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Abstract

Jiang, Dickey, and Kuo (2004) give the multivariate c-characteristic function and show that
it has properties similar to those of the multivariate Fourier transformation. This new trans-
formation can be useful when a distribution is difficult to deal with using Fourier transfor-
mation or traditional characteristic function. In this paper, we first give the multivariate
c-characteristic function of the random functional of a Ferguson-Dirichlet process on the
unit ball. We then find out its probability density function using properties of the multi-
variate c-characteristic function. This new result in three-dimension would generalize the
two-dimensional result given by Jiang (1991).

Keywords:Ferguson-Dirichlet process; c-characteristic function; spherical distribution; Fouri-
er transformation

1 Introduction

The distribution of random functional of a Ferguson-Dirichlet process has drawn the interest
of many researchers for decades. A partial list of papers in this area are Hannum, Hollander,
and Langberg (1981), Yamato (1984), Jiang (1991), Cifarelli and Regazzini (1990), Diaconis
and Kemperman (1996), Regazzini, Guglielmi, and Di Nunno (2002), Jiang, Dickey, and
Kuo (2004), Lijoi and Regazzini (2004), and Hjort and Ongaro (2005). In particular, Jiang



(1991) gave the distribution of random functional of a Ferguson-Dirichlet process on the unit
disk. In this paper, we shall use the multivariate c-characteristic function, a tool given by
Jiang, Dickey, and Kuo (2004), to generalize the result to the case on the unit ball in three
dimension.

In Section 2, we first review the definition of the multivariate c-characteristic function
and some of its properties. We then compute a multivariate c-characteristic function of an
interesting distribution. The multivariate c-characteristic function of the random mean of a
Ferguson-Dirichlet process on the unit ball is then given in Section 3. Using the uniqueness
property of the multivariate c-characteristic function, we then determine the distribution of
the random mean of a Ferguson-Dirichlet process on the unit ball. Conclusions are given in
Section 4.

2 Multivariate c-characteristic function

Jiang (1988) first gave a univariate c-characteristic function. Jiang, Dickey, and Kuo (2004)
generalized it to a multivariate c-characteristic function, which can be very useful when a
distribution is difficult to deal with by traditional characteristic function. First, we shall
review the definition and some properties of the multivariate c-characteristic function.

Definition 1 (Jiang, Dickey, and Kuo, 2004) If u = (uy,...,ur)" is a random vector
on a subset S of A =[—ay,a1] X -+ X [—ar,ar], its multivariate c-characteristic function is
defined as

g(t;u,c) = E[(1 —it-u)™], [t <a, (1)

where ¢ is a positive real number, a = \/Zz'L:1 az, t' = (t1,...,t1), [t| = \/Zle t2, and t - u

is the inner product of two vectors (i.e., t -u = Zle tiug; ).

With the above definition, Jiang, Dickey, and Kuo (2004) showed the one-to-one correspon-
dence between ¢(t;u,c) and the random vector u.

Lemma 2 (Jiang, Dickey, and Kuo, 2004) For any two random vectorsu = (uy,...,ug)
and v = (vq,...,vr) on a subset S of A = [—ay,a1] X -+ X [—ag,ar] and any positive real
number c, if we have

g9(t;u,c) = g(t;v,0), (2)

for all [t| < a=', where a = /3.1 a2, then u ~ v.

In addition, the important convergence theorem was also established by Jiang, Dickey, and
Kuo (2004)

Lemma 3 (Jiang, Dickey, and Kuo, 2004) Assume u, and wi,us,... are random vec-
tors on a subset S of A = [—ay,a1] X -+ X [—ap,ar] and their corresponding multivariate
c-characteristic functions are g(t;u,c), g(t;uy,c), g(t;us,c),..., respectively. Then, for a

giwen ¢ > 0, the following statements are equivalent:
w, — w in distribution as n — oo, (3)

g(t;un,, c) — g(t;u,c), as n — oo, for all [t| < a™t. (4)



Next, we shall give the corresponding multivariate c-characteristic function of an interesting
distribution in the next lemma.

Lemma 4 Let uw = (uy,us,u3)’ be a three-dimensional distribution on the inside of a unit
ball ({(u1,ug,uz) | u? +u3 + u3 < 1}) with the probability density function

f(ulv Uz, Ug)

42y

1—
(1 + )~ (W02 )=/ (—ﬂ' sin % +1n T :: cos g) , (5

where r = \/u? + u3 + u3. Then the multivariate 1-characteristic function of u is
t: — E . 6
gltiw, ) = o <n1 2n(2n +1) (6)

Proof. Let X = {(uy, ug,u3) | u? + u3 + ui < 1}. We shall claim the following identity:

0 —t2 _ t2 - t2 n
/);(1 — it1u1 — itQuQ — ithg)ilf(Ul, Ua, U3) du1 dUQ dU3 = exXp (Z ( 2;7,(27124— 1)3) ) .

