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Abstract

Ferguson-Dirichlet process was first introduced by Ferguson (1973). Since then, many re-
searchers have studied its random functional. However, most of them focus on the low dimen-
sions. In this research, we study and give a unified theory to find the probability density functions
of the random functional of the Ferguson-Dirichlet process over the spherical surface of any n-
dimensional ball. This would be a very important generalization of the current low dimensional
results.

Keywords: Ferguson-Dirichlet process, symmetrical distribution, random functional, c-characteristic

function.

1 Introduction

The study of distribution of random functional of the Ferguson-Dirichlet process has been
in active research in the recent decades, e.g., Hannum, Hollander, and Langberg (1981), Yamato
(1984), Jiang (1988), Diaconis and Kemperman (1996), Muliere and Tardella (1998), Nomachi
and Yamato (1999), and Jiang, Dickey, and Kuo (2004). Most of these papers study the cases on
real line. Although Jiang, Dickey, and Kuo (2004) and Jiang and Kuo (2008a) study the cases in
higher dimensions, the results are still restricted to the cases in two or three dimensions only. We
give a unify theory and many interesting results in the spherical surface of any n-dimensional ball

in section 2. We then give conclusions in section 3.



2 Random function of a Ferguson-Dirichlet process with

parameter measure over the surface of a n-dimensional

ball.

Let p be a finite non-null measure on(€2, B), where B is the o-field of Borel subsets of Euclidean
space €1, and let U be a stochastic process indexed by elements of B. We say U is a Ferguson-
Dirichlet process with parameter p, denoted by U ~ D(u) on €, if for every finite measurable
partition By, ..., B, of Q (i.e., the Bs are measurable, disjoint, and OBi = ), the random

i=1
vector (U(By),...,U(By,)) has a Dirichlet distribution with parameter vector(u(B1), ..., t(Bm)),

Wherez U(B
i=1

Let X be a N-dimensional random vector defined as

X = /e )dU (y /el )dU (y /eN )dU (y (2.1)

where U ~ D(p) on Q, u(Q) =c¢,y = (y1,.,yr) , £(y) = (l1(y), ..., {n(y))’, and the £, (y)'s are
bounded measurable real-valued functions defined on {).

The following lemma gives the c-characteristic function expression for X.

Lemma 2.1. The c-characteristic function of X, as in Eq.(2.1), can be expressed by

9(t: X . c) = exp|— / In(1 — it - £(y))du(y)).

Q

where t = (ty,...,txn)".

The following corollary can be obtained by applying the above Lemma 2.1 and Jiang,Dickey,and

Kuo(2004).

Corollary 2.2. Let X = (Xy,...,Xy) and £(y) = (l1(y),....In(y))', which are defined in



Eq.(2.1). Then

E(X,) = %/Qén(y)du(y) for 1<n<N

and

Cov(X,, Xin) /€ /€ Ydu(y /5 y)du(y))] for 1<n<
c+1 c

The following corollary is obtained immediately from Corollary 2.2.

Corollary 2.3. Let Y be a random vector associated with the probability measure p/c. Then the

mean vector and the variance-covariance matriz of X, Eq.(2.1), can be expressed as

E(X)=E®{(Y)) and Cou(X)= (£(Y))

respectively.

In the following, we want to study the distributions of the random functionals,

Sy = / ydU,(y) Uy ~ D(p, ) (2.2)

where n is any positive integer, S,, = {y € R"||y| = r}, and r > 0, is the spherical surface of
the n-dimensional ball, and where p,, , is the usual Lebesgue measure(i.e., usual rotation-invariant
measure) on S, , with total measure c.

First, we give the c-characteristic function expression for gm in the next theorem.

Theorem 2.4. The c-characteristic functions of gm in Eq.(2.2) can be expressed as

= c(1/2,k)

g(t; Sm, = wp{Z W[_TZ(t% + .+

where t = (t1,...,t,)"

Theorem 2.4 shows that the c-characteristic function of gm is a function of |t| and ¢, only. It,

then, can be shown that gﬂﬁ has a spherical distribution. Moreover, the c-characteristic function

N



of any one-dimensional margin of S,, ,, say S, ,, is expressed as

ot Gy ) = exp{z %1//22’2)( P22)F) (2.3)

Our aim now is to find the probability density function of §n,T. Lord (1954) demonstrated
that a spherical symmetric distribution can be determined by its marginal distribution. Therefore,
if the probability density function of the marginal random variable §n,r is known, then we can
obtain the probability density function of the random vector .fS'Vn’T. Before giving the probability
density function of §n;r= we show that an interesting random mean of a Ferguson-Dirichlet process
and another related random mean have the same c-characteristic function, and hence the same

distribution, as the one-dimensional marginal S, ,.

r

Lemma 2.5. Let n be any positive integer and ¢ > 0. Suppose that EW = / ydW,, . (y) where

Wir ~ D(ay,) and let o, be the measure on {—r,r} with ay,({-r}) = a1,({r}) =c¢/2 if n =

1, and be the measure on (—r,r) with density

C(T‘2 _ y2>(n—3)/2
B(1/2,(n—1) /2)w—2dy

do‘nﬂ“ (y) =

if n > 1. Then the c-characteristic function of ém can be expressed as

g(t; Ry ) = exp{z 2k1//22k;)( r?t?)"}

In particular, g(t; ELT, c)=(1+ 7”2752)70/2

Corollary 2.6. Let gm be any one-dimensional margin of gm in Theorem 2.4. Then gm has

the same distribution as ]5;”,74 m Lemma 2.5.

