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Abstract

Jiang, Dickey, and Kuo (2004) give the multivariate c-characteristic function and show that
it has properties similar to those of the multivariate Fourier transformation. This new trans-
formation can be useful when a distribution is difficult to deal with using Fourier transfor-
mation or traditional characteristic function. In this paper, we first give the multivariate
c-characteristic function of the random functional of a Ferguson-Dirichlet process on the
unit ball. We then find out its probability density function using properties of the multi-
variate c-characteristic function. This new result in three-dimension would generalize the
two-dimensional result given by Jiang (1991).
Keywords:Ferguson-Dirichlet process; c-characteristic function; spherical distribution; Fouri-
er transformation

1 Introduction

The distribution of random functional of a Ferguson-Dirichlet process has drawn the interest
of many researchers for decades. A partial list of papers in this area are Hannum, Hollander,
and Langberg (1981), Yamato (1984), Jiang (1991), Cifarelli and Regazzini (1990), Diaconis
and Kemperman (1996), Regazzini, Guglielmi, and Di Nunno (2002), Jiang, Dickey, and
Kuo (2004), Lijoi and Regazzini (2004), and Hjort and Ongaro (2005). In particular, Jiang
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(1991) gave the distribution of random functional of a Ferguson-Dirichlet process on the unit
disk. In this paper, we shall use the multivariate c-characteristic function, a tool given by
Jiang, Dickey, and Kuo (2004), to generalize the result to the case on the unit ball in three
dimension.

In Section 2, we first review the definition of the multivariate c-characteristic function
and some of its properties. We then compute a multivariate c-characteristic function of an
interesting distribution. The multivariate c-characteristic function of the random mean of a
Ferguson-Dirichlet process on the unit ball is then given in Section 3. Using the uniqueness
property of the multivariate c-characteristic function, we then determine the distribution of
the random mean of a Ferguson-Dirichlet process on the unit ball. Conclusions are given in
Section 4.

2 Multivariate c-characteristic function

Jiang (1988) first gave a univariate c-characteristic function. Jiang, Dickey, and Kuo (2004)
generalized it to a multivariate c-characteristic function, which can be very useful when a
distribution is difficult to deal with by traditional characteristic function. First, we shall
review the definition and some properties of the multivariate c-characteristic function.

Definition 1 (Jiang, Dickey, and Kuo, 2004) If u = (u1, . . . , uL)′ is a random vector
on a subset S of A = [−a1, a1]× · · · × [−aL, aL], its multivariate c-characteristic function is
defined as

g(t; u, c) = E
u

[(1− it · u)−c], |t| < a−1, (1)

where c is a positive real number, a =
√∑L

i=1 a2
i , t′ = (t1, . . . , tL), |t| =

√∑L
i=1 t2i , and t · u

is the inner product of two vectors (i.e., t · u =
∑L

i=1 tiui).

With the above definition, Jiang, Dickey, and Kuo (2004) showed the one-to-one correspon-
dence between g(t; u, c) and the random vector u.

Lemma 2 (Jiang, Dickey, and Kuo, 2004) For any two random vectors u = (u1, . . . , uL)′

and v = (v1, . . . , vL)′ on a subset S of A = [−a1, a1] × · · · × [−aL, aL] and any positive real
number c, if we have

g(t; u, c) = g(t; v, c), (2)

for all |t| < a−1, where a =
√∑L

i=1 a2
i , then u ∼ v.

In addition, the important convergence theorem was also established by Jiang, Dickey, and
Kuo (2004)

Lemma 3 (Jiang, Dickey, and Kuo, 2004) Assume u, and u1,u2, . . . are random vec-
tors on a subset S of A = [−a1, a1] × · · · × [−aL, aL] and their corresponding multivariate
c-characteristic functions are g(t; u, c), g(t; u1, c), g(t; u2, c), . . ., respectively. Then, for a
given c > 0, the following statements are equivalent:

un → u in distribution as n →∞, (3)

g(t; un, c) → g(t; u, c), as n →∞, for all |t| < a−1. (4)
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Next, we shall give the corresponding multivariate c-characteristic function of an interesting
distribution in the next lemma.

