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I. Research background 
 

Most credit derivative products possess an underlying reference pool of credit entities 

with multiple asset classes. The valuation of such products entails careful assessments of the 

likelihood of defaults and the inter-dependent relationship among them. Recent trends in the 

development of credit-related products, such as forward-starting CDO tranches, option on 

CDO tranches, and reset tranches are basket-typed securities with fexible timing features 

embeded. The factor copulae formalism of Li(2000), Laurent and Gregory (2003), Andersen 

et al. (2003) and Hull and White (2004) that generates conditional portfolio-loss distributions 

on single fixed maturity dates are inadequate under an inter-temporal setting, and has since 

triggered research efforts to consider inter-temporal default inter-dependencies.  

A forward-starting CDO (FCDO) is a forward contract which allows investors to buy or 

sell a specific tranche on a pre-specified date. The premium for the protection sellers is preset 

at the beginning of the contract, and they are responsible for the future losses of the reference 

pool should any default event takes place during the contract period. As a protection measure 

for the protection sellers, the protection buyers of FCDOs are solely responsible for the losses 

of any underlying credit entities prior to the pre-determined contractual date. Upon entering 

the contract, the underlying credit entities that have defaulted are then excluded from the 

reference pool.  

Although the contract of a FCDO only becomes effective after the contractual date, the 

changes in the default probabilities of the underlying reference pool shall still affect the value 

of the contract. When the average credit spread of the reference pool increases by one basis 

point, the credit spread of each tranche will decrease. Thus, in order to hedge the market-wide 

spread-risk upon entering into long positions in a FCDO contract, investors should in fact 

consider taking specific short positions (buy protection) in the CDS index. 

The valuation and hedging of these instruments require a dynamic description of 

portfolio losses, and therefore, of the correlated nature of defaults that would result in such 

losses. A consistent pricing framework under such dynamic description presents a real 

challenge to both academic researchers and practitioners, and the existing literature on this 

subject is surprisingly scarce. In this research, we explore the feasibility of modeling the 

correlated nature of defaults in an inter-temporal setting, and we consider the valuation of 

options on forward-starting CDO tranches under such framework. 

As for the valuation of options on forward-starting CDO tranches, the decision to buy or 

sell protection at a forward time T depends on if the losses due to defaults events that took 

place prior to the exercise date remain below the tranches detachment point. A dynamic 

description of losses are therefore of absolute necessity in determining the probability of the 

option being “in-the-money”, and this in turn calls for an adequate modeling of default events 

which are inter-temporally dependent. In contrast to Jackson and Zhang (2007), this research 

adapts the inter-temporal factor copulae model of Andersen (2006) in order to calculate the 
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expected losses of forward-starting CDO tranches. Under the inter-temporal framework, we 

derive the relevant tranche spreads of forward-starting CDOs. In addition, we allow the 

systematic and idiosyncratic risk factors and the factor loadings to be inter-related across time 

horizons, in order to properly characterize the inter-temporal feature of the forward-starting 

CDO tranches.  

Subsequent parts of this report are organized as follows. Section 2 presents the 

methodology that introduced the inter-temporal factor for pricing the FCDO tranches. Section 

3 analyzes the numerical results. Section 4 concludes. 

 

II. Methdology 
 

II.1 Inter-temporal Correlation: 

We begin with only two dates ൛T୨ൟ୨ୀଵ
ଶ

. As to the asset value, we define as follows: 

X୧
ሺଵሻ ൌ ඥa୧ሺTଵሻMሺଵሻ ൅ ඥ1 െ a୧ሺTଵሻe୧

ሺଵሻ       at Tଵ 

X୧
ሺଶሻ ൌ ඥa୧ሺTଶሻMሺଶሻ ൅ ඥ1 െ a୧ሺTଶሻe୧

ሺଶሻ       at Tଶ				i ൌ 1,2, … , N 

where X୧
ሺ୨ሻ is asset i’s value. Also Mሺ୨ሻ and e୧

ሺ୨ሻ are systematic and idiosyncratic risk factor 

respectively. The density of Mሺ୨ሻ is φ୑
ሺ୨ሻሺmሻ, j=1,2 and the joint density of Mሺଵሻ and Mሺଶሻ	 

is φ୑
ሺ୨ሻሺmଵ,mଶሻ.  

Let F୧
ሺ୨ሻሺeሻ  denote the cumulative distribution function for e୧

ሺ୨ሻ , j=1,2, and let 

F୧
ሺଵ,ଶሻሺeଵ, eଶሻ be the joint cumulative distribution function for e୧

ሺଵሻ and e୧
ሺଶሻ. With the barrier 

variable H୧ሺtሻ, we would lead to conditional survival probabilities: 

Prሺτ୧ ൐ ሻݐ ൌ Pr ൬ඥa୧ሺTଵሻM
ሺଵሻ ൅ ඥ1 െ a୧ሺTଵሻe୧

ሺଵሻ ൐ H୧ሺtሻ൰ , t ∈ ሾ0, Tଵሿ 

PrሺTଵ ൏ τ୧ ൑ tሻ ൌ Pr ൬ඥa୧ሺTଵሻM
ሺଵሻ ൅ ඥ1 െ a୧ሺTଵሻe୧

ሺଵሻ

൐ H୧ሺTଵሻ, ඥa୧ሺTଶሻM
ሺଶሻ ൅ ඥ1 െ a୧ሺTଶሻe୧

ሺଶሻ ൑ H୧ሺtሻ൰	 

where	t ∈ ሺTଵ, Tଶሿ. 

