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Abstract

The Ferguson-Dirichlet process is the most widely used nonparametric model for random distributions in
Bayesian statistics. We first give the properties of the c-characteristic functions, which are first given by Jiang
(1988), and Jiang, Dickey, and Kuo (2004). Then, we give direct procedure for finding the explicit distribution
of random mean of the Ferguson-Dirichlet process with parameter measure over three-dimensional spherical
solid. Finally, we find the new probability density function of the random mean of the Ferguson-Dirichlet
process with parameter measure over three-dimensional ball. This is an important generalization of results
given by Jiang (1991), Jiang, Dickey, and Kuo (2004) and Jiang, and Kuo (2008)
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1 Introduction

The univariate c-characteristic function and multivariate c-characteristic function have been shown to be
able to solve many problems that are difficult to manage using the traditional characteristic function. Examples
can be seen in Jiang (1988, 1991) and Jiang, Dickey, and Kuo (2004). In this research, for simplicity, we will
refer to both the univariate and multivariate c-characteristic functions as c-characteristic function.

We give a new property of the c-characteristic function for a spherical distribution in Section 2. This
property is useful in determining whether the corresponding random variable (random vector) has a spherical
distribution when its c-characteristic function is known. In addition, we can easily obtain the c-characteristic
function for a marginal distribution when the multivariate c-characteristic function for a spherical distribution is
known.

The Ferguson-Dirichlet process was first introduced and studied by Ferguson (1973) with regard to its

applications to Bayesian nonparametric statistics. Since then, several researchers have studied random
functional of the Ferguson-Dirichlet process. Recently, the issue of finding the exact distributions of functionals
(means, for example) has drawn the attention of researchers. See, for example, Jiang and Kuo (2008), Hjort and
Ongaro (2005), Jiang, Dickey, and Kuo (2004), Regazzini, Guglielmi, and Di Nunno (2002), and references
therein. For some examples of applications of distributions of random functionals, see Dickey, Garthwaite, and
Bian (1995) and Dickey and Jiang (1998). Only a few distributional results for a vector of functionals of a
Ferguson-Dirichlet process are available; for instance, Jiang (1991) studied the distribution of the random mean
of a Ferguson-Dirichlet process with parameter measure over a unit circle, and Jiang, Dickey, and Kuo (2004)
further generalized the result to an ellipse. Jiang and Kuo (2008) further generalized the result to the surface of
three-dimensional unit ball. However, the results of the above studies were all obtained indirectly. In this
research, we provide a new approach, which gives direct procedure for finding the explicit distribution of
random mean of Ferguson-
Dirichlet process with parameter measure over three-dimensional spherical solid. In Section 3, we first give the
c-characteristic function expression of any bounded functional for Ferguson-Dirichlet process with parameter
measure over Euclidean space. With this expression, we show that the random mean of spherically symmetric
Ferguson-Dirichlet process with parameter measure over three-dimensional solid has spherical distributions on
the three-dimensional ball. Using this result, we provide its exact probability density function, which is a new
result. Finally, we give conclusions in Section 4.

2 Spherical properties of the c-characteristic function
First, we state the definition of the c-characteristic function.

Definition 2.1 (Jiang, Dickey, and Kuo, 2004) If u=(u,..,u, )is a random vector on a subset of
A=[-a,a|x---x[-a_,a,], its c-characteristic function is defined as



g(t;u,0) = E[(1—it-u) ]|t <[al ",

where ¢>0,a=(a,,...a),t=(t,..t),[ff =4 iL:ltf, and t~uzzjiltjuj,theinner product of t and u.

Some important properties, e.g., uniqueness and convergence theorems, of the c-characteristic function can
be seen in Jiang, Dickey, and Kuo (2004). In the following, we give the definition of a spherically symmetric
distribution.

Definition 2.2 Arandom vector u is said to be spherically symmetric if Tu has the same distribution as u for

every orthogonal matrix T.

When the c-characteristic function g(t;u,c) is known, the following theorem provides an easy method for
determining whether u has a spherically symmetric distribution.
Theorem 2.3 Suppose that u is an L-dimensional random vector and g(t;u,c) is its c-characteristic function.

Then u has a spherically symmetric distribution if and only if g(t;u,c) isa function of |t| and c, only.

We will call v (k-dimensional vector) a margin of u (L-dimensional vector) and the distribution of v a

marginal distribution of the distribution of u if K<L and v is a linear projection of u, that is, the coordinates of v
are a sublist of the coordinates of Du, for some matrix D of size L XL, where DD = I, (the identity matrix with

dimensional L). The following corollary shows that a spherically symmetric distribution and its marginal
distribution have the same c-characteristic function expression and that the c-characteristic function in lower
dimension can be derived easily from that in higher dimension.