Lemma 4 Let u = (u1, u2, u3)
′ be a three-dimensional distribution on the inside of a unit

ball ({(u1, u2, u3) | u2
1 + u2

2 + u2
3 < 1}) with the probability density function

f(u1, u2, u3) =
−e

4π2r
(1 + r)−(1+r)/2(1− r)−(1−r)/2

(
−π sin

πr

2
+ ln

1− r

1 + r
cos

πr

2

)
, (5)

where r =
√

u2
1 + u2

2 + u2
3. Then the multivariate 1-characteristic function of u is

g(t; u, c) = exp

( ∞∑
n=1

(−t21 − t22 − t23)
n

2n(2n + 1)

)
. (6)

Proof. Let X = {(u1, u2, u3) | u2
1 + u2

2 + u2
3 < 1}. We shall claim the following identity:

∫

X

(1− it1u1 − it2u2 − it3u3)
−1f(u1, u2, u3) du1 du2 du3 = exp

( ∞∑
n=1

(−t21 − t22 − t23)
n

2n(2n + 1)

)
.

Using the spherical coordinate transformation, we have

∫

X

(1− it1u1 − it2u2 − it3u3)
−1f(u1, u2, u3) du1 du2 du3

=

∫ 1

0

∫ 2π

0

∫ π

0

(1− it1r cos θ sin φ− it2r sin θ sin φ− it3r cos φ)−1

× −er sin φ

4π2
(1 + r)−(1+r)/2(1− r)−(1−r)/2

(
−π sin

πr

2
+ ln

1− r

1 + r
cos

πr

2

)
dφ dθ dr.

First, we shall determine the following integration:
∫ 2π

0

∫ π

0

(1− it1r cos θ sin φ− it2r sin θ sin φ− it3r cos φ)−1 sin φ dφ dθ. (7)

Since (1− x)−1 =
∑∞

n=0 xn for |x| < 1, Eq. (7) can be rewritten as

Eq. (7) =
∞∑

n=0

(ir)n

∫ 2π

0

∫ π

0

(t1 cos θ sin φ + t2 sin θ sin φ + t3 cos φ)n sin φ dφ dθ

=
∞∑

n=0

(ir)n

∫ 2π

0

∫ π

0

n∑

k=0

(
n

k

)
(t1 cos θ + t2 sin θ)ktn−k

3 sink+1 φ cosn−k φ dφ dθ

=
∞∑

n=0

(−r2)n

n∑

k=0

(
2n

2k

)
(t21a

2
1 + t22a

2
2)

kt2n−2k
3

(1/2, k)2π

k!
B(k + 1, n− k + 1/2)

=
∞∑

n=0

4π(−t21 − t22 − t23)
nr2n

2n + 1
.

The third identity is obtained by the following Eqs. (8)-(10). Eq. (8) is from p. 105 of Gröbner
and Hofreiter (1973),

∫ 2π

0

(a cos α + b sin α)n dα =

{
(1/2,n/2)2(a2+b2)n/2π

(n/2)!
, n is even,

0, n is odd,
(8)
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where a and b are real numbers and (a, k) = a(a + 1) · · · (a + k − 1).
∫ π/2

0

sina−1 x cosb−1 x dx =
B(a/2, b/2)

2
, Re a > 0, Re b > 0, (9)

∫ π

π/2

sina−1 x cosb−1 x dx =

{
B(a/2, b/2)/2, if b is odd,
−B(a/2, b/2)/2, if b is even.

(10)

Eq. (9) is from formula 3.621.5 of Gradshteyn and Ryzhik (2000). Eq. (10) can be obtained
easily by Eq. (9). Therefore,
∫

X

(1− it1u1 − it2u2 − it3u3)
−1f(u1, u2, u3) du1 du2 du3

=
−e

π

∞∑
n=0

(−t21 − t22 − t23)
n

2n + 1

∫ 1

0

r2n+1(1 + r)−(1+r)/2(1− r)−(1−r)/2

(
−π sin

πr

2
+ ln

1− r

1 + r
cos

πr

2

)
dr

=
2e

π

∞∑
n=0

(−t21 − t22 − t23)
n

∫ 1

0

r2n(1 + r)−(1+r)/2(1− r)−(1−r)/2 cos
πr

2
dr. (11)

The second identity follows by using the integration by parts. Using Lemma 8 and Example 2
of Jiang and Kuo (2006), the following identity holds,

exp

(
−

∫ 1

−1

ln(1− itx)
1

2
dx

)
=

∫ 1

−1

(1− itx)−1 e

π
(x + 1)−(x+1)/2(1− x)−(1−x)/2 cos

πx

2
dx.