Setting our total systematic factor vector to	M ൌ ൫Mሺଵሻ, Mሺଶሻ൯ ൌ ሺmଵ,mଶሻ, we can get 

the following results: 

Pr ൬ඥa୧ሺTଵሻM
ሺଵሻ ൅ ඥ1 െ a୧ሺTଵሻe୧

ሺଵሻ ൐ H୧ሺTଵሻ, ඥa୧ሺTଶሻM
ሺଶሻ ൅ ඥ1 െ a୧ሺTଶሻe୧

ሺଶሻ ൑ H୧ሺtሻ൰

ൌ F୧
ሺଶሻ ൭

H୧ሺtሻ െ ඥa୧ሺTଶሻmଶ

ඥ1 െ a୧ሺTଶሻ
൱

െ F୧
ሺଵ,ଶሻ ൭

H୧ሺTଵሻ െ ඥa୧ሺTଵሻmଵ

ඥ1 െ a୧ሺTଵሻ
,
H୧ሺtሻ െ ඥa୧ሺTଶሻmଶ

ඥ1 െ a୧ሺTଶሻ
൱ 

where	t ∈ ሺTଵ, Tଶሿ. 
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We use the fact that: 

Pr ቀe୧
ሺଵሻ ൐ eଵ, e୧

ሺଶሻ ൑ eଶቁ ൅ Pr ቀe୧
ሺଵሻ ൑ eଵ, e୧

ሺଶሻ ൑ eଶቁ ൌ Pr ቀe୧
ሺଶሻ ൑ eଶቁ 

to rewrite the equation and lead to conditional survival probabilities: 

q୧ሺt,mଵ,mଶሻ ൌ 1 െ F୧
ሺଵሻ ൭

H୧ሺtሻ െ ඥa୧ሺTଵሻmଵ

ඥ1 െ a୧ሺTଵሻ
൱ , t ∈ ሾ0, Tଵሿ 

q୧ሺt, mଵ,mଶሻ ൌ q୧ሺTଵ,mଵ,mଶሻ െ F୧
ሺଶሻ ൭

H୧ሺtሻ െ ඥa୧ሺTଶሻmଶ

ඥ1 െ a୧ሺTଶሻ
൱

൅ F୧
ሺଵ,ଶሻ ൭

H୧ሺTଵሻ െ ඥa୧ሺTଵሻmଵ

ඥ1 െ a୧ሺTଵሻ
,
H୧ሺtሻ െ ඥa୧ሺTଶሻmଶ

ඥ1 െ a୧ሺTଶሻ
൱ , t ∈ ሺTଵ, Tଶሿ 

Since we consider a Gaussian copula where M and Z are standard normal distribution, 

that is, we write: 

q୧ሺt,mଵ,mଶሻ ൌ 1 െ ∅൭
H୧ሺtሻ െ ඥaሺଵሻmଵ

ඥ1 െ aሺଵሻ
൱ , t ∈ ሾ0, Tଵሿ 

q୧ሺt,mଵ,mଶሻ ൌ 1 െ ∅൭
H୧ሺtሻ െ ඥaሺଵሻmଵ

ඥ1 െ aሺଵሻ
൱ െ ∅൭

H୧ሺtሻ െ ඥaሺଶሻmଶ

ඥ1 െ aሺଶሻ
൱

൅ ∅ଶ ൭
H୧ሺTଵሻ െ ඥaሺଵሻmଵ

ඥ1 െ aሺଵሻ
,
H୧ሺtሻ െ ඥaሺଶሻmଶ

ඥ1 െ aሺଶሻ
; ௘൱ߩ , t ∈ ሺTଵ, Tଶሿ 

Calibration of H୧ሺtሻ is accomplished from the equation: 

Prሺτ୧ ൐ ሻݐ ൌ න q୧ሺt,mଵ,mଶሻ∅୑
ሺଵ,ଶሻሺmଵ,mଶሻdmଵdmଶ

୑
 

A FCDO have an effective date T∗ preset in the beginning of contract and the terminal 

maturity denoted by T. If defaults take place before the effective which is time interval 

between ሾ0, T∗ሿ , the investors need not count in these default when determining the 

cumulative losses in a given tranche. To obtain the entire loss distribution between ሾT∗, Tሿ. 

we substitute primary default probability Prሺτ୧ ൑ tሻ to 	Pr	ሺT∗ ൑ τ୧ ൑ tሻ. 