Using the spherical coordinate transformation, we have

/ (1 — it1u1 — itQUQ — ’itg’dg)ilf(ul, Uz, Ug) du1 dUQ dU3
X

1 2m ™
/ / / (1 — ity cos fsin ¢ — ityrsin @ sin ¢ — itsr cos @) ™!

—ersin ¢ . mr 1-—
- 1 (1+7‘)/2 1 _ —(1—7‘)/2 _ o 1
X o (I+7r)” (1—r) msin - +n1+r 5

First, we shall determine the following integration:

27 ™
/ / (1 — ityr cos@sin ¢ — ityrsin @ sin ¢ — itsr cos ¢) ™' sin ¢ de db. (7)
o Jo

Since (1 —x)7! = ZZO:O a™ for |x| < 1, Eq. (7) can be rewritten as

2w
Eq. (7) = (ir) / / t1 cosfsin ¢ + to sin O sin ¢ + t3 cos )" sin ¢ do df

o0

— Z ir) / / ( ) (t1 cos O + Lo sin 0) 157" sin* ™ ¢ cos™ ™ ¢ dop df
0 k=0
2\n 2n 2 2 2 2 2n— 2k(1/2 k)
(—r?) Z(%)(t + t2a2)k¢? TB(/{:+1,n—k+l/2)

Am(—t7 —t3 — t3)"r>"
2n+1 '

M i1 2

Il
=)

n

The third identity is obtained by the following Egs. (8)-(10). Eq. (8) is from p. 105 of Grébner
and Hofreiter (1973),

m (1/2,n/2)2(a®+b2)"/ 27 )
/ (acosa+bsina)" da = { (n/2)! , T 1s even, (8)
0

0, n is odd,



where a and b are real numbers and (a, k) =a(a+1)---(a +k —1).

m/2 B(a/2,b/2

/ sin® 'z cos’ !t wdr = M, Rea > 0, Reb > 0, (9)
0
T . a—1 b—1 . B(G/Q, 6/2)/2, if bis Odd,

/ﬂ/z sin® " cos” e = { —B(a/2,b/2)/2, ifbis even. (10)

Eq. (9) is from formula 3.621.5 of Gradshteyn and Ryzhik (2000). Eq. (10) can be obtained
easily by Eq. (9). Therefore,

/ (1 — itlul — ithg — ithg)_lf(Uh Uag, U3> du1 dUg dU3
X

% 242 2 1
_ ¢ Z (=t =t — 1) / (1) IR — )2 (—7? sin — + In Lo Ccos W—T) dr
T 0

— 2n + 1 2 1+7r 2
2€ — !
- = (—tf - t% - t%)” / r2”(1 + 1")7(1”)/2(1 — 7“)’(1’”/2 cos % dr. (11)
™ 0
n=0

The second identity follows by using the integration by parts. Using Lemma 8 and Example 2
of Jiang and Kuo (2006), the following identity holds,

! 1 ! e L
exp (—/ In(1 — ztm)§ da:) = / (1 —itx) " =(z + 1)~ @H/2(1 — 2)~ 079/ o > dr.

1 1 m
Equivalently,
= ()" = /1 eimt" _ o T
-~ 7 — n 1 (z+1)/2 1— (1—-z)/2 A
P (; 2n(2n + 1) nz% LT (z+1) (1—x) cos —- dx
26 — 1
= _6 (—t2)n/ x2n<x + 1)7(5E+1)/2<1 _ x)*(l*fr)/Z COS%d:C,
@ 0
n=0

The last identity can be obtained by the fact that the function (z+1)~*1/2(1—z)~(1=2)/2 cos 22
is symmetric at x = 0. Therefore, Eq. (11) can be rewritten as

(-t -
. om
P <n21 2n(2n + 1)

3 Distribution of a random functional of a Ferguson-
Dirichlet process on the unit ball

Ferguson (1973) first defined the Ferguson-Dirichlet process. Let u be a finite non-null
measure on (X, A), where A is the o-field of Borel subsets of Euclidean space X, and let U be
a stochastic process indexed by elements of A. We say that U is a Ferguson-Dirichlet process
with parameter p, if for every finite measurable partition {B, ..., B,} of X, the random
vector (U(By),...,U(By)) has a Dirichlet distribution with parameter (u(By), ..., u(Bn)).
Here, we shall study the random functional u = f x xdU(z), where X is the unit ball. First,
we give a trivariate c-characteristic function expression of any random functional in the next
lemma.



Lemma 5 Let w = [, h(z)dU(z) be a three-dimensional random functional, where U is
a Ferguson-Dirichlet process with parameter p on (X, A), A is the o-field of Borel subsets
of finite Euclidean space X, and h(x) = (hi(x),ha(x), hs3(x)) is a trivariate measurable
function. Then the multivariate c-characteristic function of w = (wy, ws, w3)’

g(t;w,c) = exp (— /X In(1 —it - h(x)) du(w)) : (12)
where ¢ = p(X) and t = (t1,1tq,t3)".