Equivalently,

exp

( ∞∑
n=1

(−t2)n

2n(2n + 1)

)
=

∞∑
n=0

∫ 1

−1

eintn

π
xn(x + 1)−(x+1)/2(1− x)−(1−x)/2 cos

πx

2
dx

=
2e

π

∞∑
n=0

(−t2)n

∫ 1

0

x2n(x + 1)−(x+1)/2(1− x)−(1−x)/2 cos
πx

2
dx.

The last identity can be obtained by the fact that the function (x+1)−(x+1)/2(1−x)−(1−x)/2 cos πx
2

is symmetric at x = 0. Therefore, Eq. (11) can be rewritten as

exp

( ∞∑
n=1

(−t21 − t22 − t23)
n

2n(2n + 1)

)
. ¥

3 Distribution of a random functional of a Ferguson-

Dirichlet process on the unit ball

Ferguson (1973) first defined the Ferguson-Dirichlet process. Let µ be a finite non-null
measure on (X, A), where A is the σ-field of Borel subsets of Euclidean space X, and let U be
a stochastic process indexed by elements of A. We say that U is a Ferguson-Dirichlet process
with parameter µ, if for every finite measurable partition {B1, . . . , Bm} of X, the random
vector (U(B1), . . . , U(Bm)) has a Dirichlet distribution with parameter (µ(B1), . . . , µ(Bm)).
Here, we shall study the random functional u =

∫
X

x dU(x), where X is the unit ball. First,
we give a trivariate c-characteristic function expression of any random functional in the next
lemma.
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Lemma 5 Let w =
∫

X
h(x) dU(x) be a three-dimensional random functional, where U is

a Ferguson-Dirichlet process with parameter µ on (X,A), A is the σ-field of Borel subsets
of finite Euclidean space X, and h(x) = (h1(x), h2(x), h3(x))′ is a trivariate measurable
function. Then the multivariate c-characteristic function of w = (w1, w2, w3)

′

g(t; w, c) = exp

(
−

∫

X

ln(1− it · h(x)) dµ(x)

)
, (12)

where c = µ(X) and t = (t1, t2, t3)
′.

Proof. For any k ≥ 2, let {Bk1, Bk2, . . . , Bkk} be a partition of X, bkj ∈ Bkj, for al-
l j = 1, 2, . . . , k, vk = max{volume(Bkj) | j = 1, . . . , k}, and limk→∞ vk = 0. Define

hk(x) = (h1k(x), h2k(x), h3k(x)) =
∑k

j=1 h(bkj)δBkj
(x), and wik =

∫
X

hik(x) dU(x), then

limk→∞ hk(x) = h(x), for all x ∈ X, and wik =
∑k

j=1 hik(bkj)U(Bkj), for all i = 1, 2, 3.
The trivariate c-characteristic function of wk = (w1k, w2k, w3k)

′ can be expressed as

g[(t; wk, c)]

= E(1− it ·wk)
−c

= E




(
1− it1

k∑
j=1

h1k(bkj)U(Bkj)− it2

k∑
j=1

h2k(bkj)U(Bkj)− it3

k∑
j=1

h3k(bkj)U(Bkj)

)−c



= E




(
k∑

j=1

U(Bkj)(1− it1h1k(bkj)− it2h2k(bkj)− it3h3k(bkj)

)−c



= R−c(µ(Bk1), . . . , µ(Bkk); 1− it1h1k(bk1)− it2h2k(bk1)− it3h3k(bk1),

1− it1h1k(bk2)− it2h2k(bk2)− it3h3k(bk2), . . . , 1− it1h1k(bkk)− it2h2k(bkk)− it3h3k(bkk)),

where R is a Carlson’s multiple hypergeometric function (Carlson, 1977). By the formu-
la (6.6.5) in Carlson (1977), we have

g(t; wk, c) =
k∏

j=1

(1− it1h1k(bkj)− it2h2k(bkj)− it3h3k(bkj))
−µ(Bkj).

The limit of the trivariate c-characteristic function of wk’s, as k approaches to ∞, is

lim
k→∞

g(t; wk, c) = exp

(
lim
k→∞

k∑
j=1

−µ(Bkj) ln(1− it1h1k(bkj)− it2h2k(bkj)− it3h3k(bkj))

)

= exp

(
−

∫

X

ln(1− it1h1(x)− it2h2(x)− it3h3(x)) dµ(x)

)
.