 

II.2 Constructing the Loss Distribution 

Assume that nominal principal and recovery rate for each asset are the same, we can 

calculate the survival probability S୧ሺt|Mሻ and the default probability Q୧ሺt|Mሻ in order to 

construct the loss distribution. In other words, given that π୘ሺt|Mሻ is the probability that 

exactly k defaults occur from time zero to time	T , and systematic risk factor is known, then 

we get: 

π୘ሺ0|Mሻ ൌෑS୧ሺT|Mሻ

୒

୧ୀଵ

 

Similarly, by replacing survival probability to default probability, we can prove: 
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π୘ሺ1|Mሻ ൌ ൥ෑS୧ሺT|Mሻ
୒

୧ୀଵ

൩ ∗෍
1 െ S୧ሺT|Mሻ

S୧ሺT|Mሻ

୒

୧ୀଵ

ൌ π୘ሺ0|Mሻ ∗෍
1 െ S୧ሺT|Mሻ

S୧ሺT|Mሻ

୒

୧ୀଵ

 

Define w୧ ൌ
ଵିୗ౟ሺ୘|୑ሻ

ୗ౟ሺ୘|୑ሻ
, then the above equation can be renewed to: 

π୘ሺk|Mሻ ൌ π୘ሺ0|Mሻ ∗෍w୸ሺଵሻw୸ሺଶሻ. . . w୸ሺ୩ሻ, j ൌ C୩
୒

୨

୧ୀଵ

 

where zሺ1ሻ, zሺ2ሻ, . . . , zሺkሻ is a set of k assets selected from N assets.  

To know the relationship of U୩, U୩ିଵ, . . . , Uଵ, we also define: 

U୩ ൌ෍w୸ሺଵሻw୸ሺଶሻ. . . w୸ሺ୩ሻ, j ൌ C୩
୒

୨

୧ୀଵ

 

Hull & White show that if a variable can be described as: 

V୩ ൌ෍w୧
୩

୒

୧ୀଵ

 

then there exist the relationship as follow: 

Uଵ ൌ Vଵ 

2Uଶ ൌ VଵUଵ െ Vଶ 

3Uଷ ൌ VଵUଶ െ VଶUଵ ൅ Vଷ 

                                 : 

kU୩ ൌ VଵU୩ିଵ െ VଶU୩ିଶ ൅ ⋯൅ ሺെ1ሻ୩V୩ିଵUଵ ൅ ሺെ1ሻ୩ାଵV୩ 

 

Based on the above procedure, one can calculate the π୘ሺk|Mሻ by finding Uଵ, Uଶ, . . . U୩. 

In addition, it is easy to compute the loss distribution by integrating over the M. However, 

this recurrence method cannot be used in the non-standard products. Also, the loss distribution 

cannot be constructed when the number of underlying asset pools is too large.  

 

III. Numerical results 
 

First, we construct and price two FCDOs based on methodology as described in section 

2. Second, we examine the impact of each parameter to the credit spreads and what makes the 

credit spreads changed. Finally, we use the hedging parameter delta to explore the FCDO 

hedging issues. 

We consider FCDO pricing on a CDX-like portfolio with 125 names, with average 

5-year spread of 75bps. The effective date of the FCDO is	T∗, and the maturity is T. We let the 

contract period T െ T∗ ൌ 5 and consider two trades 	T∗ ൌ 2 and 	T∗ ൌ 5. The tranches are 
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receive the premium for at least 2.25 years or the hedging cost is too high to be offset.  

For the highest rated tranche, under the same assumption of a, T*, and r, delta is -0.6621. 

Before the effective date of the FCDO, the investors have to pay 0.6621*75bps for hedging 

cost. After that, the investors have net premium of 5.6bps. The total hedging cost is more than 

total income of the investors, thus, hedging strategies using delta are not feasible for the 

investors of the highest rated tranche. 

Then we change the effective date to examine the impact on the effectiveness of the 

hedging strategy. Under the assumption of a ൌ 0.2, T∗ ൌ 5, and	r ൌ 1, delta of equity tranche 

is -9.7619. Therefore, before the effective date, the investors must pay 9.7619*80bps annually. 

This means that the investors have net outcome of 195.238bps quarterly. Until the second year, 

the investors receive the net income of 453.762bps. Thus, for equity tranche investors, the 

premium at least for one year should be received in order to cover the hedging cost. By 

comparing between Figure 13 to 16, we show that hedging parameters are similar after 

delaying the effective date. However, the investors must pay greater hedging cost because of 

the delayed premium income. In general, the farer the effective date is, the more difficult 

hedging is.  

 

IV. Conclusion 
 

From the above analysis, we show that because of the feature of deferred premium for 

the FCDO, the investors must pay the hedging cost and have no premium before effective 

date when implementing a hedging strategy using delta. Furthermore, the hedging cost of the 

CDS index as a hedging instrument is very high. For equity tranche investors, at least one 

year of premium have to be received to cover the hedging cost. For the highest rated tranche 

investors, the hedging cost is higher than income so that this hedge strategy is not feasible. In 

general, the difficulty of hedging increases as the effective date becomes farer from beginning 

date of the contract. However, at present, in order to make FCDO more attractive, the issuers 

would pay a premium the same level as LIBOR before the effective date. The main objective 

of this design is to smooth the premium income to every payment date before and after the 

effective date. Therefore the investors have earlier premium income and reduce the difficulty 

of hedging.  
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