Proof. For any k > 2, let {By1, Bia, ..., Bgi} be a partition of X, by; € By;, for al-
1j = 1,2,...,k v, = max{volume(By;) | j = 1,...,k}, and lim; vy = 0. Define
hi(r) = (ha(@), hoi(2), har(x)) = D53 h(be;)op,, (w), and wy, = [y hi(z)dU(z), then
limg oo hi(z) = h(z), for all x € X, and wyy, = Z?Zl ik (bg;)U (By;j), for all ¢ = 1,2,3.
The trivariate c-characteristic function of wy = (wig, wor, w3x)" can be expressed as

gl(t; wy, c)]
= E(l —t - wk)_c

k k k ¢
= E (1 — ity Y ha(beg)U(Byg) — ita Y how(bry)U(Bry) — its » hgk(bkj)U(Bkj))
j=1 j=1 j=1

k —C
= E <ZU(Bkj)(1—it1h1k(bkj)—itghgk(bkj)—itghgk(bkj)>

=1

= R_c(i(Br1), - b(Brr); 1 — it1hag(brr) — itahog(bra) — itshsg(br1),
1 — ity hyg(bra) — itahok(bre) — itshak(br2), - ..o 1 — ity hyg (ber) — itahog(ber) — itshsg(bik)),

where R is a Carlson’s multiple hypergeometric function (Carlson, 1977). By the formu-
la (6.6.5) in Carlson (1977), we have

k
g(t;w, ¢) = [ [(1 = itshai(bry) — itahor(bry) — itshse(bis)) 5.

j=1
The limit of the trivariate c-characteristic function of w,’s, as k approaches to oo, is

k
lim (t, we, C) = €exp (hm —[L(Bk]) ln(l — itlhlk(bk]’) — itghgk(bkj) — Ztghgk(bk])))

k—o0 k—o0 4
J=1

= exp (—/ In(1 — it hy(x) — itehe(x) — itzhs(x)) d,u(x)) .
b's
In addition, by the Dominated Convergence Theorem, we have limj_, ., w; = w. By Lem-

ma 3, we have g(t;w,c) = exp (— [, In(1 — it - h(z)) du(z)). [ |

With the above Lemma 5, we can establish the multivariate c-characteristic function of
a random functional of a Ferguson-Dirichlet process on the unit ball in the following theorem.



Theorem 6 Let X = {(z1,22,73) | 23 +23+23 = 1}, and U be a Ferguson-Dirichlet process
on X with uniform parameter p, where p(X) = c. Then the trivariate c-characteristic
function of the random functional

v = /X v dU(z) (13)

can be expressed as

> &
g(t;v,c) = exp (Z m(—ﬁ — 5 — tg)k> ; (14)
=1
where t = (t1,tq,13)’.

Proof. By Lemma 5, we have

g(t;v,¢)

= exp (4_;/ 111(1 — itll’l — ’itQIQ — Z'tgxg) dl’l dIQ dI3>

o 2
= exp (E / / In(1 — ity cos Oy — ity sin Oy cos Oy — its sin 0y sin Oy) sin 61 dby d91)

S T 27
= exp i Z % /0 /0 (tl COS 91 + t2 sin 91 COS 92 + t3 sin 91 sin Hg)k sin ‘91 d@g d91>
¢ Nt En [k 2m
= exp gy ; = nz <n) / / (t1 cos ;)™ sin OF " (ty cos Oy + t3sin 0y)* " sin 0, dby db;

et o (R (12, (k —n)/2)(t5 + 3) 2 n o phnil
= exp §ZE nz (n) (& —n)/2)] /O(tlcOSQI) sin 0] db,

k—n is even

2k\ (1/2,k —n)(t3 + t2)~~
<2n> (k —n)!

0
c 0 (_1)1€ k
= op |5 5
= n=0
> C
em’;;%@k+n< )

t?Bw—n+Ln+Um)

The fifth identity can be obtained by Eq. (8). The sixth identity follows from Egs. (9) and
(10). We complete the proof. [ |

Using Lemma 4 and Theorem 6, we can obtain the following corollary.

Corollary 7 The probability density function of u = fXZL‘dU({L’), where U is a Ferguson-
Dirichlet process with uniform probability measure parameter on the unit ball X is

1—
fuluy,us,us) = ¢ (1 +7)~ 0021 —p)=(=m)/2 (—7T sin - 4 In " cos W—T> ,

472y 2 147 2

where u? +u3 +ui <1 and r = \Ju? + ud + u2.




4 Conclusions

In this paper, we obtain the trivariate c-characteristic function expression for a random
functional of a Ferguson-Dirichlet process over any finite three-dimensional space. We also
obtain the probability density function of the random functional of a Ferguson-Dirichlet
process with uniform probability measure parameter on the unit ball. This generalizes the
previous result on two-dimension.
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