In addition, by the Dominated Convergence Theorem, we have limk→∞ wk = w. By Lem-
ma 3, we have g(t; w, c) = exp

(− ∫
X

ln(1− it · h(x)) dµ(x)
)
. ¥

With the above Lemma 5, we can establish the multivariate c-characteristic function of
a random functional of a Ferguson-Dirichlet process on the unit ball in the following theorem.
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Theorem 6 Let X = {(x1, x2, x3) | x2
1 +x2

2 +x2
3 = 1}, and U be a Ferguson-Dirichlet process

on X with uniform parameter µ, where µ(X) = c. Then the trivariate c-characteristic
function of the random functional

v =

∫

X

x dU(x) (13)

can be expressed as

g(t; v, c) = exp

( ∞∑

k=1

c

2k(2k + 1)
(−t21 − t22 − t23)

k

)
, (14)

where t = (t1, t2, t3)
′.

Proof. By Lemma 5, we have

g(t; v, c)

= exp

(−c

4π

∫

X

ln(1− it1x1 − it2x2 − it3x3) dx1 dx2 dx3

)

= exp

(−c

4π

∫ π

0

∫ 2π

0

ln(1− it1 cos θ1 − it2 sin θ1 cos θ2 − it3 sin θ1 sin θ2) sin θ1 dθ2 dθ1

)

= exp

(
c

4π

∞∑

k=1

ik

k

∫ π

0

∫ 2π

0

(t1 cos θ1 + t2 sin θ1 cos θ2 + t3 sin θ1 sin θ2)
k sin θ1 dθ2 dθ1

)

= exp

(
c

4π

∞∑

k=1

ik

k

k∑
n=0

(
k

n

) ∫ π

0

∫ 2π

0

(t1 cos θ1)
n sin θk−n

1 (t2 cos θ2 + t3 sin θ2)
k−n sin θ1 dθ2 dθ1

)

= exp


 c

2

∞∑

k=1

ik

k

k∑

n=0
k−n is even

(
k

n

)
(1/2, (k − n)/2)(t22 + t23)

(k−n)/2

((k − n)/2)!

∫ π

0

(t1 cos θ1)
n sin θk−n+1

1 dθ1




= exp

(
c

2

∞∑

k=1

(−1)k

2k

k∑
n=0

(
2k

2n

)
(1/2, k − n)(t22 + t23)

k−n

(k − n)!
t2n
1 B(k − n + 1, n + 1/2)

)

= exp

( ∞∑

k=1

c

2k(2k + 1)
(−t21 − t22 − t23)

k

)
.

The fifth identity can be obtained by Eq. (8). The sixth identity follows from Eqs. (9) and
(10). We complete the proof. ¥

Using Lemma 4 and Theorem 6, we can obtain the following corollary.

Corollary 7 The probability density function of u =
∫

X
x dU(x), where U is a Ferguson-

Dirichlet process with uniform probability measure parameter on the unit ball X is

fu(u1, u2, u3) =
−e

4π2r
(1 + r)−(1+r)/2(1− r)−(1−r)/2

(
−π sin

πr

2
+ ln

1− r

1 + r
cos

πr

2

)
,

where u2
1 + u2

2 + u2
3 < 1 and r =

√
u2

1 + u2
2 + u2

3.
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4 Conclusions

In this paper, we obtain the trivariate c-characteristic function expression for a random
functional of a Ferguson-Dirichlet process over any finite three-dimensional space. We also
obtain the probability density function of the random functional of a Ferguson-Dirichlet
process with uniform probability measure parameter on the unit ball. This generalizes the
previous result on two-dimension.
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特微函數的一些特性本人過去曾提出過，但仍缺少一般性的 c特微函數的反轉公

式，同時本文更進一步利用此反轉公式，証得 Ferguson-Dirichlet 過程的隨機動

差。事實上，本場會議結束後，會議主席也特地過來向本人表示對本文相當有興趣。

當然會議間也遇到一些其他的學者、專家，大家互相交換最近一些研究領域方向的

看法，最後，謝謝國科會給予這次機會參加這個有意義的會議。 

 

三、考察參觀活動(無是項活動者省略) 

 

四、建議 

無 

 

五、攜回資料名稱及內容 

JSM 2006 Abstracts(CD) - 研討會摘要 

JSM 2006 Program - 研討會程序 

 

六、其他 
 

表 Y04 


