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On 'Nonlin.ear Damped Hypér.bolic Equatibns

Abstract : We show the existence of global solutlons of the mmal boundary value problcm for
Raylexgh equatlons The existence proof is based on fixed point theorem, Sobolev - Poincaré

inequality, and Gaghardo-N;renbcrg m_equahty.
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On nonlinear damped hyperbolic equations
1. Introduction

We shall consider the existence of global solutions of the following initial
boundary valueproblem (*) for the Rayleigh equation

Ugg — Uzy =aut"ﬁ(ul)3 in Ql
u(z, t) Ian = 0, te (O,T), ((1))
u(z,0)=¢(z), z€Q,
U (zio) =¢($), z€ Q)

where 2 = (0,1) and Qr =2 x (0,T),T > 0.

The motivation is from the study of the space dependent Rayleigh type
equation for samll positive a = 8 = ¢ in [1]. It models the approximation of the
growth of wind-induced (galloping) oscillations in overhead transmission line.
This problem has been analyzed by using the perturbation method in Krylov-
Bogoliubov [2] and it is shown that a stable limit cycle exists for some initial
conditions. Keller and Kogelman (3] used two-time method to determine the
asymptotic behavior of the solution when ¢ is small . The solution will approach
one of these periodic solutions as t — oo. It is also found that for some special
initial conditions, the solution tends to a combination of a finite number of
periodic solutions and theses solutions are unstable, and only the individual
periodic solution is stable. However for € large , it remains open. For a certain
class of nonlinear dampong terms, Haraux [4] gave a more complete study in
this respect, and obtained stability and oscillation results. Carpio[5] also proved
a global existence to some dissipative wave equations. However, their results are
not applicable to our problem. In this paper we shall give the analytical proof
of the existence of the solution, and some delicate estimates for the solutions are
obtained. Banach fixed point theorem, Sobolev -Poincar?inequality, Gagliardo-
Nirenberg inequality are used to prove the existence..

Hereafter we shall assume that

$ € HYNH*(Q),
v € Hy(9).
Note that problem () can be rewritten in the following form

u” + Au=au' — B (v')°

u(0)=¢ .
w-¢ , (@)
u(z,t)lon =0
here we denqte
, _d & .
=% A= ~ 522 A" ==V, Ilj= ||'||m(n)
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2. Preliminaries

Before proving the existence, we need the following lemmas.

Lemma 1 (Banach Fized Point Theorem) If mappiing S : X — X is a con-
traction in a complete metric space X. Then there exists a unigque fixed point
u€ X suchthat Su=ue X

Lemma 2 (Sobolev-Poincare Inequality) ‘
LezueD(A’i‘)amilgpsW_L;"mﬁF (1<p<ooif N<2m)

Then the inequality |[v]],, < c. [|A% v

holds with some constant c,

Lemma 3 (Gagliardo-Nirenberg Inequality) Let 1 <r <p<ocandp>2
Then, forve D (AT) N L™ (Q), the inequality [lv]l, < . [|A% o]’ Ilu]l}~°
holds with some constant ¢, and § = (% - -:7) E+3- %)_l

provided that 0 < § < 1 if m — LZ- is a nonnegative integer.

Theorem 4 ( Ezistence for linear theory) If A and B have matriz elements
in C([0,T), C5(R™)), k > 0 and f has vector components in C([0, T), H*(R™))
and g € H*(R",RV), N > 1. then

u+ Az, t)us + Bz, thu = f(z,t) in R x(0,T)
u(0) g in R* -

admit o unigue weak solution
u € L ((0,T), H*(R", R"))

with
w, € L= ((0,T), H*~*(R", R"))

Suppose, in addtion that,
g€ HY(R™RM) for k>2+ ;

Then u € C! ((0,T) x R", RY)).
3. Existence

We shall prove the local existence and uniqueness of the solution of (1) by
using Banach fixed point theorem. .

Let
D(A)=H*(Q)nH; (9),

D (A!) = HL (D),

and

X =C°(0,T;D(4)NC" (0,T; D (Ai)) .



Theorem 8 (local ezistence and uniqueness). Assume that
2
&2 (u(0) = [adu| + 144 < B,
then there exists a unique local solution
u € C°(0,T; D (A))nC* (o, T,D (Ai))

on [0, T) of problem (1) for T depending on R and ez (v (0)) .

Proof : Let )
er (u(8) = ' O + Jadu 0],
and 2
e (u(®) = [Jabw ) + 14w @I
For T > 0 and R > 0, we define the two-parameter space Xr.r by

X’I',R = {v €X:e (‘U (f’)) < R2 on IO’T])U(O) = ¢)vl (0) = 1,’),1)(1‘.) Iaﬂ =0 }
and let the distance function d on X x X be defined by

d(u,v) = oi‘:g'r ler (u— v)]i .

Then we see that (X7,r,d) is a complete metric space.
For v € Xpp , define
Sv=u

where u is a unique solution of the linear problem :

u (0) = ¢l o (0)-= 1/%“ (I, t) I8ﬂ =0 -

We also show that S is a contraction mapping from X7, into itself provided
that T < T* for R > {e2 (u (0))]* .By Banach fixed Point Theorem, there exists
a unique fixed point u of § in X7z which is the solution of the problem (1) on

[0,7] for arbitrary constant  and 8.
Note that for any solution u of (1) defined on [0, T}, T > 0, after multiplying
(1) by 24v’ and then integrating over 2, we get

" ’— n3
{ '+ Au—ou' = —B(v') ((3)

i = '! ! 2 i ’ 2 n2
Ze2(u) —2a"A u ” —6ﬁ<(A u) ()
If £, (u(t)) < 0 on [0,T], then ez (u(t)) is nonincreasing in t. Hence we have

e2(u(t)) <e;(u(0)) <R



on [0, T} . Furthermore, by Poincar¢ inequality, we have
e1 (u(t)) < c®ey (u(t)) < 2R?
whenever the solution u of (1) exists on [0,7T].
Theorem 6 (Global existence) : If a and 8 are in one of the following cases,

() «a<0 andB>0,
(#) <0 and B<0, a<3BCR?
(#it) a>0 and 8>0,
(iv) a>0 and <0,

then we have the global existence of solution for (1).

Next we prove the global uniqueness of the solution of (1).

Theorem 7 (Global Unigueness) : Let u and v be two solutions of (1) on
(0,T}, thenu=v on [0,T].
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