Next, we provide the probability density functions of Enyr, which can be derived by using the

inversion formula of the c-characteristic function (Jiang and Kuo(2008b)), when ¢ = 1.

Lemma 2.7. Let f(z; n, r) be the probability density function of En,r.

Then, for —r < x <,



1

)
TVr? — x?

(a) f(z;1,7) =
that s, ELT is distributed as —ruy + rus where (uy,us) has a Dirichlet distribution with

parameter vector (1/2,1/2),and ?%51,74/7’2 is distributed as Beta(1/2,1/2);

INr2 — 2 —~
(b) f(z;2,r)= #, that is, R2,,/r? is distributed as Beta(1/2,3/2);

rem

(€) fla;3,7) = S(r + z)~ T+ (p _ 1) =(r=2)/2n) g_x
T T

9 N —)
(d) f(z;4,7) = 2 pl/2—at/r? sin(# 4 2arcsiny /- T
rT r 2r

)7.

More generally, we have

(e) when n is an odd integer greater than 3,

1 1
flwsnr) = exp{ B(1/2,(n—1)/2) z% 2k + 1

2k+1 p2k+1
X[(lan ) 1+x + 1 >1n(1—§>
r2k+1 " r2k+1 r
k 2k—2m T
x
—25 sin , —r<z<r;
— (2m + 1)r2k—2m ] } ( / mdo, - (y) )

(f) when n is an even integer greater than 4,

(n—4)/2 n—92

. 2 23" cos[(n — 2 — 2k) arcsin(z/r)]
flain,r) = ewp {B(l/Q,(n— 1)/2) % By n—2-2k }

x
xsin(/ Wdan,r(fU))’ —r<rx<r.

By Lemma 2.7 and Lord (1954), we have the following theorem.

Theorem 2.8. Let hg(x;n,r) be the probability density functions of .fS'vn’,, = / ydU, ,(y) defined

n

in Eq.(2.2) where x = (x1,...,x,) ,n > 2, and p,(Sp,) = 1.



(a) When n is odd,

—1d \"
ha(x;n,r) = flt;n,r x| <r
st = ( 24 ) s

witht = /23 + ...+ 22 and m = (n —1)/2

(b) When n is even,

hg(xz;n,r) = —1d )" L M MG x| <r
s 215 ds V2= 52
with s = \/x3 + ...+ 22 and m = (n —1)/2,

where f(t; n, ) is given in Lemma 2.7 and

( 2t di ) ftn.r) 2mt dt (Q_ME ft;n,7)

0
for m > 1,where ( _i ) 1.
27t dt

3 Conclusion

Through the c-characteristic function, we have given a new approach for studying spherical
distributions. The c-characteristic function expression of any functional of any Ferguson-Dirichlet
process has also been given. In addition, we have given the exact distribution in n dimensions
of the random mean of a symmetric Ferguson-Dirichlet process with parameter measure over any

spherical surface.
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1 Introduction

The c-characteristic function, which is in a special form of the generalized Stieltjes transforma-
tion, has been shown to be a useful alternative tool for cases that the traditional characteristic
function is hard or too complicated to use. First, we give its definition and properties. Then,
we use it to give new results on random moments of Ferguson-Dirichlet processes with some
interesting parameter measures.

2 Definition and properties of c-characteristic function

Definition 1. The c-characteristic function of a bounded random variable X (with a support
in [—a,al, a > 0) is defined as

g(t7X7 C) = E(]' - itX)_Cv

1

where [t| < a~' and ¢ > 0.

Definition 2. A random vector w = (uyq,...,u,) is said to have a Dirichlet distribution with
parameter b= (by,...,b,)", denoted by u ~ Dir(b), if its PDF has the form

Flusb) = —- JTul"

for all w in the probability simplex {u | each u; > 0, uy = 1}, where each b; > 0, uy = >7_,; uj,
and B(b) = [17_, T'(b;)/T'(bs).

=1,
Properties:
(a) If w ~ Dir(b), then g(t;a'w,by) = [T}—, (1 — ita;) ™%, where @' = (a1, ..., an).

1



(b) For any ¢, there is a one-to-one correspondence between g(t; X, ¢) and X.
(¢) For any c, if lim,, .. g(t; X,,,¢) = g(t; X, ¢) for all |t| < a™!, then X,, — X in distribution.