Corollary 2.4 Let u be random vector having a spherically symmetric distribution and let v be any margin of

u. Suppose that g(t;u,c) = h(jt|,c) for some function h. Then

g(s;v,c) =h(ls|,c).

With Theorem 2.3 and Corollary 2.4, we see that any marginal distribution of a spherically symmetric
distribution is also spherically symmetric distribution.

3 Random functional of a Ferguson-Dirichlet process with parameter measure over a
three-dimensional ball



Let x be a finite non-null measure on(Q2,B), where B is the o - field of Borel subsets of Euclidean

spaceQ, and let U be a stochastic process indexed by elements of B. We say U is a Ferguson-Dirichlet process
with parameter x, denoted by U ~D(x) on Q, if for every finite measurable partition {B1 ..... Bm} of Q

(i.e., B/s are measurable, disjoint, and ULBi =Q), the random vector {U(Bl),...,U(Bm)} has a Dirichlet

distribution with parameter vector {z(B,)....,«(B,)}, where | J" U(B,)=1.

Let X be a N-dimensional random vector defined as

X = [ hdUE) = (|, RMV ) [ @AUE), @

where U~D(u) on Q, u(Q)=c,y=(Y,.Y.) h(y)=(h(y)...h,(y),and the h (y)s are bounded

measurable real-value functions defined on Q. The following lemma gives the c-characteristic function
expression for X.

Lemma 3.1 The c-characteristic function of X, as in Eg. (1), can be expressed by

9(t;X,¢) = exp[ In(1- it -h(y))du(y)],
wheret = (t,,...,t,) .

The following corollary can be obtained by applying the above Lemma 3.1 and Theorem 2.5 of Jiang,
Dickey, and Kuo (2004).

Corollary 8.2Let X=(X,,...X,) and h(y)=(h(y),...h,(y)) . Then E(Xn)=%jghn(y)d,u(y),

forl<n<N,
and

CoV(X, X ) == [ Wy (1du() = C [ (1B [ ()du()], for 1<nm<N.

The following corollary is obtained immediately from Corollary 3.2.

Corol lary 3.3 Let Y be a random vector associated with the probability measure g/c. Then the mean vector
and the  variance-covariance matrix  of X, Eq. (1), can be  expressed as

E(X) =E(h(Y)) and Cov(X) = iCov(h(Y)) , respectively.

In the following, we want to study the distribution of



B, =[ ydV.(y), V,~D(v) ()

where B ={y eR’||y|<r,r>0} is the three dimensional spherical ball, and where v, is the usual Lebesgue
measure on B, with total measure c.

Just as the parameter measure v, is spherically symmetric, the Ferguson-
Dirichlet process V, ~ D(v,) will be said to be spherically symmetric. The c-characteristic function expression

for ﬁr can be obtained as follows.

Theorem 3. 4 The c-characteristic function of ﬁr in Eq (2) can be expressed as

g(t;ﬁr,c)zexp{i c(1/2,k)

I S A _r-z t2+t2+t2 K '
2ok@r sl G T

wheret = (t,,t,,t,) .

By Corollary 2.4, the c-characteristic function of any one-dimensional margin of ﬁr , say ﬁr , Is expressed as

~ = ¢(1/2,K)
t;B,,c) =exp{d ————"—
9(6B..0) p{é 2k(3/2+1,K)

r')r. @)
Our aim now is to find the probability density functions ofﬁr. Lord (1954) demonstrated that a spherically
symmetric distribution can be determined by its marginal distribution. Therefore, if the probability density

function of the marginal random variable ﬁr is known, then we can obtain the probability density function of

the random vector ﬁ, . Now the important p. d. f. of the ﬁr can be shown in the following theorem.

Theorem 3.5 Let h; (x;r) be the probability density function of B, = IB ydV, (y) defined in Eq. (2), where

x = (X, X,,%),and v,(B,)=1, then

_ 364/342/(2#)
8trir?
z(2r —t)(r +1)°

3

hﬁ (Xl’ Xy, X! I‘) _ (r n t)—(Zr—t)(r+t)2/(4r3) (I’ _ t)—(r—t)2(2r+t)/(4r3)
7(2r —t)(r +1)°

x[7z(r?> —t*)cos
[7( ) ar

(2t + (2 ) In =Yy wsin
r+t

where t=q/x7+Xx;+x; and X’ +Xx2+x; <r’.



The above theorem is an important generalization of the results given by Jiang (1991) Jiang, Dickey, and Kuo
(2004) and by Jiang and Kuo (2008).

4 Conclusions
Through the c-characteristic function, we have given a new approach for studying spherical distributions.
The c-characteristic function expression of any functional of any Ferguson-Dirichlet process has also been
given. With this expression, we can obtain properties, e.g. any moment, of the random functional. In addition,
we have given the exact distribution in 3 dimension of the random mean of a symmetric Ferguson-Dirichlet
process with parameter measure over a spherical solid.
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