 0.028417852430090
T, 0.671305151771974 0.671417339009328 0.671305156197278 0.671305151771974
X, 0.389135558490264 0.389172381530288 0.389135559605682 0.389135558490264
%, 0.286077142637822 0.285862145006722 0.286077136741468 0.286077142637822
X, 0.118291509378623 0.118296304576140 0.118291509455408 0.118291509378623




Table 4: The exact solution and numerical solution of fuzzy system (12) when »=1.0
r=10 Exact solution 2 iterations 5 iterations 10 iterations
X 0.005310674455656 0.005213837120562 0.005310669660216 0.005310669660216
% 0.651885289431757 0.651975139847104 0.651885293065969 0.651885293065969
X 0.365905469994689 0.365936543805539 0.365905470922058 0.365905470922058
X, 0.252522570366436 0.252338248065795 0.252522565437136 0.252522565437136
X 0.078509470702779 0.078513838612039 0.078509470769621 0.078509470769621
X 0.005310674455656 0.005213837120562 0.005310669660216 0.005310669660216
T, 0.651885289431757 0.651975139847104 0.651885293065969 0.651885293065969
% 0.365905469994689 0.365936543805539 0.365905470922058 0.365905470922058
%, 0.252522570366436 0.252338248065795 0.252522565437136 0.252522565437136
X, 0.078509470702779 0.078513838612039 0.078509470769621 0.078509470769621
Example 4.2: Consider the 6x6 fuzzy linear system
X +2Xy +3X3 +4%X4 +3X5 — Xg =(1+T1,3-T)
7% +8X9 + 2X3 +2X4 +3X5 +5Xg = (4+T1,6—-7)
2%+ 2%y +8X3 +2X4 + X5 +2Xg =(5+1,7-71) (13)
=X+ Xp+2X3+9Xs +3%5+ Xg=(3+71,5-7)
X;+ 48Xy +4X3— Xq+9X5+3Xg =(7+T1,9-7)
AX) + 2X9 + 2X3 +2X4 +3X5 +9%g = (2+71,4—T)
The extended 12x12 matrix is
S {51 32}
SZ Sl
where
(7 2 3 4 3 0] 000 00 -1]
4 8 2 2 3 5 000 OO0 O
2 28 212 00 0O0 O
S = .S, =
0129 31 -1 00 0O O
1 440 9 3 00 -10 O
41 2 2 3 9] 000 00 O

The exact solution is list in Table 5. Since p(GZ) ~ 0.01, we can apply theorem 2

to find the numerical solution of the fuzzy linear systems (13).

The exact and

numerical solutions are computed for r=0, r=0.5, and r=1 shown in Table 6,
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Table 7, and Table 8, respectively, with 2, 5, and 10 iterations.
7, and 8, we found that the absolute error of the numerical solution after 2, 5, and 10

iterations is less than 107, 1078, and 1074,

Table 5:

respectively.

The exact solution of fuzzy system (13)

X (?}

X, (r)

| —0.341645712871096 + 0.040724944427309 r

—0.260195824016478 — 0.040724944427309 r

X2 0.329657879973863 + 0.025781474351474 r

0.381220828676812 — 0.025781474351474r

X 0.557832562945562 + 0.074951340657938

0.707735244261439 — 0.074951340657938 r

xy | —0.001652622266682 + 0.069016496314653

0.136380370362624 — 0.069016496314653 ¢

x5 0.410817826854303 + 0.039108284319460»

0.489034395493724 — 0.030108284319460r

0.076901289954261 + 0.045117580115081 »

0.167136450184422 — 0.045117580115081

By observing Table 6,

Xg
Table 6: The exact solution and numerical solution of fuzzy system (13) when »=0

r=0 Exact solution 2 1terations 5 tterations 10 1terations

X —0.341645712871096 | —0.341623667890102 —-0.341645712815931 —0.341645712871096
5 0.320657879973863 0.329646617347775 0.329657879953306 0.329657879973863
x 0.557832562945562 0.557835508251683 0.557832562954117 0.557832562945563
X —0.001652622266682 | —0.001680547854974 | —0.001652622342600 | -0.001652622266682
X 0.410817826854803 0.410867970063916 0.410817826940933 0.410817826854803
X 0.076901289954261 0.076881580358607 0.076901289918287 0.076901289954261
;e —0.260195824016478 | —0.260162837431500 | -0.260195823938397 | -0.260195824016478
%, 0.381220828676812 0.381205739955361 0.381220828647091 0.381220828676812
X, 0.707735244261439 0.707741730317979 0.707735244274350 0.707735244261439
%, 0.136380370362624 0.136327260714072 0.136380370250718 0.136380370362624
%, 0.480034395493724 0.489105741136527 0.489034395621554 0.489034395493724
T, 0.167136450184422 0.167110044921883 0.167136450132411 0.167136450184422
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Table 7:  The exact solution and numerical solution of fuzzy system (13) when » =0.5
=03 Exact solution 2 iterations 5 iterations 10 iterations

X —0.341645712871096 | —0.321258460275452 | —0.321283240596548 | —0.321283240657442
o 0.329657879973863 0.342536397999672 0.342548617126753 0.342548617149600
x 0.557832562945562 0.595312063768257 0.595308233284175 0.595308233274532
X, -0.001652622266682 0.032821404287288 0.032855625805729 0.032855625890644
X 0.410817826854803 0.430427412832069 0.430371969111088 0.430371969014533
X 0.076901289954261 0.099438696499426 0.099460079971818 0.099460080011302
T —-0.260195824016478 | —0.280528045046150 | —0.280558296157781 | —0.280558296230133
% 0.381220828676812 0.368315959303465 0.368330091473645 0.368330091501075
% 0.707735244261439 0.670265174801405 0.670259573944291 0.670259573932470
X, 0.136380370362624 0.101825308571811 0.101872122102388 0.101872122205297
T, 0.489034395493724 0.469546298368375 0.469480253451399 0.469480253333994
T, 0.167136450184422 0.144552928781064 0.144577660078830 0.144577660126382

Table 8: The exact solution and numerical solution of fuzzy system (13) when »=1.0

r=10 Exact solution 2 iterations 5 iterations 10 tterations

% —-0.341645712871096 | —0.321258460275452 | -0.321283240596548 | —0.321283240657442
x 0.329657879973863 0.342536397999672 0.342548617126753 0.342548617149600
x 0.557832562945562 0.595312063768257 0.595308233284175 0.595308233274532
x —-0.001652622266682 0.032821404287288 0.032855625805729 0.032855625890644
X 0.410817826854803 0.430427412832069 0.430371969111088 0.430371969014533
X, 0.076901289954261 0.099438696499426 0.099460079971818 0.099460080011802
5 -0.260195824016478 | —0.280528045046150 | -0.280558296157781 | —0.280558296230133
T, 0.381220828676812 0.368315959303465 0.368330091473645 0.368330091501075

0.707735244261439 0.670265174801405 0.670259573944291 0.670259573932470

Fadl

0.136380370362624

0.101825308571811

0.101872122102388

0.101872122205297

0.489034395493724

0.469546298368375

0.469480253451399

0.469480253333994

0.167136450184422

0.144552928781064

0.144577660078880

0.144577660126882
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5. Conclusion

For finding the solution of FLSE, we have proposed a parallel iteration method
when S; is an invertible matrix. The convergence condition and convergence rate

are also determined. When converges rate is small enough, i.e., p((Sl_lsz)z) <<1,

the iterative sequence produced by the parallel iterative method converges rapidly.
Finally, the numerical results indicate that the iterative method is accurate and
efficient.
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