(d) Inversion formulas.
Let X be arandom variable on (a,b). Suppose that g(¢; X, ¢) is the univariate c-characteristic
function of X. Set G(z) = 27 “g(i/z; X, c). Then the related PDF and CDF can be ex-
pressed as

(i) fX(SC"');—fX(iC_) — lim _1/D€AZ(Z+CE)C_1G,(Z) dz, and

e—0t 271

(i)

Fx(l‘+) +FX(IL’7> — lim 1/ (Z+ZL')C_1G(Z) dZ,

2 e—0t 271 JD

where D, , is the contour which starts at the point —x — ¢, proceeds along the straight
line Im z = —¢ to the point —a — i¢, then along the semi-circle |z + a| = ¢, Rez > —a, to
the point —a + ¢, and finally along the line Im z = € to the point —z + 7e. In particular,
when ¢ = 1, (i) can be simplied as

3 Random moments of a Ferguson-Dirichlet process

Definition 3. Let pu be a finite non-null measure on (2, A), where A is the o-field of Borel
subsets of FEuclidean space €, and let U be a stochastic process indexed by elements of A. We
say that U is a Ferquson-Dirichlet process with parameter u, denoted by U ~ D(u) on 2, if
for every finite measurable partition {Ay, ..., An} of Q, the random vector (U(A1),...,U(An))
has a Dirichlet distribution with parameter (A1), ..., u(An)).

Define §,(h) = [ M(y)dU(y), where U ~ D(p) on © and h(y) is a bounded measurable
function on €.

This random functional can be applied in many areas such as
nonparametric density estimation: see, e.g. Lo (1984) and Dickey, Garthwaite, and Bian (1995)
smoothness prior distribution: see, e.g. Dickey and Jiang (1998)
quality control problems: see, e.g. Epifani, Guglielmi, and Melilli (2006)

One possible derivation of the random functional &,(h) is through the limit of X, =

1 dnjuj as n approaches co, where d,; = h(an;), (U1, ..., up) ~ Dir(by,...,by), nj € Apj,

{An1,..., Ay} is a partition of €, b,; = p(Ay;), and max;<j<, u(A,;) — 0 as n approaches
0o. The traditional characteristic function (the Fourier transform) of X, is

i = bn ) e bnn— y Hn—
ot X)) = et 3o () (un o)
a0 (bngsma + - mp_)my! - omy, !
1<j]§n—1

X (Z(dnl - dnn)t)ml e (i(dn,n—l - dnn)t)mn_l>



where (by1,m1) = bp1 (b + 1)+ (bny +my — 1) and b,y = 37, by (See also Exton (1976,
p. 233).) However, the ¢(= b, 4 )-characteristic function of X,, has the simple form

g(t: X, by 1) H (1 —dtdy;)~

One can easily use Theorem 2.5 of Jiang, Dickey, and Kuo (2004) to obtain any moment of X,.
For example,

(S0 byjng)? + S0y boyd?,

Ty byl
E(X,) = ==—"" and E(X}) = b (o 1)

bn’+

In addition,
ot (1)) = exp |~ [ Inf1 — ith(y) du(y)

Definition 4. Let v = (as — a1)u+ ay, a linear transformation of u from [0, 1] to [a1, as] where
u has a beta distribution with parameters by and bs, then v is said to have a generalized beta
distribution on [ay, as|, denoted by Gbeta(by, by ay, as), with parameters by and by. The PDF of
v has the form
1 (v—a)" Yag —v)»2!
B(bl, bg) (GQ — (11)b1+b271

; for a; < v < as.

Theorem 5. Let L be any integer greater than 1, and X = [*,ydUL(y) where Uy ~ D(pur)
on (—1,1) and py, is a probability measure corresponding to Gbeta((L —1)/2,(L —1)/2;—1,1).
Then, for —1 < x < 1,

() frlr) = 22T

m
() fy (@) = (14 2) 0920 )07 cos 7T

2w >H®

(iii) fx,(z) = Z€/* ™ cos(zv/1 — 22 + arcsin ).

In general, for —1 <z <1,

(iv) when L is an odd integer and L > 4,

sin (/7w dp(y)) -1 (L2 (L3 1)k
Jxu (@) = P\ B2, (L -1)/2) ,;) (k:)

k 2k—2m
1+ 2%+ In(1 1— 2 n(l—-2)-2% = :
Ja e m s + - m - -2 30 ST

(v) when L is an even integer and L > 5,

2 sin (ffl ﬂduL(y)) 23—Lg (ED2 9 cos[(L — 2 — 2k) arcsin x]
fx,(z) = p exp B(1/2,(L —1)/2) kz:% ( k ) L—2-2k .




4 Conclusions

The study of the random moments of the Ferguson-Dirichlet process has drawn the attention
of statisticians for decades. The use of c-characteristic function together with its inversion
formulas provide a useful method to study the random moments of the Ferguson-Dirichlet
process. Here, we provide the PDF, which are new in the literature, of the random moments
of a Ferguson-Dirichlet process with some interesting parameter measures.
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